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Preface 

This are the notes of a course, given by the first author for the Graduiertenkol- 
legs (= graduate students) at the Ruhr-University of Bochum, in December, 1997. 
Previously, shorter courses were given in Goteborg, Warsaw and Bonn. 

These lectures pursued two main tasks: 

First — to give a systematic and self-contained introduction to the Gromov theory 
of so-called pseudoholomorphic curves (a term which will be completely eliminated 
in these notes) . This is handled in Chapters I, II, III. 

Second — to explain our joint results on envelopes of meromorphy of real two- 
spheres in complex two-dimensional manifolds, which we obtained using Gromov 
theory. We do this in Chapter IV. 

It was impossible, of course, to omit the original motivation of Gromov in the 
development of the subject: 

- in Appendix III, §A3.5, we explain the Gromov's idea how to attach an analytic 
disk to a Lagrangian submanifold in C n ; 

- in §8.5 we give the proof of his "non-squeezing theorem" ; 

- in §8.6 we study exeptional spheres in symplectic 4-manifolds. 

In Appendix V, following S. Nemirovski, we discuss one more approach to the 
problem of constructig envelopes of meromorphy of spheres. This approach uses 
Seiberg-Witten theory. As an example if his results 

- we prove that a complex disk cannot be attached from the outside to the strictly 
pseudoconvex domain in C 2 , which is diffeomorphic to the ball. 

The authors would like to give their thanks to Alan Huckleberry, the head of 
Graduiertenkolleg program at the Ruhr-University and to SFB-236 for the constant 
support of our joint research. We would like also to give our thanks to Barbara 
Huckleberry for the uncountable number of grammatical corrections. 



Sergei and Seva, November 1999. 
Bochum — Lille — Lviv. 
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Chapter I. Local Properties of Complex Curves. 

In this chapter we shall concentrate on local properties of complex curves in 
almost-complex manifolds. The first lecture is very basic and mainly defining. Its 
aim is to introduce a couple of notions and recall a few standard facts. In the 
second one we prove, following Vekua and Sikorav, the existence of J-complex curves 
(locally through any point and any direction) for any almost-complex structure J 
of smoothness C 1,a , a > 0. One more principal result here is the so-called first 
a priori estimate in §2.4. The third lecture, as well as Appendix 2, is devoted 
to the deeper study of complex curves in real 4-dimensional manifolds. We shall 
prove the positivity of intersections and the Adjunction Formula, showing that local 
properties of complex curves in nonintegrable almost-complex structures are similar 
to that in integrable ones. 

Lecture 1 

Complex Curves in Almost-Complex Manifolds. 

1.1. Almost-Complex Manifolds, Hermitian Metrics, Associated (l,l)-forms. 

Let X be a real manifold, and TX its tangent bundle. 

Definition 1.1.1. A continuous endomorphism J : TX — > TX such that J 2 = — Id 
is called an almost- complex structure on X . A pair (X,J) is called an almost- 
complex manifold. 

Exercise. Prove that locally one can always find vector fields ei,e2, ■■■• l ein-\- l ^2n 
such that Je2fc-i = e^k^ = n. In particular, X is even-dimensional. 

Examples. 1°. (R 2n , J st ). Denote by ei,...,e2 n the standard basis in R 2n . Define 
a standard complex structure J st in R 2n by J s t( e 2/c-i) = e 2k- 

If (V, J) is an IR-linear space endowed with an endomorphism J, such that J 2 = 
— Id, then a structure of a C-linear space on V is defined by z-v = (x + iy)-v := 
x - v + y ■ Jv. In the case (M 2n , J st ) this gives C n . 

2°. Let xq G (X, J). By an affine change of coordinates in some chart U 3 xq we 
can always suppose that xq = and J(0) = J st in basis q§^-- One can now 

put yj = X2j in order to have J(0)-^r = 

3°. Complex manifolds. By definition, a complex manifold is an almost-complex 
manifold (X, J) such that in the neighborhood of any point x$ G X a coordinate 
system x\,y\,...,x n ,y n can be found such that J-^r = everywhere in this 
neighborhood. 

Equivalently there is in a neighborhood of each point a C 1 -diffeomorphism ip 
into (R 2n , J st ) such that its differential is (J, J st )-linear. The latter means that 
dipoJ= J st o d(p as mappings TX —> M. 2n . 

Definition 1.1.2. Such an almost- complex structure is called complex. 

4°. Riemann surfaces. Riemann surfaces are oriented, connected two-dimensional 
manifolds. Fix some Riemannian metric g on such S. For v G TS define Jv = { 
rotation of v in positive direction onto 90°}. J is an almost-complex structure on 
S. If <7i = Xg is another, conformally equivalent to g metric, then this construction 
leads to the same almost-complex structure. 
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Vice-versa, given J on S , denote by J the C-linear extension of J onto the 
complexified tangent bundle T C S := TS <E> C. Here J c is defined by J c (v(8) A) = 
Jv®\ for u G TS 1 and A G C. Take an eigenvector w of J c in T C S with an eigenvalue 
— %. Write w = u + iv, with «,o6 TS 1 (more accurately w = u<S>l + v <S>i), and put 
g(u,v) = 0,g(u) = g(v) = 1. This defines a Riemannian metric, which corresponds 
to J. The statement J c w = —iw = v — iu means that Ju = v, Jv = —u. 

The freedom in choosing w here permits us to define g up to a real factor, i.e. , 
J corresponds to a class of conformally equivalent metrics. 

Exercise. Prove the last assertion. More precisely: if Xw is another eigenvector 
of J c with an eigenvalue — % and a metric g\ is constructed from Xw as g from w 
above, then g = \X\ 2 g\. 

We shall see later in Corollary 2.2.2 that any almost-complex structure on the 
Riemann surface is complex. 

Definition 1.1.3. J -Hermitian metric on X is aM,-bilinear form h : TXxTX — > C 
such that 

(a) h(Ju, v) = h(v, Ju) = ih(u,v); 

(b) h(u,u) > for u ^ 0. 

Decompose h(u,v) = gh(u,v) — iuh(u,v). Then : 

Exercise, (a) g^ is a Riemannian metric on X and Uh is an exterior 2-form. 

(b) gh{u,v) = Uh(u,Jv) and thus h(u,v) = Uh{u,Jv) —iuh(u,v). More over, one 
has uih(Ju,Jv) = Uh(u,v). 

(c) <jJ h (u,v) = -g h {u,Jv). 

Definition 1.1.4. The form Uh is called a (l,l)-form associated to h. 
Conversely, 

Definition 1.1.5. An exterior 2-form uj on X is called J -calibrated if 

(a) uj(Ju,Jv) =u>(u,v); 

(b) u>(u, Ju) > for u ^ 0. 

Thus, u clearly defines a J- Hermitian metric ^(u^v) = uj(u,Jv) —iu(u,v). 

A triple (X, J, h), where h is J- Hermitian is called an almost-Hermitian manifold. 
We shall not use this term in these notes. 

Example. To explain the coefficient — i chosen in the decomposition h(u,v) = 
g(u,Jv) — iu{u,v) consider (M 2n ,o; s t, J s t)- Here uj st = Y^j=\dxj Adyj is a standard 
symplectic form in M. 2n . The Hermitian metric here is h st = 'Y^ =l dzj ® dzj = 
YTj=i {dxj ® dxj + dyj <g> duj) - i Y^j=i{dxj ® duj - duj <g> dxj) = g st - iu st . 

Thus u s t = — lm/i s t is a canonical expression for a Kahler form of the Hermitian 
metric. 

Definition 1.1.6. We say that an exterior 2-form uj on X tames an almost- complex 
structure J if co(v, Jv) > for v ^ 0. 

Remark. Here and later we will use the convention that for forms / and h on the 
vector space V the exterior product is defined as f Ag := f®g — g®f, i.e. , without 
coefficient \. 
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1.2. Existence of Calibrating and Tame Structures. 

Here we shall prove here the following simple but very important statement: 

Proposition 1.2.1. Let X be a real manifold and u a nowhere degenerate exterior 
2-form on X, i.e. , u n ^ 0, where 2n = dim^X. On the open subset U C X a 
u- calibrating almost- complex structure J is given. Then for any relatively compact 
open U\ <<= U there exists a to -calibrating almost- complex structure J\ on the whole 
X such that J\ \ u 1 = J | u x . 

Proof. Consider a Riemannian metric g(u, v) := uj(u, Jv) on U. Find a Riemannian 
metric gi on X such that gi \u 1 = 9 \u t - Since u is not degenerate, there exists a 
(unique!) isomorphism Ai : TX — > TX such that 

u>(u,v) =g 1 (A 1 u,v) (1-2.1) 

for all TX. Further, uj is antisymmetric, so 

gi{Axu,v) = u>(u,v) = -u>(v,u) = -gi{Axv,u) = -g^u.Axv). 

Thus A\ = -Ai. So A\Ai = A 1 A\ = -A\ is positively definite and self-adjoint 
w.r.t. g\. Let Q\ := yJ—A\ be a positive square root of — A\. Put 

J 1 =A 1 Q~ 1 . (1.2.2) 

Ji is an almost-complex structure. Indeed 

J\ = A 1 Qi 1 A 1 Q^ 1 = A\{Q^) 2 = A\{-A^ 2 ) = -Id. 

Let us check that on U\ one has J\ = J. In fact, on U\ we have g = gi and so 

u(Ju, Jv) = u{u,v) = g(AiUjV) = u{Aiu, Jv), 

and thus Ai = J on U\. So Q\ = a/— A\ = Id. From here we have J\ = AiQ^ 1 = 
A x = J on Ux. 

Remark. Note that at this point of the proof we construct a correspondence 
P : g — > J, which maps a Riemannian metric g to an cu-calibrated a.-c. structure J 
with g(u,v) = uj(u,Jv). This correspondence is obviously a continuous map from 
the space of metrics to the space of structures. Moreover, note that if g appears as 
g = gj{u,v) = u{u,Jv) for some ^-calibrated J, then P(gj) = J. 

Let us now check that to is J\ -calibrated. First: 

u(J\u,Jxv) = g 1 (A 1 J 1 u,J 1 v) = g 1 (AlQ^ 1 u,J 1 v) = gi(Qiu, -J\v) = 

= ~gi(Qiu,Jiv) = -gi(u,Q 1 J 1 v) = -gx{u,Aiv) = -gi(Aiv,u) = -u>(v,u) = 

= uj(u, v). 

Second: 

bj{u,J\u) = g^Axu.Jiu) = gi(Aiu,AiQ^ 1 u) = 
= g 1 (u,u) > 
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for nonzero u. □ 
This remark leads to the following 

Corollary 1.2.2. Let (X,u>) be as above. Then: 

1. There exists a ui- calibrating almost- complex structure on X . 

2. The space of ' u- calibrating almost- complex structures is contractible. 

Proof. The first statement of this corollary is a particular case of the proposition 
when U = 0. 

To prove the second one, we fix some calibrating structure Jo- Denote by gj 
the corresponding Riemannian metric on X, i.e. , gj (u,v) =oj(u, Jqv). The space 
of Riemannian metrics is a convex cone C in Hom^(TX ,T* X) . Therefore there 
exists a contraction \I> : Q x [0, 1] — > 6 to g,j , i.e. , \I/ 0) = Id, = gj {) and 

^(gj ,t) = gj - 

Consider the following map $ : 3Z ~^ ^ from the space of cu-calibrating structures 
to the space of metrics: 

$(J)(u,v) = gj (u 7 v) =u(u,Jv). 
In the proof of Proposition 1.2.1 (see Remark there) we showed that 

Po$= Id 

Now Po*(-,f)o$ will be a contraction of to J . □ 
Let us prove the following 

Proposition 1.2.3. For any symplectic manifold (X,u>), the set du of u-tame 
almost complex structures on X is a non-empty contractible manifold. 

The proposition follow immediately from the following result from linear algebra. 

Lemma 1.2.4. Let V be a (finite-dimensional) real vector space and ui a linear 
symplectic form on V . Then the set J w of u> -tame linear complex structures on V 
is a non-empty open contractible subset in the set J of all linear complex structures 
on V . 

Proof. Step 1. The linear version of the Darboux theorem states that there exists 
a basis (xi,... ,x n ,yi,... ,y n ) of V such that for corresponding linear coordinates 
(xi,... ,x n ,yi,...,y n ) on V 

n 

uj = ^^dxi Adyi. (1.2.3) 
i=i 

Set Jo( x i) : = Yii Jo(yi) '■= — x i- It is easy to see that Jo is a linear complex 
structure on V. Moreover, the C-valued linear functionals Zi :=Xi + iyi induce the 
isomorphism (p : (V, J ) = (C n , J st ), J s t : = h °f complex linear spaces, such that the 
given symplectic form u on V is mapped into the standard sympletic form uj st on 
C n given by the same formula (A.T.I), i.e. (p*iv st = u>. Thus we can conclude that 
there exists a Jo-Hermitian metric h on V with the following properties: 

i) g(v,w) := Reh(v,w) is a symmetric positively definite form on V such that 
h(v,w) = g(v,w) +iiv(v,w) for any v,w G V; 

i) g(Jov, Jqw) = g(v,w) and u(Jov, Jqw) = u>(v, w). 

m) g(v, w) = u(v, Jqw) and u(v, w) = g(Jov,w) for any v, w G V. 
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In particular, lo{v,Jqw) is positive definite, i.e. Jo G S u . This shows that J is 
non-empty. 

Step 2. For any J G tie operator J + Jq is invertible. Really, otherwise we have 
Jv = —Jqv for some non-zero v G V and then < u(v,Jv) = —u>(v,Jqv) < 0, a 
contradiction. 

For J G J with J + J invertible we set |_(J) := -( J - J )(J + Jo) -1 - The 
equivalent definitions are 

l(J) = -(J-J )(J + Jo)- 1 = -{(J-Jo)Jo)-{(J + Jo)Jo) 
= (1+JJoXl-JJo)- 1 = (l-JJo^il+JJo). 



(1-2-4) 



Step 3. If J + Jo is invertible, then W = \_(J) is Jo-antilinear, i.e. W Jq = — JqW. 
Really, 

WJ = -(J-J )(J + Jo)- 1 Jo= (l-JJ )- 1 (^+JJo)Jo = 
{1-JJ Q )-\J - J) = -(1- J Jo)- 1 J(t+JJ ) = 
(1-JJ )- 1 J- 1 (1+JJ )= (J- J 2 J G )-\t+JJ G ) = 

(jo+jy^t+jjo) = {(i-jj )j y 1 (i+jj ) = 

J Q - 1 (1-JJ )- 1 (1+JJ ) = -Jo(l-JJo)- 1 (^+JJo)=-JoW 



Step 4. JGi implies 1-W X W > for W = l(J), i.e. the operator l-W^W is 
positively definite, g(v,v) > g(Wv,Wv) for any non-zero v G V. The conjugation 
of W G End(F) is done using the metric g. 

First we note that Jq = J _1 = — Jo- Since 1 — J Jo is invertible, the positivity of 
l-W l W is equivalent to the positivity of (l-JJ ) t (l-W t W)(l-JJ ). Comput- 
ing this operator we obtain 

(l-JJ ) t (l-W t W)(l-JJ ) = (I-JJq^I-JJo)- 
(l-JJ ) t ((l+JJ )(l-JJo)- 1 ) t ((l+JJo)(l-JJo)- 1 )(l-JJo) = 
(1- JJ ) t (l-JJ ) - (l+JJ ) t (l+^o) = 
(l+J J t )(l-JJ )-(l-J J t )(l+JJo) = 
1+J J* - J Jo - Jo J t J Jo - 1+Jo J t - J Jo + Jo J* J J = 
2(J J t -JJ ). 

Now, writing any non-zero v G V as v = JoW, we obtain 

g(v,(J J t -JJ )v) = giJow^JoJ 1 - JJ )J w) = 

g(J w,JoJ t J w)+g(Jow,Jw) = g(w,J t Jow)+g(J w,Jw) = 
g(Jw, Jqw) + g(Jow,Jw) = 2u>(w, Jw) > 0. 

Thus L maps into the set 



W:={WE End(F) : WJ Q = 



-JoW, t-W l W^>0}. 



(1.2.5) 
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It is easy to see that W is contractible. Thus it is sufficient to show that |_ : JL 
W is a diffeomorphism. Explicit calculations show that the inverse map should be 
given by 

J = K (W) := J (l+W)(l-W)- 1 = J (t-W)-\t+W) = Jo^^ (1-2.6) 

Step 5. Let W G W. Then J = K(W) = Jojz^ is well-defined and J 2 = - 1. 
Really, the condition 1— W^VF ^> implies that 1±VF is invertible, and then 

J 2 = -j Q (t+W)(t-W)- 1 Ju 1 (t+W)(t-W)- 1 

= -(t+J WJQ 1 )(t-J WJQ 1 )- 1 (t+W)(t-W)- 1 
= -(t-W)(t+W)- 1 (l+W)(t-W)- 1 =-t 

Step 6. Let W G W and J = K(W). Then J + J is invertible and J G J w . In fact, 

J + Jo = Jo ^1+ \ J ^y j = yzw is invertible. Now, repeating argumantations from 

Step 4 the positivity of 1— W^VF is equivalent to the positivity of J J t — JJo, which 
means the tameness of J. 

The lemma is proved. □ 

Remark. One can consider K : W — > J w C J a generalized Cayley transformation 
defined on a bounded domain W in the complex linear space Endc(V, Jo) of Jq- 
antilinear endomorphisms of V. 

1.3. Almost-Complex Submanifolds, Complex Curves, Energy and Area. 

Let J be some linear complex structure on M 2n , i.e. , J G End(M 2n ), J 2 = —Id. 
Let h be some J-Hermitian metric on M 2n , v = u h its associated (1,1) -form and 
9 = 9h corresponding Riemannian metric. Put o~k = jjUJ k . 

Wirtinger Inequality. For any g-orthonormal system v±,...,V2k in M. 2n one has 



\o- k (v 1 ,...,v 2 k)\ ^ 1, (1.3.1) 

with equality taking place iff the subspace (v\,...,V2k) is J - invariant. 

Remark. We shall also call J-invariant subspaces J-complex. 

Proof. We shall prove (1.3.1) by induction on k. 

Let k = 1. Then \u(vi,v 2 )\ = \g(vi,Jv 2 )\ ^ |K|| 9 ■ || Jv 2 \\ g = \\vi\\ g • \\v2Wg, with 
equality iff v\ and Jv 2 are collinear. Thus the subspace (i>i,i> 2 ) is J-invariant. 

Now let V be a subspace of dimension 2k. Put 10' = co \y- Find a g-orthonormal 
base ei,...,e 2 fc of V, s.t. ui' = Aie 1 A e 2 + ... + A/ C e 2fc_1 A e 2k . By the case k = 1 
we have \ui' '(e 2p _i,e 2p )| = |u;(e 2 p_i, e2 P ) \ = \X P \ ^ 1, with equality taking place iff 
e 2p = 3 Je2 P -i- So, for a' k = o~k \v we obtain 

|<7fc(ei,...,e 2 fc)| = |^c/(ei,...,e 2fc )| = |Ai...A fe | ^ 1, 
with equality iff e 2p = 3 Je 2p _i for all 1 ^ p ^ k. □ 
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A submanifold Y of an almost- complex manifold (X, J) is called an almost- 
complex (or J-complex) if the tangent spaces to Y are J-invariant. 

Definition 1.3.1. Nowhere degenerate exterior two-form uj on X is called sym- 
plectic if du = 0. 

A pair (X,u) is called a symplectic manifold. 

Corollary 1.3.1. Let (X,w,J) be a symplectic manifold withw being J -calibrated. 
Then J-complex submanifolds are minimal and their volume is given by 

vol 2k (Y) = ^J^w k . (1.3.2) 



Proof. Let Y be a J-complex submanifold of X, and Y\ some submanifold of 
dimension Ik as well as Y . Suppose dY = dY\ and FU {—Y\) ~ 0. Denote by dy 
and dyi the volume forms of Y and Y\ with respect to metric g(u,v) = u(u,Jv). 
Then we have 

0=[ ak = [ a k - [ a k = [ a k (TY)dy- [ a k (TY 1 )dy 1 ^ 

JYUi-Yi) JY JY x JY JYx 



> dy- dy 1 = vol(Y)-vol(Y 1 ), 

JY Jy x 

with equality taking place if and only if a k (T p Yi) = 1 for all p G Yi, i.e. , when Y\ 
is also J-complex. □ 

Definition 1.3.2. A C° nL 1,2 -map u : (Y,Jy) — > (X,Jx) is called holomorphic if 
for a. -a. x e Y 

du x o Jy (x) = Jx(u(x)) odu x (1.3.3) 
as mappings T X Y — > T U ^X. 

Exercise. Check that for complex valued functions, i.e. , u : (M 2 ,i) — > (M 2 ,i), 
(1.3.3) is a Cauchy-Riemann equation. 

Sometimes one calls such u a ( Jy, Jx) -holomorphic map. In the special case 
when (Y,Jy) is a Riemann surface (S,Js), one calls (S,Js,u) a parameterized Jx- 
complex curve. Its image u(S) one simply calls a J^-complex curve. 

If some J-calibrated exterior 2-form uj on an almost-complex manifold (X, J) is 
chosen, one defines the w-area of a J-complex curve u : (£, Js) — > (X, J) as 

area[u(S)] = [ u*u. (1.3.4) 
Js 

Remark that if u> is symplectic, then by Corollary 1.3.1 this area coincides with 
g-area for the metric g(-,-) =u(-,J-) and J-complex curves are (7-minimal surfaces. 

Remark also that for a J-complex curve u : (A, J st ) — > (X, J), parameterized by 
a standard unit disk, one has 

f f d d fid d 

J U * UJ = J uj(du(—),du(—))dxAdy = - J -g{du( — ),Jdu{i—))dx Ady = 
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' A 



1 / r / 9 . t2 , , d f 1 du du. 1 du.. 2 



Thus 



L 



The right hand side of (1.3.5) is called an energy of a C° flL^-map (not necessary 
holomorphic!) from A to a Riemannian manifold (X,g). Thus, (1.3.5) tells us that, 
for holomorphic maps, energy and the area of the image, taken with multiplicities, 
are equal. 

Remark. 

Let g be a Riemannian metric on C compatible with jc, ha, Riemannian metric 
on X, and u : C — > X a J-holomorphic immersion. Then U^mU^cm is independent 
of the choice of g and coincides with the area of the image u(C) w.r.t. the metric 
hj(-,-) := \{h{-,-) + h{J-,J-)). The metric hj here can be seen as a "Hermitization" 
of h w.r.t. J. The independence of 1 1 cZx£ 1 1 °^ ^ ne cn °i ce °f a metric g on C in 
the same conformal class is a well-known fact, see, e.g. , [S-U]. Thus we can use 
the flat metric dx 2 + dy 2 to compare the area and the energy. For a J-holomorphic 
map we get 

\\ du \\ 2 L^c)= I \ d xu\l + \d y u\ 2 h = J \d x u\ 2 h + \Jd x u\ 2 h = \du\ 2 hj = area h j (u(C)), 

where the last equality is another well-known result, see, e.g. , [G]. Since we consider 
changing almost complex structures on X, it is useful to know that we can use any 
Riemannian metric on X having a reasonable notion of area. 

1.4. Symplectic Surfaces. 

First we recall some elementary facts about orthogonal complex structures in 
IR 4 . 

In R 4 with coordinates x\,yi,X2,y2 consider the standard symplectic form o; st = 
dx\Adyi + dx2/\dy2 and the standard complex structure J s t defined by the operator 



Jst — 





-i 





^ 


1 




















-1 


Vo 





1 


/ 



Let J denote the set of all orthogonal complex structures in R giving R the same 
orientation as J st . Orthogonality here means just that J is an orthogonal matrix. 
The same orientaion means that for any pair X\,X2 of J-independent vectors the 
basis x\,Jx\,X2,Jx2 gives the same orientation of R 4 as J st . 

Exercise. Prove that this orientation does not depend on the particular choice of 
^1,^2 and coincides with the orientation given by u 2 t . 

The following lemma summarizes the elementary facts which we need for the 
sequel. 
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Lemma 1.4.1. The elements of J have the form 



Js = 



( -s ci c 2 \ 

S C2 — Ci 

-Ci — C2 — S 

V— c 2 ci s / 



(1.4.1) 



with c\ + c 2 , + s 2 = 1 . One also has for x G 



uj st (x, J s x) = s\\x\\ 2 . 



(1.4.2) 



We remark that the set J is a unit two-dimensional sphere S 2 in M 3 with co- 
ordinates ci,C2,s. We note also that the number u st (x, J s x) does not depend on 
the choice of a unit vector x. One also remarks that the standard structure corre- 
sponds to the north pole of S 2 and structures tamed by u s t constitute the upper 
half-sphere. 

Exercise. 1. Note that J = { J G 0(4) : J 2 = —E} = {J : J* = J~ l = -J}. Prove 
that condition J 1 = — J implies that 



J 



( 





— s 


Cl 


C 2 \ 




s 





C3 


C 4 


V 


-ci 


-C3 







-c 2 


-c 4 




o7 



for some s,t,Ci,i = 1, ...,4. 



2. Denote by O the matrix Cl ° 2 . Prove that condition J 2 = — E implies that: 

c 3 c 4 

a) 

C = ( ±Cl ° 2 
\=Fc 2 ci 



with cl+C2 = l — s 2 ; 

b) 1*1 = l s h 

c) and, finally, that s = t and for s ^ ±1 the matrix 



C lies in 0_(2) (the 



set of orthogonal 2 x 2-matrices with determinant —1) iff the structure 



J, := 



/ 





— s 


Cl 


c 2 \ 




s 





C3 


c 4 




-ci 


-C3 





— s 


V 


-c 2 


-c 4 


s 


J 



defines the same orientation of R as J s t = J\. 
3. Check finally that w 8 t(x, J s x) = s- \\x\\ 2 . 

Let Mi and M 2 be two smooth oriented surfaces in the unit ball Bel 4 with 
zero as a common point. Let v\,wi and f 2 ,w 2 be oriented bases of TqM\ and 
T M 2 , respectively. Suppose that Mi and M 2 intersect transversally at zero, i.e. , 
fi,wi,v 2 ,w 2 is the basis of M 4 . We say that they intersect positively if this basis 
gives the same orientation of M 4 as the standard one. 

Let (X,u) be a manifold with nowhere degenerate exterior 2-form u>. 
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Definition 1.4.1. An immersion u : S — > X of a real surface S into X is called 
u-positive if u*uj never vanishes. 

If uj is symplectic we call such immersions symplectic. 

Definition 1.4.2. An almost- complex structure J is said to be tamed by an exterior 
2-form uj if u(u, Ju) > for any nonzero u G TX. 

In the following lemma we suppose for simplicity of proof that dim^X = 4. 

Lemma 1.4.2. Let M be a u-positive compact surface immersed into (X,u) with 
only double positive local self-intersections, and let Ui CC U be neighborhoods of 
M . Then for any given ui-tamed a.-c. structure J there exists a smooth family 
{ «/*}*€ [o,i] °f almost- complex structures on X such that: 

a) Jo is the given structure J on X; 

b) for each t G [0, 1] the set {x G X : Jt(x) ^ Jo(x)} is contained in U±; 

c) M is Ji-holomorphic; 

d) all {Jt} are tamed by the given form uj, i.e. , u(v,Jtv) > for every nonzero 
veTX. 

Proof. Let N be a normal bundle to M in X and V\ a neighbourhood of the zero 
section in N. Shrinking V\ and U\ we can assume that U\ is an image of V\ under 
an exp-map in J-Hermitian metric h associated to ui. More precisely, one should 
take the Riemannian metric associated to h, i.e. g = Reh. Shrinking V\ and U\ once 
more, if necessary, we can extend the distribution of tangent planes to M = (zero 
section of N) to the distribution {L x } xe vi of cu-positive planes on V\. Here we do 
not distinguish between ui and its lift onto V\ by exp. Denote by N x the subspace 
in T X V\ which is (7-orthogonal to L x . Perturbing g we can choose the distribution 
{L x } in such a way that if exp(x) = exp(y) for some x 7^ y from V\ then <iexp x (L x ) = 
dexp y (Ny) and dexp y (L y ) = dexp x (N x ). In particular, we suppose that M intersects 
itself (7-orthogonally. For every x G V\ choose an orthonormal basis e\{x),e2{x) of 
L x such that u> x (ei(x),e2(x)) > 0, and an orthonormal basis e^(x),e4 : (x) of N x such 
that the basis ei(x),e2(x),e^(x),e4 : (x) gives the same orientation of T X V\ as uj 2 . 

Define an almost complex structure J 1 on XJ\ by J 1 e± = e2, J 1 es = e^. Then 
J 1 depends smoothly on x, even when ej(x) are not smooth in x. Furthermore, we 
have u> x (ei(x),J x ei(x)) > and thus from Lemma 1.1.1 we see that the relation 
u x (ez(x), J^e 3 (x)) > is also satisfied. This means that our J 1 is tamed by uj. 
Note also that M is J 1 -holomorphic. 

Denote by J x the sphere of ^-orthogonal complex structures on T X X as in Lemma 
1.4.1. Let 7 X be the shortest geodesic on J x joining J(x) - our given integrable 
structure, with Jh. Put J Ax) = J 1 ,, ,, , Here IK- II denotes the length of 
7 X , ip is smooth on X with support in U\ and identically one in the neighborhood 
of M. The curve { J t } satisfies all the conditions of our lemma. □ 

Lemma 1.4.3. Under the conditions of Lemma 1.4-2 the structure J\ can be made 
complex in the neighborhood of M . 

The proof is left to the reader. 
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1.5. Adjunction Formula for Immersed Symplectic Surfaces. 

Let us now prove the Adjunction Formula for immersed symplectic surfaces. Let 
u : Uj=i Sj ~ * be a reduced compact symplectic surface (see Definition 1.4.1) 

immersed into a symplectic four-dimensional manifold. Let gj denote the genus 
of Sj and Mj = u(Sj). Put M : = {j d j=1 Mj and denote by [M] 2 the homological 
self-intersection number of M. Define a geometrical self-intersection number 5 of 
M in the following way. Perturb M to obtain a symplectic surface M with only 
transversal double points. Then 6 will be the sum of indices of the intersection over 
those double points. Those indices can be equal to 1 or — 1. 

Exercise. Let P be an oriented plane in M 4 . Call P symplectic if u s t(P) > 0. 
Find two symplectic planes Pi,P2 € which intersect transversally at origin with 
intersection index —1. 

Let J be some almost complex structure which is tamed by u, i.e. , u>(£, J£) > 
for any nonzero £ G TX. Denote by c±(X, J) the first Chern class of X with respect 
to J. Since, in fact, c\{X, J) does not depend on continuous changes of J and since 
the set of w-tamed almost complex structures is contractible, we usually omit the 
dependence of ci(X) on J. 

Lemma 1.5.1. Let M = U J=1 Mj be a compact immersed symplectic surface in 
four- dimensional symplectic manifold X . Then 

£ gj = lM? - c{xm] +d _ s (151) 

i=i 

Proof. By replacing every Mj by its small perturbation, we can suppose that Mj 
has only transversal double self-intersection points. Let Nj be a normal bundle to 
Mj and let Mj denote the zero section of Nj . Also let exp^- be the exponential map 
from a neighborhood Vj of Mj C Nj onto the neighborhood Wj of Mj. Lift u and 
J onto Vj. Since Mj is embedded to Vj, we can apply Lemma 1.4.2 to obtain the 
cu-tame almost complex structure Jj on Vj such that Mj is Jj-holomorphic. 
For every j we now have the following exact sequence of complex bundles: 

— ► TSj-^Ej -^Nj — > (1.5.2) 

Here Ej = (u*TX)\ s is endowed with complex structure given by Jj. Since du 
is nowhere degenerate complex linear morphism, Nj := Ej / du(TMj) is a complex 
line bundle over Sj. From (1.5.2) we get 

c 1 (Ej) = c 1 (TSj) + c 1 (N j ). (1.5.3) 

Observe now that Cl (Ej) = Cl (X)[Mj] and that a(TS) = Ej=i ciCT^) = 

EjLi(2 — 2<7j) = 2d— 2^^ =1 gj. Furthermore, ci(Nj) is the algebraic number of 
zeros of a generic smooth section of Nj. To compare this number with the self- 
intersection of Mj in X, note that if we move Mj generically to obtain Mj, then 
the intersection number int(Mj,M'-) is equal to the algebraic number of zeros of 
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generic section of Nj plus two times the sum of intersection numbers of Mj in 
self-intersection points, i.e. , [Mj] 2 = ci(Nj) +25j. So 

ci(X)[Mj\ = 2-2 9:i + [M j ] 2 -26 j . (1.5.4) 

Now it only remains to take the sum over j = 1,... ,d and to remark that the 
intersection points of Mi with Mj for j make a double contribution to [M] 2 . 

□ 
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Appendix 1 

Chern Class and Riemann-Roch Formula 

Al.l. First Chern Class. 

Let L — > M be a complex line bundle over a real manifold M. One of the possible 
definitions consists of taking a real rank two bundle over M with an operator 
J G End(L), satisfying J 2 = — Id^. One can than locally find a frame ei(x),e2(x) 
with Jei(x) = e2(x). This gives a covering {£/q,} of M together with isomorphisms 
of complex line bundles ip a : L \ u a — ► x C, i.e. , a standard definition of a complex 
line bundle. Sometimes we shall mark as e^e^,^ the corresponding objects to 
underline their dependence on J. 

Denoting by A = Am and by A* = A* M the sheaves of complex valued (resp. 
complex valued nonvanishing) functions on M, we observe the following exact se- 
quence 

^Z-UA ex ?P?' ) A*^0. (Al.1.1) 

Here % is an imbedding of the sheaf of locally constant integer valued functions 
into A, end exp(2m-) : f — > e 2m ^ . The sequence(Al.l.l) gives rise to the following 
long exact sequence of Cech cohomologies 

= H 1 (M,yi) ex P^- } H 1 (M,yi* H 2 (M,Z) -> H 2 (M,yi) = 0. (Al.1.2) 

Equalities H 1 (M,yi) = H 2 (M,yi) = follow from the fact that the sheaf A admits 
a partition of unity. 

Classes from H 1 (M,7l*) are the defining cocycles of complex line bundles - one 
more possible definition of the line bundle. In terms of local trivializations {fee} 
such cocycles can be obtained as (p a ,p = fa 0( P~p 1 : (U a fl Up) x C — > (U a C\Up) xC, 
i.e. , f a ,p e A* UanUp . 

Definition Al.1.1. If {<fi a , p} £ H 1 (M,^l*) is a defining cocycle of a complex line 
bundle L, then 5({<£a,/3}) G H 2 (M,Z) is called the first Chern class of L and is 
usually denoted as c±(L). 

For the complex bundle E of complex rank r the first Chern class is defined as 
ci(A r E'). If E = TX, the tangent bundle to an almost-complex manifold X, then 
one simply writes ci(X) or ci(X, J) if an almost-complex structure is needed to be 
specified. 

If an almost-complex structure J on the real bundle E varies continuously, then 
the corresponding trivializations {y? a } above (on A r E) can be obviously chosen to 
also vary continuously. Thus ci(E, J) varies continuously. But ci(E, J) G H 2 (M,Z), 
i.e. , takes values in a discrete group. So, it does not change at all. This simple 
but important observation together with Corollary 1.2.2 leads to the following 

Corollary Al.1.1. Let u be a nondegenerate exterior two-form on the even- 
dimensional real manifold X. Then ci(X,J) does not depend on the choice of 
u- calibrating (and even u -compatible) almost- complex structure J. 

Al.2. Riemann-Roch Formula and index of d-type operators. 
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For the holomorphic bundle E of complex rank r over a compact Riemann surface 
S denote by Oe the sheaf of its holomorphic sections. In a usual way one defines 
the cohomology groups H°(S,Oe and H 1 (5', Oe)- Denote h l = dimcH 1 . By g we 
denote the genus of S and 

ci= / a(E). 
Js 

These numbers are related by the classical 

Riemann-Roch Formula. For a holomorphic bundle E over a Riemann surface 
S one has 

h°-h l = c 1 +r-(l-g). (41.2.1) 



This formula can be interpreted as the formula for the index of some operators 
acting on the spaces of smooth sections of E. On the sheaf of smooth sections of 
a holomorphic bundle over a Riemann surface, or more generally over a complex 
manifold, one can define 9-operators. Those are C-linear operators d : r 1 ' p (5', E) — > 
rg,! (S, E) satisfying 

d(f-a) = d s f®o- + f-da. (41.2.2) 

Here by r 1 ' p (5', E) we denote the Sobolev space of (l,p)- smooth sections of E, 
and by Tq x (S,E) the space of (0,1) L p -integrable forms with coefficients in E. ds 
is a canonical <9-operator on S. 

If one additionally fixes some Hermitian metric on E, then such an operator is 
determined uniquely if one imposes the additional condition to preserve the scalar 
product, see [G-H] Ch.O for details. 

The operator d being elliptic is Fredholm and its index is defined as ind<9 := 
dim Ker<9 — dim Cokerd. Remark that ind<9 = h° — h 1 and so by the Riemann-Roch 
formula 

indd = ci+r-(l-£r). (41.2.3) 

Definition Al.2.1. An R-linear operator D :d : ^^(S^E) -> r% A (S,E) which 
can be represented as d + R with R E C°(S, Hom^i?, A ' 1 ® E)) shall be called a 
d-type operator. 

This is again an elliptic (Fredholm) operator, which is homotopic to d. So by 
the homotopy invariance of the index we have that for any <9-type operator D 

ind MJ D = 2-( Cl +r-(l-<7)). (41.2.4) 

The reader should take into account that since D is real, the real dimensions in the 
last formula are considered. That is why the number 2 appears. 
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Lecture 2 

Local Existence of Curves 

2.1. Sobolev Imbeddings, Cauchy-Green Operators, Calderon-Zygmund In- 
equality. 

For a natural k and a real p ^ 1 the Sobolev space L fc -P(A,C n ) consists of 
functions / G L p (A,C n ) such that their derivatives up to the order k are also in 
LP(A,C"). One puts ||/|| fciP := Z ^ k \\D* f\\ p . 

For < a < 1 one considers also the Holder spaces C k ' a (A, C n ). C k ' a (A,C n ) is 
the space of / e C fc (A) such that 

ll/IU,a := ||/(x)||o* +sup^ l|jPfc/(x) J jP a fc/(y)l1 < 00. 

|x y I 

Where _D fc / denotes the vector of derivatives of / of order k. 
One has the following important 

Sobolev Imbeddings. 

7 1 <r n <: 

2-p 



(a) For 1 < p < 2 and 1 s= g s= 



L fc ' p (A,C n ) cL*- 1 >«(A,C n ); (2.1.1) 
f&j for2<p^oo and ^ a ^ 1 - | 

L fe,p(A,C n ) cC fc_1 ' a (A,C n ). (2.1.2) 

Moreover, the imbedding (2.1.1) is a bounded operator and imbedding (2.1.2) is 
compact. 

Existence of such imbeddings means, in particular, the existence of universal 
constants C q and C a s.t. ||/||l*-i.9(a) < C q ■ \\f\\ L fc, P ( A ) and ||/||ck-i,«( A ) ^ C« ' 
ll/llL fe .p(A)- This is the most frequently used form of Sobolev Imbedding Theorem. 

In the Schwartz spaces S(C, C n ) and §'(C,C n ) consider the operators d = 
d = Jf= and T = Tqg = 2^ * (')> ^ = 2^71 * (')• Note that Cauchy-Green operators 
T and T act from § only to Nevertheless one has the following identities on §, 
on LP(C) and on §': 

doT = Tod=\d, (2.1.3) 

and 

doT = Tod= Id. 

Recall also the 

Calderon-Zygmund Inequality. For aZZ 1 < p < 00 there is a constant C p such 
that for all f eLP(C,C n ) 

\\(doT)(f)\\ LP ^C p -\\f\\ LP (2.1.4) 

and 

\\(doT)(f)\\ LP ^C p -\\f\\ LP . 
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This implies that for / G L P (C, C n ) and g = Tf (or o = Tf) one has (7 g 
Lf oc (C,C") and ||^|| L p(C,C") ^ (1 + C p )||/||l*>(c,c»- For the proof of (2.1.4) we 
refer to [Mc-Sa]. 

Properties (2.1.3) and (2.1.4) also imply that the Cauchy-Green operator T is a 
bounded linear operator from 7> p (0,C n ) to L fc+1 ' p (0,C n ) if O m C. The same is 
true in Holder spaces C fc ' a . 

We shall repeteadly use 
Holder Inequality. Let p,q > 1 and let ± + ± = ±. T/ien /or all f G L P (A), 
G £ g (A) we /mi>e £/ia£ fg G £ r (A) and 

II^II^(a)^||/IU,(a)-||^IU«(a). (2.1.5) 



The behavior of L p -norms under dilatations is also frequently used. 

Lemma 2.1.1. Let h G L P (A), r > and tt t : A — > A denotes the contraction 
7i T : z — > rz. P«£ ir*h(z) = h(ir T (z)) = h(rz) and A T = tv t (A) = G C : |z| < r}. 
T/ien 

2 

IK^IIlp(A) = t" • ||/i||lp(ao- (2.1.6) 



Proof. 

IK^IUp(a) = ( / IftNI^A^)' = ( / i/iHi^^^A^)- =r-l-||/ i || LP(Ar) , 

JA JA T t 

where w = rz. □ 
2.2. Local Existence of Curves 

Proposition 2.2.1. (Local existence of curves) Let (X,J) be an almost-complex 
manifold with J of class C k,OL ,k ^ l,a > 0, and xq G X. Then for every v G 
T Xo X small enough there exists a J -complex curve u : (A,0) — > (X,xq) such that 
du(0)(£)=v. 

Proof. Take a chart B 3 xq with xo = and J(0) = J s t. Denote by z = x + iy 
the coordinate in A, and by ui,...,U2 n the coordinates in B. The Cauchy-Riemann 
equation for u : (A, Ja) — > (B, J) has, in our local coordinates, the form 

— + J(u)du(J A -) = 0, 



where Ja denotes the canonical a.-c. structure in A, i.e. , a multiplication by i. 

■_d_\ _ __d_ 

■ dy ' dx' 



Using the fact that J &{■§-) = —■§- , one obtains 



dy ^ ^ dx 



This is equivalent to 
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where Q{u) = [J st + J^)]' 1 o[J st - J(u)]. 

After rescaling, i.e. , considering Qt(u) := Q(tu) and Ut, T {z) :=t~ 1 u(rz), we can 
assume that HQHc 1 is sufficiently small. Note also, that (2.2.1) is equivalent to the 
holomorphicity of h = (\d-T[Q(u)£])u. 

Consider a C 1 -mapping 

$ :]-l,l[xC 1 ' a (A, J B)^C 1 ' Q (A,C n ) 

given by 

= (Id -T[Q(tu)—])u. (2.2.2) 
oz 

Note that $>(0,u) = \d(u) = u. Thus, the Implicit Function Theorem tells us that 
there exists a to > 0, such that for \t\ < to the map <!>(£, •) is a C 1 -diffeomorphism 
of the neighborhood of zero in C 1,a (A,i?) onto the neighborhood of zero V in 
C 1,a (A,C n ). 

For w G C n small enough, a holomorphic function h w (z) := z ■ w belongs 
to V. Put ut jW = $(t, •) _1 (/i lt; ). Then tut, w is J-holomorphic. In fact, h w = 
$(t,-)[ju t , w ] = \[\d-TQ{u tjW )-§^]u tjW . Moreover u 0jW = h w , so than du 0jW (0) =w- 
linear map from C to C n . This shows that for t > small enough w — > diti )U; (0)(^) 
is a diffeomorphism between the neighborhoods of zero in C n . □ 

We immediately obtain the following 

Corollary 2.2.2. Every almost complex structure on a Riemann surface is com- 
plex. 

2.3. Generalized Calderon-Zygmund Inequality. 

Consider a continuous linear complex structure J(z) on the trivial bundle C x 
R 2n — > C, i.e. , J(z) is a continuous family of endomorphisms M 2n — > R 2n with 
J( z ) 2 = -Id. Define an operator dj : S'(C,R 2n ) -> S'(C,R 2n ) by the formula 

(a J /)(^) = i[^/(^) + J(^/(^)]. 

If Jo is another continuous complex structure on C x M 2n , then for / e L p (C,M 2n ) 
it holds that 

ll(ajoT-a Jo oT)/|| L p ( c) ^ ||J-JolUoc (c) .||d(T/)|| LP(C ) < 

< II^-^o|U~(C)(1 + C p )||/|Up(C)- (2-3.1) 

If we take Jq(z) = J s t, the standard structure in C n , then as was remarked above, 
d Jo oT : L p (C,C n ) -> £ p (C,C n ) is an identity. So from (2.3.1) we see that there 
exists e p = such that if ||J- J st || < e p , then djoT : L p (C,C n ) -»• £ p (C,C n ) is 
an isomorphism. Moreover, since djoT = dj st oT+ (dj — dj at ) oT, we have 

(a JO T)- 1 = (id + (a J -a Jst )oT)- 1 = E- (-i)-p J -a Jat )oT]-. (2.3.2) 

This shows, in particular, that (<9joT) _1 does not depend on p > 1. Now we 
shall prove the following statement, which can be viewed as a generalization of the 
Calderon-Zygmund estimate. 
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Lemma 2.3.1. For any u G L 1,2 (C,M 2n ) with compact support, any continuous J 
with || J — J s t\\L°°(c,End(R 2n )) < e p the condition dju G L p (C,M 2n ) implies 

\\du\\ L v( C ) <C-\\dju\\ LP{c) (2.3.3) 

with some C = C(p, || J — Jst||z,°°(<c))- 

Proof. Put v = u — Todj st u. Then dj st v = 0. So r is holomorphic and descends 
at infinity. Thus v = 0, which implies it = (T odj et )u. By the Calderon-Zygmund 
inequality, to estimate ||cfat||.LP(c) it is sufficient to estimate || c?j st it ||i,p(c)- We have 
(djoT)odj Bt u = dju C LP(C) nL 2 (C). From (2.3.2) we obtain d Jst -u G L P (C) n 
L 2 (C) with an estimate 

oo 

\\dj at u\\L P (C) ^^2\\(dj-dj st )oT\\%-\\dju\\ LP{c) «CC- \\dju\\ LP{Q , 

n=0 

where C = C(p, \\ J - J s t||L°°) = Zl^Li (l^ - </st|z,°°(l + C p )) n , provided that ||J- 
Jst||L°° < £ P = i+c p ■ 

This yields (2.3.3). □ 

Corollary 2.3.2. If u G (L 1 ' 2 flC°)(A,]R n ) is J -holomorphic for a continuous a.-c. 
structure J belongs to L^(A,R 2 ) /or all 2 < p < oo. 

2.4. First A priori Estimate. 

Let (X, Jo) be an almost complex manifold, and the tensor Jo is supposed to be of 
class C° (i.e. continuous) only. Let K d X be some compact in X. We fix some 
Riemannian metric h on X and denote by //(Jo) the module of continuity of Jo- 
All norms and distances are taken with respect to h. 

Recall that for a map u : X — > Y into a metric space an oscillation of u on a 
subset D C X is defined as osc(D,u) := sup{dy (it(x),it(y)) : G -D}. 

Lemma 2.4.1. (First a priori estimate). For every 2 < p < oo t/iere exists 
an £i = Si_(p,fi(Jo),K,h) and C p = C(p,fj,(Jo),K,h) such that for any J G C° , 
1 1^ — ^o| |c°(K) < £ i anc ^ every J -holomorphic map u G C°nL 1,2 (A, X) i«it/i u(A) C 
if, satisfying ||£/m||i, 2 (A) < £ i t/ie following holds 

\\du\\ LP{ i A) ^C p -\\du\\ L 2 iA) . (2.4.1) 
Proof. This will be done in several steps. 

Step 1. We prove £rst the inequality (2.4.1) for the case when K <<= U C C n , 
/i Euclidean metric, Jo the standard complex structure in C n = M 2n , and ||J — 
Jo||r°° < £p tor £ p from Lemma 2.3.1. 

Note that in this case the condition that || Ju||l 2 (A) should be small is not needed. 

To prove the first step consider a J-holomorphic map u : A — > (IR 2n , J), w(A) C K 
and || J — J s t|| < £ P - Define on A x M 2n a linear complex structure J(z) = (u*J)(z). 
Then u defines a J-holomorphic section of (A x IR 2n , J) with || J — J s x\\l°°(A) < £ P - 
Extend J onto C x R 2n with the same estimate. 
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Let -0 be a non- negative cut-off function supported in A 3 / 4 and equal to one 

on Ax/2- Put u\ = wp. Then u\ G L 1,2 (A) (because u G L 1,2 (A)) and dju\ = 

udjtf) G L P (C) with ||9jWi|| L p( A ) = \\udji>\\ L p^) ^ C||dfx|| L 2( A ) for any p by the 

Sobolev imbedding L 1,2 (A,C) — > L P (A,C) for all p < oo. Now the generalized 

Calderon-Zygmund estimate (2.3.3) applies in obtaining an estimate of Step 1. 

i i — — 

Using the Sobolev imbedding L L ' P cC p and obvious properties of L p -norms 
with respect to dilatations, one easily derives from Step 1 the following 

Step 2. Fix 2 < p < oo. There exists £2 = £2 (p, /•*(</()) 5-^^) > such that for every 
J with \\J — Jo\\l°° < £ P and any J-holomorphic u with osc(u,A(x,r)) ^ £2 on any 
A(x,r) C A it holds that 

osc(u 1 A(x^))^Cri- 1 -\\du\\ L 2 (A(Xjr)h (2.4.2) 

and 

\\du\\LP(A(x,r/2)) < Cp' ||dw||L 2 (A(x,r))- 

In fact, 

r f 1 

osc(u,A(x,-)) < Ci I |x,P(A(»,r/2)) = C( / ||<iw|| p (ia:dy)f = 



= C JA( !) " rfM ( rM; ^ll P ) P =d(ra)d(ra))p =r *> ||G^r||i>(A(o,§)) 
for it r (t(;) = u(rw). 

Furthermore, if £2 > is such that ||«7(x) — J(y)|| < £ p for h(x,y) < £2, x,y E K, 
then applying Step 1 to it r we get 

2 — p 2 — p 2 — p 

r p ||<iw r || L p (A(0i i )) ^ Cr p \\du r \\ L 2 {A{0A)) =Cr v ||dw|| L 2 (A(0)r)) . 

Let a ^ be the following continuous function: a = 1 for t ^ | and ct(t) = for 
* > 3/4. On the interval \ ^ t < §,«(*) = 3- 4*. Put for x G A 

/(#) := max{t : ^ t ^ -,osc(u,A(x,t-a(\x\))) ^ £ 2 }. 

8 

Clearly / is continuous and / = | for | ^ \x\ < 1. 

Step 3. There exists an £1 = ei(p, Jo,K, h) > such that f(x) = |. 

Suppose that there is an xo with f(xo) = min{/(a:) : x G A} < |. It is clear that 
f(x o )>0. 

Take the disc A(xo,a),a := f(xo)a(\xo\). Note that 

osc(u, A(xo,a)) = £2 (2.4.3) 

Condition (2.4.2) together with the Sobolev embedding L M (A) C C°'?(A) tells 
us (because 050(11, A(x ,a)) =£2) that osc(w, A(x , §)) ^ C ■ \ \du\ \L 2 (A(x ,a))- Take 
a point G A(xo,a) on the distance not more then |a from xq. We have from 
/(^o) = that /M ^ and thus /(^i)«(ko|) > a- At the same time 
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o;(|xi|) ^ a(|xo|) — 3a, so f(xi)a(\xi\) ^ a — 3a-f(xi) ^ §, because /(xi) ^ g. That 
means that osc(/u, A(x±, |)) ^ £2 and thus osc(-u, A(xi, |)) ^ C ■ | \du\ |l 2 (A(xi,§ ))• 
Thus, osc(w, A(a;o, a)) ^ AC ■ ||£/m||i, 2 (A)- If £ i were taken smaller than then we 
would obtain a contradiction with (2.4.3). Step 3 is proved. 

This means that oscfw, A{x, -|)) ^ £2 for any x G |A. Therefore, Step 2 with 
r = | gives us the conclusion of the Lemma. □ 

This statement can be used to prove once more the following statement, which 
was already proved in Corollary 2.3.2: 

Corollary 2.4.2. A J -holomorphic map u : A — > (X, J) is L 1,p '-continuous for any 
p < 00, provided J is of class C . 

Proof. Note that u e (z) := u(sz) is also J-holomorphic and ||dM e ||L 2 (A(o,i)) = 
IM u II.L 2 (A(o,e))- F° r e small enough we shall have \\du £ ||l 2 (A(o,i)) = IM u IU 2 (A(o,e)) < 
Ei - from Lemma 2.4.1. Now estimate (2.4.1) gives us L^-continuity of u £ and 
thus of u in the neighborhood of zero. 

2.5. Convergence outside of a finite set of points. 

Another immediate consequence of the a priori estimate (2.4.1) is the following 

Corollary 2.5.1. Let {J n } be a sequence of continuous almost complex structures 
on X such that J n — > J in C°-topology on X. Let u n G C°r\L^ c (A,X) be a 
sequence of J n -holomorphic maps such that ||ditn||.L 2 (A) ^ £i- Then there exists a 
subsequence u Uk which L^ p -converge to a J-holomorphic map Uoo for all p^ 2. 

i 1 — — 

Proof. The main estimate together with the Sobolev imbedding L > p C C p 
gives us a subsequence {u nk } which converges to Uqo in C a (A) for any a < 1. Take 
ip G Cq°(A), <p |A(r)= 1 and consider dj nk {<p>u nk ) = d x (<pu nk ) + J nk (u nk )d y (<pu nk ) = 
(d x <fi + J nk (u nk )d y <p)u nk , which is C° and thus L p -convergent for any p ^ 2. The 
a priori estimate for <9j-operator (i.e. Calderon-Zygmund inequality 2.3.1) gives us 
L^-convergency of {u nk }. □ 

This corollary implies another one: 

Corollary 2.5.2. Let {J n } be a sequence of continuous almost- complex structures 
on X such that J n — > J G C° in C Q -topology on X. Let u n G C°nL^ c (A,X) be 
a sequence of J n - holomorphic maps such that ||dM n ||L 2 (A) ^ C. Then there exists 
a subsequence {u nk } and a finite set of points {xi,...,xi} in A, such that {u nk } is 
L\q C - convergent on compacts in A \ {x±, ...,xi} for all p ^ 2. Moreover I ^ 

Proof. For any n G N, cover our disk A by a finite number of disks of radii ^ in 
such a way that no point in A belongs at the same time to more than 3 of them. 
Then there is at most disks, on which the energy of our maps (after going 
to a subsequence) is more then E\. Thus, on the complement to those disks the 
Corollary 2.5.1 applies. 

Taking n bigger and bigger (and passing to a subsequence) we obtain the desired 
result. □ 

One can prove also the following regularity statements about j-holomorphic 
maps: 

Lemma 2.5.3. a) If the structure J is Lipschitz then J-holomorphic maps are of 
class C 1 ; 
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2) If J El C k then J -holomorphic maps are in C k,a for all a < 1. 
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Lecture 3 

Positivity of Intersections of Complex Curves. 

3.1. Unique Continuation Lemma. 

We start with a unique continuation-type lemma for <9-unequalities, namely with 
Lemma 3.1.1 (compare with [Ar] and [Hr-W]). In the proof we shall use the following 
special version of the theorem of Harvey and Polking [Ha-Po] : 

Theorem of Harvey-Polking. Let f : A — > C n be locally L 2 -integrable. Assume 
that for some g G L 1 1 oc (A,C n ) the equation df = g holds (in the weak sence) in the 
punctured disc A. Then df = g holds in the whole disc A. 

Lemma 3.1.1. Suppose that the function u G Lf oc (A,C n ) is not identically 0, 
du G L 1 1 oc (A,C n ) and satisfies a.e. the inequality 

\du\^h-\u\ (3.1.1) 



for some nonnegative h G L^ oc (A) with 2 < p < oo. Then 

i) u G L^(A), in particular u G C^(A) with a := 1 — |; 

ii) for any zq G A swc/i £/mt it(zo) = there exists p G N — the multiplicity of zero 
of u in zq — such that u(z) = (z — zq)^ ■ g(z) for some g G L lc ^(A) with g(zo) ^ 0. 



Proof. Statement i) is easily obtained by increasing the smoothness argument. 
Let us for the methodological reasons give it in full details. 

Step 0. u is in L^ o c for po := p > 2. 



i 

TTT 2p 



From (3.1.1) and the Holder inequality we see that h\u\ G L^ oc p = L^ c 2 . 

2p ± 2p 

Therefore one obtains du G L[+ C 2 (A). Consequently, u G L lo< T +2 (A) due to el- 
lipticity of d and because > 1- By the Sobolev imbedding we have that 

2p 



2 p+2 



Thus we proved that u G Lf o c for p : = P > 2. 
Step 1. u is in L^ c for p x := ^ > p . 



Again, |du| < %| G L{ Q + J = 4c- Therefore « G z£* C = l£* 

Step n. There exists r > 1 such that it G Lf " c , where p n > rp n _i for all n 

i 



~ PPn-1 1 PPn-1 

u G L Pn ~ 1 implies \du\ ^ h|w| G L p_t = L p+P ™-! . Therefore u £ L ,p+p ^-i c 

2pp„_! 

^2 P +2p„_ 1 -p P „_ 1 _ ^ P „ witn pn _ i i ^ Q ne eas iiy checks that - 2js - > r > 1, 

?+^m 2 p™- 1 

which does not depend on n. 

Step oo. it is in C '" with a = 1 — |. 

i 

When p n — > oo |<9d < hid G Lp + ^ = L q , where g ~ p, because — ~ 0. 
Therefore -u G L 1 ' 9 with g > 2 close to p. Sobolev Imbedding tells in this case that 
L i, q c £0,0 wit h /?=! — !. Finally we see that d*u G L p , therefore u G C°' Q . 
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ii) Now suppose that u(zq) = 0. Then, due to the Holder continuity, we have 
\u(z)\ ^ C\z — Zo\ a for z close enough to Zq and consequently U\{z) := u(z)/(z — z ) 
is from Lj 2 oc (A). The theorem of Harvey-Polking provides that du\ G L 1 1 oc (A) and 
u\ also satisfies inequality (3.1.1). In particular, u\ is also continuous. Iteration 
of this procedure gives the possibility of defining the multiplicity of zero of u in zq 
provided we show that after a finite number of steps we obtain the function un 
with un(zo) 0. To do this we may assume that z$ = 0. Let n T (z) := r • z for 
< r < 1. Then u T :=n*(u) satisfies the inequality \du T \ ^ Tiv*h - \u T \. Since 

||T7T*/i|| iP(A) = T l ~ 2/P ■ ||/l||LP (7rT (A)), 

we can also assume that ||/i||lp(A) is small enough. Fix a cut-off function (j) G C^°(A) 
which is identically 1 in ^A, the disk of radius \. Then 

IIHU^a) ^ Ci • ||0u|| 2p_ ^C 2 -\\d((j)u)\\ a, ^ 

L ^+p(A) L^+p (A) 

^ C 2 ■ (\\d>du\\ 2 P +\\d(bu\\ 2 P ) ^ C 2 ■ (\\<±>hu\\ i v + \\dd>u\\ i P ^ 

L2+p(A) LHp (A) L2+p(A) L2+p(A) 

< C3(\\M\lp(A) ■ \\h\\ L p(A) + \W\\lp(A\±A) ■ \\9(/>\\ L 2 {A \i A) ). 

Here we used the fact that the support of d(p lies in A\|A. Since ||/i||lp(A) is 
small enough we obtain the estimate 



IMIlp(±A) ^ C- \\u\\ LP ( A \i A -) 

with the constant C independent of u. Thus if the multiplicity of zero of u in zq = 
is at least jU, then 

\\ z ~^ u \\lp(±A) ^ C- \\ z ~^ u \\lp(A\±A)) 

which easily gives 

IMIz>(±A) ^ ^ ' IMLp(A\|A))- 

Now one can easily see that either u has isolated zeros of finite multiplicity, or u is 
identically zero. Yet the last case is excluded by the hypothesis of the lemma. □ 

Lemma 3.1.2. Under the hypothesis of Lemma 3.1.1 suppose additionally that u 
satisfies a.e. the inequality 



\du(z)\ ^ \z-z \ u h(z) ■ \u{z)\, (3.1.2) 

with z eA, v G N, and h G Lf oc (A), 2 < p < oo. Then 

u{z) = {z- z r (P W (z) + (z- z y 9 (z)) , (3.1.3) 

where [i G N is the multiplicity of u in z$, defined above, is a polynomial 

%n z of degree ^ v with P {v \z ) ^ 0, g G L^(A,C n ) ^ C°' Q , a = 1 - \, and 
g(z) = O(\z-z \ a ). 
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Proof. The proof uses the same idea as in the previous lemma. Define uq(z) := 
and h\(z) := h(z) ■ \uq{z)\. Due to Lemma 3.1.1, uq G C°' a , u (zq) ^ 0, 



(z - z y 

hi G £f oc , and uq satisfies a.e. the inequality |#ito(z)| ^ \z — zo\ u hi(z). 

Set a = uq(zq). Since un(z) — a = 0(\z — znT), we have u\ := — ^2 e L? „. 

z — Zo 

Applying the theorem of Harvey- Polking once more, we obtain \du\\ ^ \z— z \ v ~ 1 hi, 
and consequently u\ G C 0,a , ui(z)—ui(z ) = O(\z — z \ a ). Repeating this procedure 
v times, we obtain the polynomial 

P {v) (z) =a + (z- zoja! + • • • + (z - z ) v a v 

with 

a k := Urn , u \ k — , < k < v, 

z->z (z — Zo) K 

and the function 

u{z)-P^\z) 



9{z) ■■- 



(z-zo) v ' 

which satisfies the conclusion of the lemma. □ 

Corollary 3.1.3. Let J be a Lip schitz- continuous almost complex structure in a 
neighborhood U o/0gC such that J(0) = J s t, the standard complex structure in 
C n . Suppose that u : A — > U is a J -holomorphic C x -map with u(0) = 0. Then 
there exist uniquely defined fiGN and a (holomorphic) polynomial _p(^ -1 ) of degree 
^H-l such that u(z) = z» ■ P^" 1 ) + z^^v^z) with v(0) = and v G L liP (A, C n ) 
for any p < oo. 

Proof. In fact, by the hypothesis of the lemma du + J(u) oduo J A = and hence 



\du\ = \^(du + J st °duo J A )\ = |i(J st - J(u))oduo J A | ^ HJlIc . 1 ^) • \ u \ • \du\. 

(3.1.4) 

Thus by Lemma 3.1.1, u(z) = z^w(z) with some \x G N and w G Ll£(A,C n ) for any 
p < oo. If /it = 1 we are done. Otherwise du(z) / = fiwdz + zdw G Lf oc (A,C n ) 
for any p < oo. Thus, the corollary follows now from Lemma 3.1.2. □ 



Corollary 3.1.4. Let u: S — > (X, J) 6e a J -holomorphic map. Then for any p G X 
the set u~ 1 (p) is discrete in S, provided that J is Lipschitz- continuous. 

Proof. Take an integrable complex structure J± in some neighborhood U of p G X, 
such that J(p) = J\{p). Take also J\ -holomorphic coordinates w\,...,w n in U, 
such that Wi(p) = 0. Then the statement follows easily from Corollary 3.1.3. 
□ 

3.2. Inversion of dj + R and L k ' p -topologies. 

Now suppose that J G C°(A, EndR(IR 2n )) satisfies the identity J 2 = — l,i.e. , J 
is a continuous almost complex structure in the trivial M 2n -bundle over A. Define 
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the M-linear differential first order operator dj : L 1 ' p (A,M 2n ) -> L p (A,R 2n ) by 
setting 

^H(f+4£)- <3 ' 21) 

For example, for J = J st , the standard complex structure in IR 2n = C n , the operator 
dj is a usual Cauchy-Riemann operator d. The operator dj is elliptic and possesses 
nice regularity properties in Sobolev spaces L k ' p with 1 < p < oo and Holder spaces 
C k ' a with < a < 1. The following two statements are typical for (nonlinear) 
elliptic PDE and produces a result which we need for the purpose of this paper. 

Lemma 3.2.1. Let J be C k -continuous with k^O and dj be as above. Also let R 
be an End(lR 2n ) -valued function in A of class L k ' p with 1 < p < oo. If k = 0, we also 
assume that p > 2. Suppose that for djf + Rf G L k ' p for some f G L 1,:L (A,IR 2n ). 
Then f G Lf+ 1 ' p (A,M 2n ) and for r < 1 

*) ll/llLfe+i.p(A(r)) < Ci(J, || J R|| Lfc ,p,/c,p,r)(pj/ + J R/|| Lfe ,p (A) + ||/||l1(A)) 

//, m addition, J and R are C k ' a -smooth with < a < 1, tfren / G ^^'"(A,^ 271 ) 
and 

**) ll/llc fe +i>«(A(r)) < C 2 (J, \\R\\ C k, a ,k,a,r) ■ {\\djf + Rf\\ ck , a(A) + ||/||li(a).) 

//, additionally, \\ J- J s t||c fe (A) + ||-R|| \\L k .p(A) (resp., \\ J- J s t\\c k > a (A) + \\R\\c k > a (A)) 
is small enough, then there exists a linear bounded operator Tjr : L k ' p (A,R 2n ) — > 
L k+1 > p (A,R 2n ) (resp., T JtR : C fc ' Q (A,M 2n ) — > C fc+1 ' Q (A,M 2n ) ) such that (dj + 
R) oTj, R = Id and Tj, R {f)\ z=0 = 0. 

Proof. The estimates i) and n) of the theorem are obtained from the ellipticity of 
dj by standard methods. See [Mo] for the case of general elliptic systems or [Sk] 
for the direct proof. We note only that for J being only continuous the constant C\ 
in i) crucially depends on the modulus of continuity of J, whereas in all the other 
cases of the theorem the dependence is essentially only on the corresponding norm 
of J. 

Let T be a composition £oG where G(f) is the solution of the Poisson equation 
Aw = / with the Dirichlet boundary condition on <9A. Then for J = J st and R = 
we can define Tj st)0 (/) := T(f) — T(/)(0). In the general case we set 

oo 

Tj, R = J2(-^ n Tj st ,oo((dj-dj st +R)oT Jat , ) n . 

n=0 

Due to the Sobolev imbedding theorem, the series converges in an appropriated 
norm, provided \\J — J a t\\ + \\R\\ is small enough. □ 

Remark. The last statement of this lemma Implies that for || J — J st || + ||i?|| small 
enough L k +^ p (A,R 2n ) = Hg j+R ®T JjR (L k ' p (A,R 2n )) where Hg j+R = Ker(dj+R). 
This will be used later in the proof of Lemma 6.3.4. 
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Corollary 3.2.2. Let k G N, q > 2, and J a C k -smooth almost complex structure 
in X. Also let (S,Js) be a complex curve. Suppose that L 1,q -map u : S — > X 
satisfies the equation 

du + J oduojg = 0. 

Then u is L h+1 ' p -smooth for any p < oo. If, in addition, J is C k,a -smooth with 

< a < 1, then u is C k+1 ' a -smooth. 

Let j( n ) (resp. ) be a sequence of almost complex structures on X (resp. on 
S), which C k '-converges to J (resp. to ) and let u n : S — > X be a sequence 
of (J s n \ J^) -holomorphic maps. Then the C° -convergence u n — > u implies the 
L k+1,p -convergence for any p < oo, and C k+1,OL -convergence if {J$ n \ J^) converge 
to (J S ,J) in C k ' a , 0<a<l. 

Proof. The map u is continuous and in local coordinates wi,... ,W2 n on X and 
z = x + iy on S the equation has the form 

du(z) + J(u(z)) oduo J M = 0, 

which is equivalent to dj oU u = 0. Using Lemma 3.2.1 and induction in k' = 0. . . k, 
one can obtain the regularity of u. 

Similarly, for j( n ) and satisfying the hypothesis of the corollary one gets 

d JoU (u (n) -u) = {d JaU -d J(n)ou(n) )u^ — > in L*£ (resp. in C*f) 

by induction in k' = ... k. □ 

Remark. The corollary implies that for a compact Riemann surface S the topology 
in the space CP of ( J5, J)-holomorphic maps u : S — > X is independent of the 
particular choice of the functional space L k '>P(S,X) d CP with 1 ^ k! ^ k + 1, 

1 < p < 00, and kp > 2, provided Jg and J are changing C fc -smoothly. In the same 
way, Lemma 3.2.1 implies that for J G C k with k ^ 1 the differential structure on 
CP is also independent of the particular choice of a functional space L k ,P (S,X) with 
1 ^ k' ^ k, l<p<oo and k'p > 2. 

Lemma 3.2.3. For any natural numbers fx > v ^ and real numbers p > 2, a < - 
and 7 > there exists C = C(li, u, a,p,^f) > with the following property. Let J 
be an almost complex structure in B C C n with J(0) = J st and let u : A — > B 
be a J -holomorphic map of the form u(z) = z ti {P{z) + z u v(z)), where P(z) is 
some (holomorphic) polynomial of the degree v and v G L 1,p (A,C n ) with v(0) = 0. 
Suppose that \\ J — Jstllc^B) ^7 an d ||w||l 1 .p(A) ^7- Then for any < r < \ 

\\ zdv \\cO(A(r)) + \\ zdv \\L^r {A (r)) < & - r a - \\u\\ L i, P ( A) , (3.2.2) 

In particular, du(z) = d{z^P{z)) +o(\z\ II+iy ~ 1+a ) for any a < 1. 
Proof. For < r < | we define the map 7r r : B — > P, setting 7r r (u;) := r^iy. We 
also set J^) :=7r*J, -u( r )(z) := 7T" 1 ou(r^), p( r )(z) := P(rz) and v^ r \z) = r v v{rz). 
Then is an almost complex structure in B with ||j( r ) — JstHc^B) ^ r M ||J — 
J s t||ci(B), and u W = z f(pW(2) + ^(r)( z )j is a j (r) .holomorphic. 
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Without losing generality, we can suppose that a > 0. Set (3 := 1 + a— - and 
q := j37j- Then ot</3<l, /3+- — l = ot, and (/ > 2. Lemma 3.1.3 implies 

that ||f||c ,0 -' 3 (A(2/3)) + II ( ^' 1 'I|l'j(A(2/3)) ^ Ci ■ ||w||i, 1 .p(A)- Here the constant C±, as 
well as the constants Ci,...,C§ below, depend only on /j,,i/,p,a, and 7, but are 
independent of r. Consequently, 

\\u^ -z^P^\z)\\ L ,, q{A) ^C 2 -r^ -\\u\\^ P{A) . 
Furthermore, due to Corollary 3.2.2, we have {{u^ ||l 2 .p(A) ^ C3 • IM|i,i,p(a)- Thus 

\\djju^ -Z^PW(z))|Ui.p(a) = Pj st -5 jWot , W )(«W)|Ui.P( A )< 

^ C 4 -r M - ||m||i,i,p(a)- 
Applying Lemma 3.2.1, we obtain 

ll^ (r) Li.p(A(2/3)) < ^ ' ^ ' HHIl^(A), (3.2.3) 
which is equivalent to 

II^ILi,p(A(2r/3)) ^ C '5-r- /3+2/p - 1 -||«||i / i,P(A). 

On the other hand, (3.2.3) implies that 

\\ zdv(r) llc°(A(2/3)) ^ ° 6 " r " +/3 ' W U h^(A), 

and consequently 

IMIc°(A(2r/3)) ^ C '6T /3 -||w||li,p(A). 

□ 

3.3. Perturbing Cusps of Complex Curves. 

For understanding the rest of this lecture the reader should consult §6.2 and §6.3 
for the definition and some elementary properties of Gromov's 9-operator. 

Lemma 3.3.1. For a given p, 2 < p < 00, and 7 > there exist constants 
e = e(p,7) and C = C(p, r y) with the following property. Suppose that J is a C 1 - 
smooth almost complex structure in the unit ball B C C n with \\J — J s t\\c 1 (B) ^ e an d 
u E L 1,P (A, S(0, i)) is a J -holomorphic map with ||w||li,p(a) ^ 7- Then for every 
almost complex structure J in B with || J— J||c7i(s) ^ e there exists a J -holomorphic 
map u : A — > £? roii/i 

||u — w||li,p(A) ^ C- ||«^ — ^Hc^B) 

snc/i that u(0) — u(0). 

Proof. Let J t be a curve of C 1 -smooth almost complex structures in B starting at 
Jo = J and depending C 1 -smoothly on f G [0,1]. Consider an ordinary differential 
equation for ut G L 1,P (A,B) with the initial condition uq = u and 
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dut 
dt 



Tj t ou t ,Rt 



dJ 

dt 



o d,Ut o J A 



where R t is defined by the relation Dj 



t,u t 



9j t , Ut + Rt- (See paragraph 
6.2). Since Jo and Rq satisfy the hypothesis of Lemma 3.2.1 and R t depends 
L p -continuously on J t G C 1 and u t G L 1,p : the solution exists in some small interval 
< t < t - For such a solution using (6.3.1) one has 



dut 



dt 



+ 



dR t 
dt 



LP 



^ C- (\\u t \\ L i,p + || J t - Jstllc 1 ) 



dJt 



dt 



C 1 



f 


dJ t 




dt 



This implies the existence of the solution of our equation for all t G [0, 1], provided 

dt < e. 

□ 

In this paragraph we suppose that some p with 2 < p < oo is fixed. 

Lemma 3.3.2. For every 7 > and every pair of integers v ^ 1, \jl ^ 1 t/iere 
exists an e = £(,u,z/, 7) > swc/i t/iat for an almost complex structure Jo in B with 
II Jo — Jst\\c 1 (B) ^ £ j Jo(0) = J s t, /or a Jo-holomorphic map uq : A — > 5(0, |) 
wii/i || wo ||l 1 'P(A) ^ 7 an d with the multiplicity fx at G A i/ie following holds: 

i) If v ^ 2// — 1, i/ien /or even/ almost complex structure J in B with J(0) = J st 
and for every v G L 1,:P (A,C n ) wt/i |H|z,i,p(a) + || J — Jst He 1 (A) ^ e there exists 
w G L 1 ' p (A,C n ) wtto iu(0) = 0, satisfying 



and 



d J (u + z iy (v + w)) = 

\w\\l^,p(A) ^ C ■ ((MIll^A) + II J" Jollc^A)) • 



(3.3.1) 
(3.3.2) 



ii) If v ^ 2/x, then for every v G L 1,p (A,C n ) with ||f ||z, 1 -p(A) ^ e there exists 
w G L 1 ' p (A,C n ) wii/i w(0) = 0, satisfying 



and 



d Jo (u + z"(v + w)) = 

|« ; ||l 1 .p(A) ^ C - 11^ ||li.p (A)- 



(3.3.3) 
(3.3.4) 



Proof. If v ^ 2^ — 1, we fix a curve J t , t G [0,1], of C 1 -smooth almost complex 
structures in B, which starts in Jq, finishes in J and satisfies the conditions Jt(0) = 
J st and f t=Q || JtHc^s)^ ^ 2e, where J t := dJ t /dt. If u ^ 2fi, we simply set J t = Jo- 
As in the previous lemma, we want to find a needed iu by solving for t G [0, 1] 
and w t G L 1,p (A,C n ) the equation 
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However, this time we need to consider the fact that now we are dealing with 
different (almost) complex structures on B, namely J s t and Jt for any fixed t G [0, 1]. 
Thus, we write the last equation in the more correct form: 

(x + yJ st )-"dj t (uo + (x + yJ st ) u (t-v + w t )) = 0. (3.3.5) 
The differentiation of (3.3.5) with respect to t gives 

(x + yJ st )~ u D UuJt ((x + yJ st T(v + w t )) + (x + yJ 8 t)~ v j t ° du t o J a = 0, (3.3.6) 

where ut := uq + (x + yJ s t) u (t • v + Wt) and J st also denotes the pull-back of the 
standard complex structure on E := u* t TB = C n . 

First we show that the operator (x + yJ st )~ 1 ' oD Ut t j t o{x + y J s t) u has the form 
d + R+ v ^ for an appropriate (almost) complex structure jj^ in E = C n and 

IR-linear operator R[ . In fact, the explicit formula (6.2.5) for D u j shows that 
taking the standard connection V in TB = C n and identifying A^'^A = C one 
gets 

with R[ 0) G C°(A,End M (C n )). Moreover, the formula (6.3.1) implies that 

1 1 #t° 1 1 LP (A) ^ H^tHc^S) ' \\du t \\LP(A)- 

Hence 

2{x + yJ st )~ v oD UuJt o(x + yJ st y = [ |- + ( x + yJ st )-» o J t {x + yJ st y^ + 

+ [iy-(x + yJ st )-^o(l + J t oJ st )o(x + yJ st r- 1 + 2(x + yJ st )-^oR ( t °' ) o(x + yJ s tr 

= 2d l(v) +2R ( t l/) . 
One has the obvious identities (J^) 2 = — 1, 

\\Jt ~ ^st||c°(A) = \\{x + yJst)~ V °{Jt~ J s t)°(x + yJ s tY\\c»(A) = \\Jt-Jst\\c°(B), 

and 

\\{x + yj at )~ v oRf ] o{x J ryJ st Y\\ L v(A) = ||#t (0) ||Lp(A)- 

Furthermore, l + J t (0)J st = 0; hence ||) |z| _1 (l + J t Jst) || c o( A) ^ ll^t ~ ^stllaK^)- 
This gives the estimate 

\\R\ ; ||lj>(A) < (Ci-V + C 2 - \\dut\\ L v(A)) ■ H^-^stllc 1 ^)- 

To show the existence of the solution of (3.3.5) for all t G [0,1], we need the 
estimate 

z~ v ■ j t (uo + z u w)od(u + z"w) ^ Ci(p,u) ■ \\u \\ 2 L i, P(A) ■ WJtWc^iB) (3.3.7) 

LP (A) y ' 
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for all sufficiently small w G L 1,p (A,C n ). The estimate trivially holds for v ^ 2/x, 
because in this case J t = 0. Otherwise for A := minjjU, v\ from Corollary 3.1.3. one 
obtains 

||^~ A (^o + ^«0|| LO o (A) + \\z~ x+1 d(u + z u w) || LP(A) < C 2 (/j,, v) • ||u || L1 , P(A) (3.3.8) 

which gives the estimate (3.3.7). 

Now consider the ordinary differential equation for Wt G L ,P (A,B) with the 
initial condition u>q = and 



dwt 



dt 

As in Lemma 3.3.1 one has the estimate 



R { V ) [z v ■ j t odu t o J A + v^j. (3.3.9) 



dwt 



dt 



L 1 .f(A) 



dR^ 



dt 



Lp(A) 



< C-(||«t||L 1 .f(A) + ||^-^st||c 1 (B))- (| 

which implies the existence of the solution of (3.3.9) for all t G [0, 1]. □ 



dJtn II || 

dt Hci(B) + lrllLi.p(A) 



3.4. Primitivity. 

We need to study first the notions of primitivity and distinctness of complex 
curves in C 1 -smooth nonintegrable structures. Let us start with the following 

Definition 3.4.1. Two J-holomorphic maps U\ : (Si,ji) — > A and u 2 : (5*2, J2) ~^ 
A with ui(cii) = u 2 (a 2 ) for some Oj G Si are called distinct in (01,02) if there are 
no neighborhoods Ui C Sj of a; with u\{U{) = u 2 (U 2 ). We call ui : (Si,ji) — > X 
distinct if they are distinct for all pairs (01,02) G Si x S2 with iti(ai) = u 2 (a 2 ). 

Definition 3.4.2. A J-holomorphic map u : (S,j) — > X is called primitive if there 
are no disjoint non-empty open sets Ui,U 2 C S with n(f7i) = u(U 2 ). Note that it 
must be nonconstant. 

An important regularity property of a J - complex curve with J G C 1 is contained 
in the following 

Theorem 3.4.1. Let (Si,ji) and (S 2 ,j 2 ) be smooth connected complex curves and 
Ui : (Si,ji) — > (X,J) non-constant J-holomorphic maps with J G C 1 . if t/iere are 
non-empty open sets Ui C Si with u\{U\) = u 2 (U 2 ), then there exists a smooth 
connected complex curve (S,j) and a J-holomorphic map u : (S,j) — > (A, J) such 
that Mi (Si) Ui^S^) = u(S) and u : S — > A" is primitive. 

Moreover, maps U{ : S3 — > A factorize through u : S — > A , z.e v t/iere exist 
holomorphic maps gi : (Si,ji) — > (S,j) swc/i t/iat itj = nog,. 

Proof. 

Step 1. For every J-holomorphic imbedding u : A — > (A, J) iwit/i J G C 1 and /or 
every p 6 A t/iere exist a neighborhood U C X of u{p), a C 1 -smooth integrable 
complex structure J\ in U and J\-holomorphic coordinates (wi,... ,w n ) = (wi,w') 
(i.e. w' = (w2,...,w n )) in U such thatu(A)nU = {(wi,w') G U : w' = 0} and 
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•^L(A) = ^ilu(A)- I n particular wi] u (a) is a holomorphic coordinate in u 1 (U) C A 
and 

\J(w 1 ,w')-J 1 (w 1 ,w')\ < C(\w'\). (3.4.1) 

For the proof take any J-Hermitian metric h on X. Let N\ denote the normal 
bundle u\TX/du(TS\) with fiber iVi jZ over z G S\. Then the exponential map 
<p : £ G Ni jZ i— > exp^/^s^) is a local diffeomorphism in some neighborhood F of the 
zero section of Ni over Si. Note that along the zero section we can identify <p with 

Ui. 

Equip iVi with a canonical holomorphic structure of the quotient u\TX/du{TSi). 
Since h was chosen J-Hermitian, the operator of the complex structure Jn 1 coin- 
cides along zero section with the structure (p* J = u\ J. Note that is integrable 
in V. 

Step 2. ("Unique Continuation Lemma"). Let the open subset U C X, C 1 -smooth 
complex structure Ji in U , and J \ -holomorphic coordinates (wi,... ,w n ) = (wi,w f ) 
be as in the previous step. Set C := {(wi,w f ) G U : w' = 0}. Let v : A — > U be a 
J -holomorphic map. Then either v(A) C C or v~ x {C) is discrete. 

To show this, we use (w\,w') as complex coordinates and consider U as an open 
subset of C n , so that Ji = J st . Set u' := to'ov, i.e., is obtained from v by 
forgetting the first component. Then v~ x (C) = z/ -1 (0). Furthermore, 

\d Jet v'(z)\ ^ \d Jet v(z)\ = \djMz)\ = \djv{z)-djMz)\ < 

which means that locally \dj st v'\ ^C\v'\. By Lemma 3.1.1 either i/ -1 (0) is discrete, 
or v' is identically zero. □ 

Remarks. 1. Note that, in the latter case, v : A — > C is holomorphic. 
2. The "Unique Continuation Lemma" remains true for Lipschitz J (i.e., J G C ' 1 ) 
but not for Holder and continuous J (i.e., J G C°' a with ^ a < 1). To see this, we 
note that if J G C°' a with < a ^ 1, then any J-holomorphic map u : A — > (X, J) 
is C 1 -smooth by standard regularity for the elliptic equation <9jit = 0. If u is an 
immersion, then du : TA — > u*TX is an imbedding of complex (not holomorphic!) 
bundles, and iV := u*TX/du{TA) has a canonical complex structure. Equip N 
with any holomorphic structure compatible with the complex one. Then Step 1 
from above goes through and we can locally construct Ji, which coincides with J 
along some neighborhood of a given point p G A. Instead of (1) we obtain 

\J(wi,w')-Ji(w u w')\^C(\w'\ a ). (3.4.2) 

Thus the "similarity principle" and Step 2 are applicable if a = 1 (Lipschitz case) 
but fail if a < 1 (Holder case). 

Exercise. Construct a counter example to "unique continuation lemma" for the 
Holder J in the following way. Take two different smoothly imbedded disks which 
coincide along some open subset, and try to construct a complex structure J to make 
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both J - complex . It appears that for appropriately chosen disks one succeeds with 
J E C°' a for at least some < a < 1. 

Step 3. Proof of the Theorem in the case when Ui : (Si,ji) — > (X, J) are immersions. 

Consider set A of those V such that V is an open subset in one of Si and 
Ui : V — > X is injective. Equip every V G .A with the complex structure and with a 
J-holomorphic map u : V — > X induced from S^. Define the equivalence relation ~ 
on the disjoint union Uv^aV, identifying points p' E V and p" G if there exist 

V E A and p EV such that u(V) C u(V')C]u(V") and u(p) = u(p') = u(p"). 

Set S := (u VeA V)/ ~ with projection 7r : U VeA V — > S 1 . Induce the quotient 
topology on 5 declaring {7r(V) : F G .A} as the basis of the topology. Then u 
induces the map u : S — > X which is holomorphic. We shall show that S and 
it obey the desired properties. The main point at this step is to show that the 
quotient topology on S is Hausdorff. 

Let p' and p" be two distinct points on S. If u(p') ^ u(p"), then there exist 
disjoint neighborhoods u{p') G U' C X and u{p") £ U" C X and their pre-images 

V := u~ l (U') and V" := are disjoint neighborhoods of p' and p". It 
remains to consider the case when u(p') = u(p"). 

Let p' E V' and p" E V" be representatives, i.e., V',V" E A, n(p') = p', 
and 7r(p") = p". Shrinking V"', if needed, we may assume that for u{V') there 
exists a neighborhood U G X, an (integrable) complex structure Ji in U and Ji- 
holomorphic coordinates (wi,w f ) in {7 with the properties of Step 1. Shrinking 
V" , we may assume that u(V") is also contained in U. Using Step 2, we may 
additionally assume that u(p') = u(p") is the only intersection point of u(V') and 
uiy"). Then n(V') and n(V") are disjoint neighborhoods of p' and p" . This shows 
that S is Hausdorff. 

By assumption, maps Ui : Si — > X are immersions. Thus every can be 
covered by open sets V C Sj such that restrictions v>i\y are imbeddings. Every 
such V belongs to the atlas A, and the canonical projection tt : V — > 5 is a 
holomorphic imbedding. By the definition of the equivalence relation ~, these local 
maps 7T : V C Si — > S 1 can be glued together to holomorphic maps <7j : Si — > S. One 
can see that the constructed (S,,?), m : S — > X, and ^ : Sj — > S have the desired 
properties. 

Non immersed case. Here we consider the case where Ui : (Si,ji) — > (X,J) are 
not necessarily immersions. 

From Proposition 6.3.2 of Lecture 6, maps Ui define bundle homomorphisms 
dui : TSi — > Ei := u*(TX) which are holomorphic w.r.t. the canonical holomorphic 
structure on Ei. This implies that the zero set Ai := {y £ Si : dui(y) = 0} is 
discrete in Si. In particular, every itj is an immersion outside Ai. 

Set Si := Si\Ai. Then ui : S\ — > X are immersions, and the previous arguments 
remain valid. Let (S, J), u : S — > X, and ^ : Sj — > S be the corresponding objects. 

Numerate points in A\ in any order, A\ = { ai, . . . }. 

Step 4. VFe state that for k = 1,2,... t/iere exist Riemann surfaces S^ and holo- 
morphic maps g[ k ^ : s[ k ^ — > S^- 1 snc/i that s[ k ^ '■= Si U {ai, . . .a^}, g^ls 1 = gi, and 
S^ = SUg{ k \{ ai ,...a k }). 
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In other words, at the k-th step we add to S{ the point ak, and extend 
g[ h : s[ h — > through ak holomorphically, adding, if needed, some new 

point to S^-V. 

The proof of this statement proceeds inductively. For a given k take a sufficiently 
small neighborhood V k C Si of at which contains no other points of Ai. Set 
Vk '■= Vk\{ak}- If the restriction fi^ -1 ^^ '■ Vk — ¥ S( fc_1 ) extends to a holomorphic 
map g[ k) \v k ■ V k -> S^-V, one has nothing to do but set S( fc ) := S^" 1 ). 

Otherwise we set := S^ -1 ) U {bk} and g[ k \ak) = bk- We must prove 

existence of appropriate topology and complex structure on the constructed S^ k \ 
We give a proof of these properties in full detail. 

Choose C 2 -smooth local complex (not holomorphic) coordinates (w\,... ,w n ) 
in a neighborhood of Ui(ak) G X such that a complex structure J' defined by 
(wi, ... , w n ) coincides with J in u\(ak)- Let z be a local complex coordinate on Si 
in a neighborhood of a^. We may assume that (w\,... ,w n ) (resp. z) are centered 
in -ui(afc) (resp. in afc). Lemma 3.1.1 provides that in these coordinates the map 
iii '■ Si — > X has the form k.i(z) = 2; • (vi(z), . . . , v n (z)) with v = (v\,... ,v n ) G L 1,p 
and u(0) ^ 0. 

Choose a coordinate «; p such that the corresponding component v p does not 
vanish at z = 0, i> p (0) ^ 0. Then there exists the Z-th root of this i.e., v p (z) = 
(f(z)) 1 for some continuous non- vanishing function f(z). Since v p (z) is L^-smooth, 
so is f(z). Shrinking our neighborhood Vk, if needed, we may assume that f(z) 
is not vanishing in Vk- Thus for an appropriate neighborhood U of ui(cik) there 
exists a C 2 -smooth map w p : U — > C such that /z p := WpOti^z) = (zf(z)) 1 for some 
L 1,p -smooth non-vanishing function /(z) defined in a neighborhood of a^. We may 
additionally assume that 

|/(z)-/(0)| 1 for all zeV k . (3.4.3) 

Note that for every sufficiently small b G C we have at least one solution z G Vk 
of the equation h p (z) = b with \zf(0)\ l ^ 2\b\. In order to see this, one considers 
/ip-images of circles 7t := { |z/(0)| J = t|6| }. Then due to (3.4.3), the image h p {^i) 
lies in the disk A(|6|), whereas h p (^ 2 ) lies outside of A(|6|). Homotopy argument 
shows that b G V^Tt) f° r some t g]^,2[. Similarly, one obtains the estimate 

c-|^ p (z)|t ^ \z\ ^C-\h p (z)\T for z EVk (3.4.4) 

with some constants c and C. Take a sufficiently small disk A(r) in C (range of 
h p (z) = uj p oui(z)) and consider the set V k ' := {z G Vk : < yj^yp- , < r}. 

Consider a sequence ^ G V fc ' such that h p {zi) converges to some b G A(r). Then 
some subsequence of Zi converges to z* with \z*\ ^ |/(o)|' • then \h p (z*)\ = 

\z*f(z*)\ l = \b\ which implies \z*\ l = [j^jryp < j/^jp so that 2* G V fc '. This shows 
that the map h p :Vk — > A(r) is proper. By (4), /z p (z) = for 2; G V fc ' implies z = 0. 
Thus, for Vj£ := {z 6 V fc ' : z ^ 0} = ^A{°fc} the map /i p : — > A(r) is also proper. 

Recall that the bundle homomorphism dui : TSi — > -Ei := u\TX is holomorphic 
with respect to the canonical holomorphic structure on E\. Thus, in V k ' we can 
represent du\ in the form du\(z) = z l ~ x -s(z) with s(z) also holomorphic and s(0) 7^ 
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0. This implies that for z^OG V k ' sufficiently close to the image du\{T z S\) of the 
tangent space T Z S\ is close to a real 2-dimentional space Cs(0) C Ei\ = T Ul i ak \X. 
This is a complex line in T Ul ^ a ^X generated by s(0). We may assume that the 
coordinates {w\,. . . ,w n ) were chosen in such a way that the p-th component of the 
vector s(0) is non-zero. This means that the linear map dw p \ c iu 1 (a k ) '■ T Ul ^ ak )X — > C 
is not degenerated Cs(0) C T Ul ^ ak ^X. Thus, for any b sufficiently close to u\{a,k), 
and for any real 2-dimensional space L C T^X sufficiently close to Cs(0) the linear 
map du>i\b '■ T^X — > C is not degenerated on L. 

Hence we can conclude that h p : V k ' — > A(r) is not degenerated provided r was 
chosen sufficiently small. This means that h p : V k ' — > A(r) is a covering. Note that 
7Ti(A(r)) = Z and that iri(V k ) contains Z as a subgroup generated by a small circle 
{|z| = p}. From inclusion (iii)* : 7Ti(V^) 7Ti(A(r)) we conclude that 7Ti(V^) = Z, 
and that h p : — > A(r) is a finite covering. Since a small circle {|z| = p} around 
(ik G V fc ' is a generator of 7ri(V fc / ), we conclude that V fc ' is a disk and Vj£ is a punctured 
disk. 

Now recall that the map h p : V k — > A(r) can be seen as a composition of 
g(k-i) . y-v _^ g(k-i) with, a coordinate function w p restricted on ui(V k ). Set 
Wk := an d consider a holomorphic map g( k ~^ : Vj£ — > Then this 

map is again proper and non-degenerate and therefore is also a finite covering. This 
implies that Wk is also a punctured disk. 

Let ip : Wk — > A be a biholomorphism which can be seen as a local chart on 
Wk C S^ -1 -*. Define holomorphic structure on = S^ -1 -* in the following 

way. Interpret bk as a puncture point of Wk, set M 7 ^ := Wk U {6^}, extend ^ to 
the map ^ : Wfc — ► A setting V'(^fc) : = 0. Extend the topology on in such a 
way that tp : Wk — > A becomes a homeomorphism. Declare ip to be a holomorphic 
coordinate on S 1 ^. Note that the composition vbog( k ~ ls > : V k — > A is bounded; 
thus it extends to a holomorphic map from V fc ' to A. Consequently, vb~ x : A — > 
Wfc C 5 ,( - fc_1 ' ) cannot be holomorphically extended to : A — > .S^ -1 ), because 
otherwise this would mean holomorphic extensibility of : s[ k — > 5'^ fc_1 - ) 

through afc. This property insures that is Hausdorff. Thus constructed, 
and : — > S 1 ^ obey the desired properties. 

Setting 5' := U fc SW we obtain the minimal extension of S 1 such that the map 
gi : 5i — > S 1 extends holomorphically to <7i : Si — > S". A similar construction should 
be done to extend g 2 : $2 — > 5" to a holomorphic map g 2 '■ S 2 ^ S . This finishes 
the proof of the theorem . □ 

In the spirit of Theorem 3.4.1 one obtains the following result. 

Proposition 3.4.2. Let (X,J) be an almost complex manifold with J G C 1 . Then 
any primitive J -holomorphic map u : (S,j) — > X with connected irreducible (S,j) is 
injective outside some countable subset Ac S. Moreover, A can be chosen in such 
a way that for any compact K <<= S the intersection AnK is finite. 

Proof. We have shown that A\ := {a G S : du(a) = 0} is discrete; therefore it is 
countable. Set S := S\Ai. Consider the set A 2 := {(a, b) G S x S : u(a) = u(b)}. 
We state that A 2 is discrete in S x S \ A, where A is a diagonal. Otherwise there 
must exist a sequence (a n ,b n ) converging to some pair (a*, b*) G S x S. Take a 
sufficiently small neighborhood V C S 1 of a* and find a neighborhood U C X of 



35 



u(a*), which obeys the properties of Step 1 from the previous proof. Note that 
obviously u(b*) = u(a*). Now we obtain a contradiction with argumentations from 
Step 2 above. This shows that A 2 must be discrete in S x SA. 

Thus it is also countable. Let A 3 be the projection of A 2 onto the first S. Then 
A := A\ U A 2 obeys the desired properties. □ 

Remark. In fact, positivity of the intersection of J - complex curves with J G 
C 1 provides that there exists a discrete subset A C S fulfilling the condition of 
Proposition 3.4.2. We will prove this in next section. 

3.5. Positivity of Intersection. 

Let us first recall the notion of the intersection number (index) of two surfaces 
in IR 4 . Let M\ and M 2 be two-dimensional, oriented, smooth surfaces in M 4 passing 
through the origin. We suppose further that both M l7 M 2 intersect the unit sphere 
S 3 transversally by curves 71 and 72, respectively, and that 71 and 72 do not 
meet one another. Let Mi be small perturbations of Mi making them intersect 
transversally. 

Definition 3.5.1. The intersection number of M\ and M 2 is defined to be the 
algebraic intersection number of Mi and M 2 . If Mi,M 2 intersect only at zero, we 
also say that the number just defined is the intersection index of Mi and M 2 at 
zero. It will be denoted by So(Mi,M 2 ) or So. 

Remark. This number is independent of the particular choice of perturbations 
Mi. We shall use the fact that the intersection number of M\ and M 2 is equal to 
the linking number I (71, 72) of the (reducible in general) curves 7* on see [Rf]. 

In the following theorem the structure J is supposed to be of class C 1 . 

Theorem 3.5.1. Let Ui : A — > (IR 4 , J), i = 1,2 be two primitive distinct J - 
complex disks such that tti(O) = u 2 (0). Set Mi := Ui(A). Let Q = Mi C\M 2 be the 
intersection set of the disks. If J is C 1 -smooth, then the following is true. 

i) The set { (zi,z 2 ) G A x A : u\{zi) = u 2 (z 2 ) } is a discrete subset of Ax A. In 
particular, u\(A)r\u 2 (A) is a countable set; 

i) The intersection index in any such point of Q is strictly positive. Moreover, 
if Hi and \x 2 are the multiplicities of ui and u 2 in zi and z 2 , respectively, with 
ui(zi) = u 2 (z 2 ) =p, then the intersection number 5 P of branches of Mi and M 2 at 
Zi and z 2 is at least ^i ■ [i 2 ; 

Hi) dp = 1 iff Mi and M 2 intersect at p transversally. 

Proof. Case 1. The map ui has no critical points. Thus ui : A — > R 4 is an 
immersion. Take any (a\,a 2 ) G A x A with ui(a\) = u 2 (a 2 ). In a neighborhood 
of u\{a\) G M 4 we find local coordinates (w\,w 2 ) with the properties from Step 1 
of the proof of Theorem 3.4.1. We may assume that in these coordinates the map 
u\ has the form u\{z) = (z,0) and that a± is the point with z = 0. Choose the 
local coordinate z on the second disk such that z = is the point a 2 . Consider 
representation of the map u 2 : A — > R 4 in coordinates (w\,w 2 ) such that u 2 (z) = 
(wi(z),w 2 (z)). From the inequality (3.4.1) and Lemma 3.1.1 we conclude that 
w 2 (z) = z u b(z) for some b G L 1 ^ with 6(0) 7^ 0. This implies that the only 
intersection point of images of small neighborhoods of ai and a 2 is u\ [a\) = u 2 (a 2 ) = 
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p, and its intersection index is v. This provides the properties i) - m) for the case 
when one of the maps u\ or u<i is an immersion. 

Case 2. Both u\ and U2 are immersions outside G A, but dui(0) = = du2(0). 
Moreover, u\(0) = 1*2(0). 

First we collect some information about the local behavior of Ui at G A. We 
consider only the map ui; the same procedure should be done for w 2 . 

Without loss of generality we may assume that the point iti(O) = 1*2(0) is the cen- 
ter of coordinates in M 4 . We may also assume that the standard complex structure 
J st in M 4 coincides with the given structure J in the point P. Let (wi,^) be the 
standard complex coordinate in (IR 4 , J st ) = C 2 . To avoid possible confusion, denote 
by u = u(z) the representation of u in coordinates (wi,W2). Then ui(z) = z tJ,1 v\(z) 
with vi G L 1 ^ and ui(0) 7^ by the "similarity principle". 

Now consider the bundle E\ := -u^TIR 4 over A. Two complex structures in 
IR 4 , J and J st , induce two complex structures in Ei, u\J and u\J^. We always 
equip E\ with the co-structure u* J; otherwise the contrary is noted explicitly. In 
particular, E\ equipped with u\J has the canonical holomorphic structure such 
that the homomorphism du\ : TA — > £1 is holomorphic. Consequently, ^1(2) = 
2 !yi si(2) for some holomorphic section s\ of i?i with si(0) 7^ 0. 

On the other hand, since the tangent bundle (TC 2 ,J st ) is trivial, the com- 
plex bundle (Ei,u\J s t) has natural trivialization. Denote this trivialization by 
ip : (Ei,u\J s t) — > C 2 , where C 2 stands for the trivial bundle over A. Then the homo- 
morphism if)(z) : E\\ z — > C 2 is an R-linear isomorphism in general, and complex lin- 
ear exactly for those zeA, for which J (1*1(2;)) = J st (ui(z)). In particular, this holds 
for z = 0. This implies ip(z u s(z)) = z iy ip(s(z))+0(\z\ 1/+1 ). From our construction of 
psi follows the equality ipodui(z) =du\{z). Thus ^1(2) = z Vl -ip o si(z)+0(z 1/1+1 ). 
Comparing this asymptotic expansion with ^1(2) = z^vi^z) we conclude that 

v \ = A*i — 1 an( i s i (0) = f x i v i (0) • 

From now on we do not distinguish the map U\ from its representation u\ in 

coordinates (wi,W2). Note that we can use the same coordinates (w\,W2) and the 

structure J s t considering the map 112- Thus we get the asymptotic relations 

Ui {z) = z^ViiO) +0(\z\^ +(X ) (3.5.1) 
dui(z) = 2^- 1 ^(0) + 0(\z\^- 1+a ) (3.5.2) 

with some Holder exponent a > 0. This implies the transversality of small J - 
complex disks ttj(A(p)) to small spheres S%. More precisely, there exist radii p > 
and R > such that for any < r < R the J-curves Ui(A(p)) intersect the sphere 
:= {\wi\ 2 + \v)2\ 2 = r 2 } transversally along smooth immersed circles 7«(r). In 
fact, the asymptotic relation (4) provides that for any 9 G [0,27r] there exists at 
least one solution of the equation | Ui(pie ld ) | = r with pi < p, and that any such 

solution pi must be close to ( 1^0)1 J • Then one uses (5) to show that the 

set 7i(r) := {z G A : |iti(z)| = r} is, in fact, a smooth imbedded curve in A, 
parameterized by 9 G [0,27r], and that Ui : 7i(r) — > S'j 3 is an immersion with the 
image 7i(r). 

Taking an appropriate small subdisk and rescaling, we may assume that p = 1 = 
.R. Note that the points of the self- (resp. mutual) intersection of 7i(r) are self-( or 



37 



resp. mutual) intersection points of ■Uj(A). Let us call r G]0,1[ non-exceptional if 
curves 7i(r) C S% are imbedded and disjoint. Thus r* G]0,1[ is exceptional if Sf* 
contains intersection points of itj(A). 

The "unique continuation lemma" of Step 2 of the proof of Theorem 3.4.1 pro- 
vides that any such intersection point is isolated in the punctured ball B := {0 < 
\wi | 2 + 1 1^2 1 2 < !}• This implies that either there exist finitely many exceptional 
radii r* g]0,1[, or that they form a sequence r* converging to 0. 

Denote Mj(r) := ■Uj(A) flB(r). For non-exceptional r we can correctly define the 
intersection index of Mi(r) with M2(r). 

By Corollary 3.1.3, the maps itj can be represented in the form Ui(z) = -Vi(z) 
with Vi G L 1,P (A,C 2 ) such that i>i(0) 7^ 7^ ^(O). As above, we consider two cases. 

Case 1. The vectors ui(0) and -^(O) are not collinear. 

It is easy to see that, in this case, G C 2 is an isolated intersection point of 
■ui(A) and 1*2 (A) with multiplicity exactly The asymptotic formula (3.4.4) 

provides that if vectors v i(0) and i>2(0) are complex linear independent, then G M 4 
is an isolated intersection point of Q = iti(A) fl 142(A) with the index [i\-[i2- Thus 
we have only finitely many intersection points p G Q. Since all other points p G Q 
are smooth, the intersection index in every such point is positive. Thus in the case 
of non-collinear i>i(0) and i>2(0) for any non-exceptional r > the intersection index 
of Mi(r) and M2(r) is positive. 

Case 2. The second case is when the vectors i>i(0) and 1*2(0) are collinear. 

The idea is to "turn" the map 112 a little and to reduce the case to the previous 
one. So let T G End c (C 2 ) be a linear unitary map which is close enough to identity 
such that T(w 2 (0)) is not collinear to i>i(0). Define J T := T~ 1 oJoT so that 
\\J T — JWc^-iB) ^ 11^ — Id II- Applying Lemma 3.3.1 with uq = z^ 2 V2 and v = 0, 
we find w G L 1 ' P (A,C 2 ) with w(0) = such that d jT (z^ (v 2 + w)) = 0. The map 
v>2 '■= T{z^ 2 (v2 + w)) is the required "turned" J-holomorphic map. Since such a 
"turn" can be made small enough, the intersection number of Ui(A) in the ball B r - 
does not change. 

This implies that the intersection number of iti(A) and 142(A) in any ball B r is 
not less than \i2- Another conclusion is that G C 2 is an isolated intersection 
point of Uj(A). Otherwise we could find a sequence r^\0 with at least one inter- 
section point of Uj(A) in every spherical shell B r .\B r . ; therefore the intersection 
number of uj (A) in the balls B ri would be strictly decreasing in i. 

Thus the statements (i) and (ii) are proved. The proof of (iii) is now obvious 
and follows from the observation that fii = ^2 = 1 in this case. □ 

Corollary 3.5.2. Let Ui : Si — > (X, J), i = 1,2 be compact irreducible J - complex 
curves such that u\(Si) = Mi 7^ ^(S^) = M 2 . Then they have finitely many 
intersection points and the intersection index in any such point is strictly positive. 
Moreover, if fi\ and \i2 ore the multiplicities of u\ and U2 in such a point p, then 
the intersection number of Mi and M 2 in p is at least [12- 
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Appendix 2 

The Bennequin Index and Genus Formula. 

A2.1. Bennequin Index of a Cusp. 

Let u : (A,0) — > (C 2 , J, 0) be a germ of a nonconstant complex curve in zero. 
Without loss of generality we always suppose that J(0) = J s t- Taking into account 
that zeros of du are isolated, we can suppose that du vanishes only at zero. Fur- 
thermore, let W\,W2 be the standard complex coordinates in (C 2 , J st ). According 
to Lemma 3.1.3 we can write our curve in the form 



For r > define F r := T5y n J(T5y ) to be the distribution of J-complex planes 
in the tangent bundle TSf to the sphere of radius r. F r is trivial, because J is 
homotopic to J st = J(0). By F we denote the distribution U r> o-F r C U r> oTS'^ C 
TB*, where TB* is the tangent bundle to the punctured ball in C 2 . 

Lemma A2.1.1. The (possibly reducible) curve 7 r = MflSf is transversal to F r 
for all sufficiently small r > 0. 

Proof. In fact, due to Lemma 3.2.3 one has du(z) = jiz^ -1 ■ adz + o(\z\ fJ, ~ 1+a ). 
Since J J st for r sufficiently small, T7 r is close to J s tn r , where n r is the field of 
normal vectors to Sy. 

On the other hand, for sufficiently small r, the distribution F r is close to the one 
of J st complex planes in TS%, which is orthogonal to J s tn r . □ 

This fact permits us to define the Bennequin index of j r . Namely, take any 
nonvanishing section v of F r and move 7 r along the vector field v to obtain a curve 
Y r . We can make this move for a small enough time, so that Y r does not intersect 
7 r . Following Bennequin [Bn], we have 

Definition A2.1.1. Define the Bennequin index b{^ r ) to be the linking number 

of 7 r and Y r . 

This number does not depend on r > 0, taken sufficiently small, because 7 r 
is homotopic to 7 ri for r\ < r within the curves transversal to F, see [Bn]. It 
is also independent of the particular choice of the field v. Thus for the standard 
complex structure J s t in B C C 2 we use v st (wi,W2) '■= (—W2,wi) for calculating 
the Bennequin index of the curves on sufficiently small spheres. For an arbitrary 
almost complex structure J with J(0) = J st we can find the vector field vj, which 
is defined in a small punctured neighborhood of G B, is a small perturbation of 
v st , and lies in the distribution F defined by J. 

Denote by B rij1 . 2 the spherical shell B r2 \B ri for 77 <r 2 . 

Lemma A2.1.2. Let V be an immersed J - complex curve in the neighborhood 
of B ri!r2 such that all self intersection points ofY are contained in B ri r2 and for 
every 77 ^ r ^ r 2 all components of the curve ^ r = YC\S^ are transversal to F r . 



u{z) =z fl -a + o(\z\ fI+a ), 



aeC 2 \{0},)0<a<l. 



(A2.1.1) 



Then 





where the sum is taken over self-intersection points ofT. 
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Proof. Move V a little along vj to obtain T e . By 7^,7^ denote the intersec- 
tions r e n S% , T e PI , which are of course the moves of 7 rj along vj. We have 
Klr 2 ilr 1 ) ~ Klriilr-i) = ' nt (r,r e ), where /(•,•) is the linking number and int(-, •) is 
the intersection number. 

Now let us calculate int(T,T £ ). From Theorem 3.5.1 we know that there are only 
a finite number {pi, ... ,pn} of self-intersection points of V. Take one of them, say 
pi. Let Mi,. . . ,Md be the disks on V with a common point pi and otherwise mutu- 
ally disjoint. More precisely we take Mj to be irreducible components of Fr\B Pl (p) 
for p > small enough. Remark that Mj are transversal to vj, so their moves MJ 
don't intersect them, i.e., Mj n M? = 0. Note also that int(M fc ,M i ) = int(M fc ,M?) 
for e > sufficiently small. So int{M k ,Mj) = int(M k ,M £ ) + int(M £ ,Mj). Fi- 
nally <5 Pl = Yl,i^k<j<d^ n ^^k-,Mj) = intiT fl B Pl (p),T e n B Pl (p)). This means that 

znt(r,r e ) = 2-Ef =1 \- □ 

A2.2. Proof of Adjunction Formula. 

In §§3.4,3.5 we have proved that compact J - complex curve with a finite number 
of irreducible components M = U i=1 Mj has only a finite number of nodes (i.e., self- 
intersection points) points, provided J is of class C 1 . 

For each such point p we can introduce, according to Definition 3.5.1, the self- 
intersection number 5 p (M) of M at p. Namely, let Sj be a parameter curve for Mj, 
i.e. Mj is given as an image of the J-holomorphic map Uj : Sj — > Mj. We always 
suppose that the parameterization Uj is primitive, i.e., they cannot be decomposed 
like Uj = Vjor where r is a nontrivial covering of Sj by another Riemann surface. 
Denote by {xi,... ,x^} the set of all pre-images of p under u : \_\ i=1 Sj —> X, 
and take mutually disjoint disks {D\,... ,Dn} with centers xi,... ,xn such that 
their images have no other common points different from p. For each pair Di,Dj, 
i 7^ j, define an intersection number as in Definition 3.5.1 and take the sum over 
all different pairs to obtain 5 P (M). 

Now put 5 = J2 P eD(M) bpiM), where the sum is taken over the set D(M) of all 
nodes of M, i.e., points which have at least two pre-images. 

Consider now the set {pi,... ,pi} C Uj=i &j = S of all cusps of M, i.e., points 
where the differential of the appropriate parameterization vanishes. Take a small 
ball B r around u{p{) and a small disk D Pi around pi. Let 7* := u(A p .) C\dB r and 
bi be the Bennequin index of 7*, defined in Definition A2.1.1. 

Definition A2.2.1. The number Xj := (6j + l)/2 is called the conductor of the cusp 
o-i = u{pi). 

Also let k := Yli=i K i- We are now able to state the genus formula. 

Theorem A2.2.1. Let M = Uj =1 Mj be a compact J - complex curve in an almost 
complex surface (X,J) with the distinct irreducible components {Mj}, where J is 
of class L 1,p . Then 



E a = W -' S f ,J)[ " ] +'-'-», U2.2.1) 



where gj are the genera of parameter curves Sj . 
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Proof. The main line of the proof is the reduction of a general case to the case 
where M is immersed, which was proved in §1. 

Let u : |_L=i Sj — X be a J-holomorphic map, which parameterizes the curve 
M. Also let {#!,... 7 x n } be the set of cusp-points of M, i.e., the images of critical 
points of u. Our reduction procedure is local, and we make our constructions in 
a neighborhood of every point Xj separately. Therefore, from now on we fix such 
a point x. Due to Corollaries 2.2.3 and 3.4.2 there exists a neighborhood U of x 
which contains no other cusp-points and no other self-intersection points. Theorem 
3.5.1 i) implies that by taking the neighborhood U small enough, we may assume 
that any component of M fl U goes through p G U. Without losing generality we 
may also assume that U is the unit ball BcC 2 , that x corresponds to the center 
of B, and J(0) = J Bt . 

Denote by Fj the irreducible components of M fl B and let Uj : A — > S be a 
parameterization of Tj such that %(0) = 0gB. Denote //j := ordo<iwj + 1; thus 
G A is the cusp-point for Uj iff \ij ^ 2. 

Step 1. Rescaling procedure. 

Take some cusp-component Tj. Due to Corollary 3.1.3 the map Uj has the form 
= z^ j ■ cij + 0[\z\ tJ/j+a ) with the constant o 3 ^ G C 2 . Moreover, Lemma 
3.2.3 provides that 

\duj(z) - /j j z fJ ' j ~ 1 aj ■ dz\ ^ C(||-Uj|| L i,p( A ),a,p) ■ \z\^ j ~ 1+01 , 

for any < a < 1 and 2 < p < oo. 

For < r ^ 1 we consider the maps 7r r : B — > 5, 7r r (ty) := r^' • iy, the rescaled 
maps it^- : A — > £?, 7r r o it^. (z) = Uj (rz) , and the rescaled almost complex structures 

map -u^ is a parameterization of J^-holomorphic curves 
Tr~^Tj . One can see that \\uj (z) — z^ j cij ||c°(A) ^ C-r^ j+01 and (z) — fij ■ 

z fJlj ~ 1 cij ■ dz\\c»(A) ^ C ■ r fJ/j ~ 1+a . In particular, there exists rj > such that for 
all < r < Tj the maps are transversal to all spheres Sf. On the other hand, 
|| j( r > — J s t\\c 1 (B) = 0(r^ j ), and for any e > we can choose sufficiently small rj > 
such that || j( r ) — Jstllc 1 ^) ^ £ for all < r < rj. Thus, by replacing B, J and all 
the maps Uj by their rescaled counterpart, we may assume that the almost complex 
structure J satisfies the estimate 

\\J - JstWcHB) <e. (A2.2.2) 

Step 2. Reduction to the case of holomorphic cusp-points. 

Recall that in Lemma 1.4.1 a natural diffeomorphism between the space J of 
orthogonal complex structures in R 4 and the unit sphere S 2 := {(ci,C2,s) G M 3 : 
c i + c l + s2 = 1 } was established. Define the function $ : J — > IR 2 by setting 
$(J) = (01,02). The map $ defines a diffeomorphism between the upper half-sphere 
in S 2 and the unit disk IR 2 such that the north pole (0,0,1) G S 2 corresponds to 
the center of the disk. 

Define the function / : B -> M 2 setting f(w) := $(J(w)). Due to (A2.2.3), / 
parameterizes the given almost complex structure J, H/Hc^B) ^ Cs, and /(0) = 0. 
Fix a cut-off function x in S such that ^ x ^ 1, x \b(i/2) = 1> SU PPX ^ ^ an d 
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WdxWcHB) ^3. For < t ^ 1 and < a < 1 set / CT ,t(w) := (1 - tx(w/a)) ■ f(w) and 
define J CT)t := $ _1 (/ CT5t ). One can easily see that Hc^s) < 4- H/Hc^b), and 
consequently || J a j — J s t Wc 1 (B) ^ Ci • \\J — ^stllc^s) ^Ci -e. Here the constant Ci, 
as well as the constants C2, . . . , C5 below in the proof, are independent of e, t and 
a. For fixed a, the curve J^, ^ t ^ 1 is a homotopy between J = J CT)0 and an 
almost complex structure J a := J a ^\ such that J CT; t = J in B\B(a) and J<j = J s t in 
). Moreover, we have 

II Jg-,t - ^stllc^B) + II —tt \\C X (B) ^C^e. (A2.2.3) 



Now we fix some p > p' > 2 and set a := Jv — |. Due to (4.2.3) we can apply 
Lemma 3.3.1 i) to the map -Uj with z/j = ^j, = 0, and with the curve of C 1 - 
smooth almost complex structures J CTif . As result we obtain a curve of maps ttj, CT ,t = 
Uj+z^Wj^t with «^>,t(0) = and ||w,>,t ||z,i.p(a) ^ C s - \\uj\\ L i,p( B )- The condition 
supp J a j C -B(cr) together with Corollary 3.1.3 provide that supp ( J a ^ °<^j,<7,t) C 
A(p) with p ~ a x / Mj . Due to (3.3.8) and the Holder inequality we obtain 

Z~ N ■ ja,t{ U j,<r,t) odu 3,<r,t 

and consequently 

IKa,i|| L i,p' (A) ^C 5 -a Q /^ •||^||!i, P(A) . (42.2.5) 

Lemma 3.2.3 provides that for a small enough the J^-holomorphic maps Uj j(7 : = 
are transversal to all spheres < r < ^, have no self-intersection points in 
B(^)\B(j), and the Bennequin index of -Uj )Cr (A) flS^, | < r < -|, coincides with the 
one of riiS^ , < r < 1. Moreover, we may match u^ a to the rest of M, changing 
in an appropriate way the almost complex structure J, see Lemma A2.3.1. 

As a result, we conclude that for appropriate small enough neighborhoods U\ (s U 
of any cusp-point p G M there exist a perturbed almost complex structure J and 
J-holomorphic curve M, which is parameterized by u : UjLi — * an< ^ nas the 
following properties: 

J and M coincide on X\U with J and M correspondingly; 

i) Ui is a ball centered in p and MrWi is obtained from M C\Ui by perturbing 
its components in the above described way; 

Hi) the (possibly reducible) curve 7 := <9£/"i fl M is isotopic to 7 := <9£/"i DM, 
in particular all the corresponding components 7^ of 7 and 7^ of 7 have the same 
Bennequin index, and the linking number /(7i,7j) is equal to £(7^,7^); 

iv) -u is homotopic to u; 

v) the cusp-points of M coincide with the ones of M and 5 + x = 5 + x, 
vz) J is integrable in a neighborhood. 

The last equality of v) follows from Hi) due to Lemma 4.1.2. Thus the formulas 
(4.2.1) for M and M are equivalent. 

Step 3. Final reduction to the case of an immersed curve. 

This step is rather obvious and uses the following fact, shown in [Bn]. Let B be 
the unit ball in C 2 and let Tq be an irreducible holomorphic curve in £?, which is 



L p (A) 



^ C 4 • a' 



1 2 



\j*,t\\a(B), (42.2.4) 
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transversal to dB and is defined as a zero-divisor of a holomorphic function /. Then 
for any sufficiently small nonzero e G C the curve r e , defined as the zero-divisor 
of the function / + s, are smooth and of the same genus g. Moreover, all F s are 
transversal to dB, and the Bennequin index of 7 e := T £ ndB equals 2(7 — 1. In 
particular, the conductor of a single cusp-point of a holomorphic curve in B can be 
defined as a genus of general small perturbation to a smooth curve. 

In general, let M be a J - complex curve in X , such that J is integrable in a 
neighborhood of every cusp-point of M. One can now see that we can perturb J 
and M to an almost complex structure J and a J-holomorphic curve M, satisfying 
the conditions i)-iv) from above, and the desired condition 

V) M has no cusp-points, Yl<9j = Yl,9j + H -> & = ^ 

An important corollary of the proof of Theorem 3 is the estimate from below of 
the conductor number of a cusp point. 

Corollary A2.2.2. Let J be an almost complex structure in the unit ball BcC 2 
with J(0) = J st , and let u : A — > B be a J - complex curve with the cusp-point 
u(0) = 0. Then x is an integer, x ^ ordodu, or equivalently, for all sufficiently 
small r > the Bennequin index of^ r := u(A)C\S^ is odd and satisfies the inequality 

b(rf r ) ^2-ordodu-l. (42.2.6) 

Proof. Rescaling u as in the Step 1 of the proof of Theorem 3 we may assume 
that T := u(A) has no nodes and cusps, excepting G A , and is transversal to all 
spheres Sf , < r < 1, so that the Bennequin index b(^ r ) is the same and equals 
2xo — 1. We may also assume that for the rescaled almost complex structure J the 
estimate || J — J s t||(7 1 (s) ^ e with the appropriate e is fulfilled. Applying Step 2 
with a sufficiently small a, we can deform u into a J holomorphic map u which has 
the following properties: 

i) T := u(A) is transversal to all spheres < r < 1; 

ii) T has no self-intersection points in B\B(^), and the Bennequin index of 
7 r := T fl S%, \ < r < 1, coincides with the one of 7 r ; 

Si) J coincides with J in B\B(^), is integrable in the neighborhood of G B, 
and ord du = ord du. 

Now the corollary follows from Lemmas A2.1.2 and the fact that for integrable 
complex structures the same statement is true, see [Bn]. □ 

Another modification of the proof of Theorem 3 leads to the following conse- 
quence. 

Lemma A2.2.3 Let J be a C 1 (X)-almost complex structure on X and M C X a 
compact J holomorphic curve parameterized by u : S — > X . Then 

i) u can be L 2 ^-approximate by J n -holomorphic immersions u n : S — > X with 
J n — >J in C^X). 

ii) there exists a C 1 (A)-approximation J n of J and a sequence of J n -holomorphic 
imbedded curves M n which converge to M in the Gromov topology. 

Proof. We do not need this result for the purpose of this paper; therefore, we give 
only a sketch of the proof. 
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In the first step, one applies the rescaling procedures in order to find appropriate 
small neighborhoods of the cusp-points of M. 

In the second step, one applies Lemma 3.1.3 to the chosen neighborhoods, taking 
v = 1, v sufficiently small, and J unchanged. After matching procedure we obtain 
the statement i). To obtain the statement ii) , one must first deform all the nodes of 
M into simple transversal ones and then find an appropriate small neighborhood U 
of every node. In some complex coordinates (wi,W2) in U, the curve M is defined 
by the equation w±-W2 = 0. It remains to replace a node M DU by a "small handle" 
M g := { (wi,W2) G £7 : Wi-W2 = s} with e sufficiently small and to use the matching 
procedure once more. □ 

A2.3. A matching Structures Lemma. 

Let B(r) be a ball of radius r in M 4 centered at zero, and J a C 1 -smooth almost- 
complex structure on B(2), J(0) = J s t- Further, let M = u(A) be a closed primitive 
J - complex disk in B(2) such that u(0) = and M transversally meet for 
r ^ 1/2. Here S% = dB(r) and transversality are understood with respect to both 
TS% and F r , see paragraph 4.1. 

By S(r!,r 2 ) we shall denote the spherical shell {iel 4 : r± < \\x\\ < r 2 }. In the 
lemma below denote by Dg the pre-image of B(l + 5) by u. 

Lemma A2.3.1. For any positive 5 > there exists an e > such that if an almost 
complex structure J in B(l+5) and a closed J -holomorphic curve u : D$ — > B(l+5) 
satisfy \\J — J\\c 1 (b(i+s)) < 6 an d \\^~ u \\l 1 'P(d s ) < e ' ^hen there exists an almost- 
complex structure J\ in B(2) and J\-holomorphic disk Mi in B{2) such that: 

a ) Jl \ B {l-8) = A B {l-8) md J 4(l+5,2) = J ls(l+5,2)- 

b) Mi\ =u(D s )nB(l-6) and M 1 n B (1 + 8,2) = MC\B(l + 6,2). 

Proof. We have chosen the parameterization of M to be primitive. Thus, u is an 
imbedding on D-g t s = u~ 1 (Bi-s,i+s). Let us identify a neighborhood V of u(D-s t s) 
in Bis,i+5 with the neighborhood of the zero-section in the normal bundle to 
u(D-s,s)- Now u\ can be viewed as a section of N over u(Ds,s) which is 

il-J— 5,5 

small i.e., contained in V. Using an appropriate smooth function ip on Ds,s ( or 
equivalently on u(D- S ,s)), Hsci-^nDs = ^\dD s = °, ^ 99 ^ 1 we can glue u and 
u to obtain a symplectic surface Mi which satisfies (b). 

Patching J and J and simultaneously making Mi complex can be done in an 
obvious way. □ 
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Chapter II. Compactness Theorem. 

The goal of this chapter is to give a proof of the Gromov Compactness Theorem 
for continuously varying almost complex structures and for the sequences of complex 
curves parameterized by some fixed real surface. 

More precisely, we consider a sequence J n of continuous (i.e. of class C°) almost 
complex structures on a manifold X which converge uniformly to some , again of 
class C°. Further, let (C n ,j n ) be a sequence of Riemann surfaces with boundaries 
of fixed topological type. This means that each (C n ,dC n ) can be parameterized 
by the same real surface (E,<9E) (see §2 for details). Denote by 5 n : E — > C n 
some parameterizations. However, the complex structures j n on C n may vary in an 
arbitrary way. Finally, let some sequence of (j n , J n )-holomorphic maps u n : C n — > X 
be given. 

Theorem 2.1. If the areas ofu n (C n ) are uniformly bounded (with respect to some 
fixed Riemannian metric on X) and the structures j n do not degenerate at the 
boundary (see Definition 1.7), then there exists a subsequence, denoted (C n ,u n ), 
such that 

1) (C n ,j n ) converge to some nodal curve (CqcJoq) in an appropriate completion 
of the moduli space of Riemann surfaces of given topological type, i.e., there exists 
a parameterization map (Too : E — > by the same real surface E; 

2) one can choose a new parameterizations a n of C n in such a way that o~^jc n 
will converge to c^jc^ in the C°° -topology on compact subsets outside of the finite 
set of circles on E, which are pre-images of the nodal points of by (Too, where 
jc n denote the complex structures on C n ; 

3) the maps u n oo~ n converge, in the C° -topology on E and in the -topology 
(for all p < oo) outside of the pre-images of the nodes of to a map o 
such that Uoo is a (joo, Joo)-holomorphic map — > X . 

This description of convergence is precisely the one given by Gromov in [G] . Our 
statement is slightly more general in two directions. First, we consider not only the 
case of closed curves, but also the case where C n is open and of a "fixed topological 
type". Second, we note that the Gromov compactness theorem is still valid for 
continuous and continuously varying almost complex structures. This could have an 
interesting application, because now one can consider C°-perturbations of complex 
structures being assured that at least the compactness theorem still holds true. For 
the definitions involved and the formal statement see §4.1 and Theorem 4.1.1. 

We also prove the compactness theorem for curves with boundaries on a to- 
tally real submanifold. This "boundary" result needs appropriate generalizations 
of all "inner" constructions and estimates. The related considerations are shown in 
Appendix III. 

Another result of this paper, which we would like to mention in the introduction, 
is the improvement of the removable singularity theorem in two directions. 

First we prove (see Corollary 5.2.1) the following generalization of the remov- 
ability theorem for the point singularity. 

Theorem 2.2. If the area of the image of J -holomorphic map u : (A, J st ) — > (X,J) 
from the punctured disk into a compact almost complex manifold "is not growing 
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too fast", i.e., if area (u(Rk)) ^ £ for all annuli Rk '■= {z G C : ^ \z\ ^ -^} wt/i 
/c » 1, then u extends to the origin. 

The positive constant e here depends on the Hermitian structure (J, h) of X. 
This theorem, under the stronger assumption area (u(Rk)) = ||<itt||^ 2 ^^ < oo, 
was proved by Sacks and Uhlenbeck [S-U] for harmonic maps, and by Gromov [G] 
for J-holomorphic maps. 

This fact (which is proved here for continuous J's) is new even in the inte- 
grable case. In fact, it measures the "degree of non-hyperbolicity" (in the sense of 
Kobayashi) of (X, J, h) . 

Another (see Corollary A3. 3. 5) is a generalization of Gromov's result about re- 
movability of the boundary point singularity, see [G]. An improvement is that the 
statement remains valid also when one has different boundary conditions to the left 
and to the right of a singular point. Let us explain this in more detail. 

Define the (punctured) half-disk by setting A + := {z G A : \m(z) > 0} and 
A+ := A+\{0}. Define /_ :=]-l,0[c dA+ and 1+ :=]0,+l[c 8A+. Let a J- 
holomorphic map u : (A + , J st ) — > (X, J) be given, where J is again continuous. 
Suppose further that u(I + ) C W + and u(I-) C where W + ,W- are totally real 
submanifolds of dimension n = ^d'wn^X and intersect transversally. 

Theorem 2.3. There is an e b > such that if for all half-annuli R^ := {z e 
A + : e~^ k+r) ^ \z\ ^ e~ h } one has area(u(R^)) ^ e b , then u extends to the origin 
G A + as an L 1,p -map for some p > 2. 

As in the "inner" case, the necessary condition is weaker than the finiteness of 
energy. But unlike "inner" and smooth boundary cases, it is possible that the map 
u in the last statement is L 1,p -regular in the neighborhood of the "corner point" 
G A+ only for some p > 2. For example, the map u(z) = z a with < a < 1 satisfies 
the totally real boundary conditions u(I + ) C K, u(I-) C e a7rl R and is L^-regular 
only for p < p* := Note also that by the Sobolev imbedding L l p C C 1,a with 
a = 1 — |, u extends to zero at least continuously. Thus u(0) G W + fl W-. 

One can see such a point x as a corner point for a corresponding complex curve. 
A typical example appears in symplectic geometry when one takes Lagrangian 
submanifolds as boundary conditions. 

The organization of the chapter is the following. In Lecture 4 we present, for 
the convenience of the reader, the basic notions concerning the topology on the 
space of stable curves and complex structure on the Teichmiiller space of Riemann 
surfaces with boundary. In Lecture 5 we give the necessary a priori estimates for 
the inner case, and the proof of Theorem 2.1, related to curves with free boundary. 
This includes the case of closed curves. In Appendix III we consider curves with 
totally real boundary conditions, obtain necessary a priori estimates at a "totally 
real boundary" , and prove the compactness theorem for such curves. In particular, 
we prove Theorem 2.3 there. 
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Lecture 4 

Space of Stable Curves 

4.1. Stable Curves and Gromov Topology. 

Before stating the Gromov compactness theorem, we need to introduce an ap- 
propriate category of complex curves. Since the limit of a sequence smooth curves 
can be singular, i.e., a cusp-curve in Gromov's terminology, we need to allow cer- 
tain types of singularities of curves. On the other hand, it is desirable to have 
singularities as simple as possible. 

A similar problem appears in looking for a "good" compactification of moduli 
spaces M 3)m of abstract complex smooth closed curves of genus g with m marked 
points. The Deligne-Mumford compactification M g>m , obtained by adding stable 
curves, gives a satisfactory solution to this problem and suggests a possible way of 
generalizing to other situations. In fact, the only singularity type one should allow 
are nodes, or nodal points. An appropriate notion for curves in a complex algebraic 
manifold X was introduced by Kontsevich in [K]. Our definition of stable curves 
over (X, J) is simply a translation of this notion to almost complex manifolds. The 
change of terminology from stable maps to stable curves over (X, J) is motivated 
by the fact that we want to consider our objects as curves rather than maps. 

Recall that a standard node is the complex analytic set A := {(^1,^2) E A 2 : Zf 
zi = 0}. A point on a complex curve is called a nodal point if it has a neighborhood 
biholomorphic to the standard node. 

Definition 4.1.1. A nodal curve C is a complex analytic space of pure dimension 
1 with only nodal points as singularities. 

In other terminology, nodal curves are called prestable. We shall always suppose 
that C is connected and has a "finite topology", i.e., C has finitely many irreducible 
components, finitely many nodal points, and that C has a smooth boundary dC 
consisting of finitely many smooth circles 7;, such that C := CUdC is compact. 

Definition 4.1.2. We say that a real connected oriented surface with boundary 
(£,<9£) parameterizes a complex nodal curve C if there is a continuous map a : 
E — > C such that 

i) if a G C is a nodal point, then 7„ = a -1 (a) is a smooth imbedded circle in 
£\<9£, and if a^b then 7 a n 75 = 0; 

ii) a : S\|J^ =1 7 a . — > C\{ai,... ,aAr} is a diffeomorphism, where a\,... ,a^ are 
the nodes of C. 

Fig. 1 

Circles 71,..., 75 are contracted 
by the parameterization map a to 
nodal points ai,...a^. 




a 
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Note that such a parameterization is not unique: if g : E — > E is any orientation 
preserving diffeomorphism, then crog : E — > C is again a parameterization. 

A parameterization of a nodal curve C by a real surface can be considered as 
a method of "smoothing" of C. An alternative method of "smoothing" - - the 
normalization — is also useful for our purposes. 

Consider the normalization C of C. Mark on each component of this normal- 
ization the pre-images (under the normalization map tiq '■ C — > C) of nodal points 
of C. Let Ci be a component of C. We can also obtain Ci by taking an appro- 
priate irreducible component Ci, replacing nodes contained in Ci by pairs of disks 
with marked points, and marking remaining nodal points. Since it is convenient to 
consider components in this form, we make the following 

Definition 4.1.3. A component C of a nodal curve C is a normalization of an 
irreducible component of C with marked points selected as above. 

This definition allows us to introduce the Sobolev and Holder spaces of functions 
and (continuous) maps of nodal curves. For example, a continuous map u : C — > X 
is Sobolev Lj^-smooth if its restrictions on every component of C is L^ 2 c -smooth 

1 2 

as well. The most interesting case is, of course, the one of continuous L lc J c -smooth 
maps. In this case the energy functional HditH 2 ^^) is defined. The definition of the 
energy 111,2^) involves Riemannian metrics on X and C which are supposed to 
be fixed. 

Let C be a nodal curve and (X, J) an almost complex manifold with continuous 
almost complex structure J. 

Definition 4.1.4. A continuous map u : C — > X is J -holomorphic ifu G L^ C (C,X) 
and 

du x + Jodu x oj(j = (4.1.1) 

for almost all x EC . Here jc denotes the complex structure on C. 
Recall that the area of a J-holomorphic map is defined as 

area(w(C)) := \\du\\ 2 L 2 {c) . 

See the end of §1.3. 

We shall show later that every J-holomorphic u is, in fact, L{f c (C 7 X)-smooth 
for all p < oo, see Corollary 2.4.2. The following notion of stability was introduced 
by Kontsevich in [K]. 

Definition 4.1.5. A stable curve over (A, J) is a pair (C,u), where C is a nodal 
curve and u : C — > X is a J-holomorphic map, satisfying the following condition. 
If C is a compact component of C , such that u is constant on C , then there exist 
finitely many biholomorphisms of C which preserve the marked points of C . 

Remark. One can see that the stability condition is nontrivial only in the following 

cases: 

1 ) some component C is biholomorphic to CP 1 with 1 or 2 marked points; in this 
case u should be non-constant on any such component C; 

2) some irreducible component C is CP 1 or a torus without nodal points. 
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Since we consider only connected nodal curves, case 2) can happen only if C is 
irreducible, so that C = C. In this case u must be non-constant on C. 

Now we are going to describe the Gromov topology on the space of stable curves 
over X introduced in [G]. Let a sequence J n of continuous almost complex struc- 
tures on X be given. Suppose that {J n } converges to in the C°-topology. 
Furthermore, let (C n ,u n ) be a sequence of stable curves over (X,J n ) such that all 
C n are parameterized by the same real surface E. 

Definition 4.1.6. We say that (C n ,u n ) converges to a stable Joo-holomorphic 
curve (Cqo, ttoo) over X if the parameterizations o n : E — > C n and (Too : E — > Cqo 
can be chosen in such a way that the following hold: 

i) u n oa n converges to ttoo°o"oo in the C° (E, X) -topology; 

n) if {afc} is the set of nodes of and {7^} are the corresponding circles in E, 
then on any compact subset K d E\ U& 7^ the convergence u n oa n — > Woo°o"oo is 
L^ P (K,X) for allpKoo; 

Hi) for any compact subset K <s E\Ujt7A: there exists no = no(K) such that 
cr n (K) C C n \ {nodes} for all n ^ no and the complex structures o* n jc n converge 
smoothly to o-qJc on K; 

iv) the structures o-^jc n are constant in n near the boundary <9E. 

The reason for introducing the notion of a curve stable over X is similar to the 
one for the Gromov topology. We are looking for a completion of the space of 
smooth imbedded complex curves which has "nice" properties, namely: 1) such 
a completion should contain the limit of some subsequence of every sequence of 
smooth curves, bounded in an appropriate sense; 2) the same should also hold for 
every sequence in the completed space; 3) such a limit should be unique. Gromov's 
compactness theorem insures us that the space of curves stable over X enjoys these 
nice properties. 

Condition iv) is trivial if E is closed, but it is important when one considers the 
"free boundary case" , i.e., when E (and thus all C n ) are not closed and no boundary 
condition is imposed. However, we would like to point out that in our approach 
the "free boundary case" is essentially involved in the proof of the compactness 
theorem also in the case of closed curves. On the other hand, in the case of curves 
with boundary on totally real submanifolds such a condition is unnecessary. 

Recall that a complex annulus A has a conformal radius R > 1 if A is biholo- 
morphic to A{1,R) := {z E C : 1 < \z\ < R}. An annulus A is said to be adjacent 
to a circle 7, if 7 is one of its boundary components. 

Definition 4.1.7. Let C n be a sequence of nodal curves, parameterized by the 
same real surface E. We say that complex structures on C n do not degenerate near 
the boundary, if there exists R > 1 such that for any n and any boundary circle 
■~fn t i of C n there exists an annulus A n ^ C C n adjacent to 7^ such that all A n ^ are 
mutually disjoint, do not contain nodal points of C n , and have the same conformal 
radius R. 

Since the conformal radii of all the A n ^ are the same, we can identify them with 
A(1,R). This means that all changes of complex structures of C n take place away 
from the boundary. The condition is trivial if C n and E are closed, <9E = dC n = 0. 
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Remark. Changing our parameterizations a n : E — > C n , we can suppose that for 
any z the pre-image a"~ 1 (A nj i) is the same annulus Ai independent of n. 

Now we state our main result. Fix some Riemannian metric h on X and some 
/i-complete set Ad X. 

Theorem 4.1.1. Let {(C n ,u n )} be a sequence of stable J n -holomorphic curves 
over X with parameterizations 5 n : E — > C n . Suppose that 

a) J n are continuous almost complex structures on X , h-uniformly converging to 
Joo on A and u n (C n ) C A for all n; 

b) there is a constant M such that area |/u n (C n )] ^ M for all n; 

c) complex structures on C n do not degenerate near the boundary. 

Then there is a subsequence (C nk ,u nk ) and parameterizations a Uk : E — > C nk 
such that (C nk ,u nk ,o~ nk ) converges to a stable J ^-holomorphic curve (C' 00 ,it 00 ,cr 00 ) 
over X . 

Moreover, if the structures 5*jc„ are constant on the fixed annuli Ai, each adja- 
cent to a boundary circle 7, o/E, then the new parameterizations o~ nk can be taken 
equal to 5 nk on some subannuli A\ C A{, also adjacent to 7$. 

Remarks. 1. In the proof, we shall give a precise description of convergence with 
estimates in neighborhoods of the contracted circles 7$. The convergence of curves 
with boundary on totally real submanifolds will be studied in § 5.5. 

2. In applications, one uses a generalized version of the Gromov compactness theo- 
rem for nodal curves with a marked point. This version is an immediate consequence 
of Theorem 1.1 due to the following construction. Consider a nodal curve C and 
let a J-holomorphic map u : C — > X. Let x := {xi,... ,x m } be the set of marked 
points on C which are supposed to be distinct from the nodal points of C. Define 
a new curve C + as the union of C with disks Ai,... ,A m such that CflAj = {x^ 
and any Xi becomes a nodal point of C + . Extend / to a map / + : C + — > X 
by setting / + | A to be constant and equal to f(xi). An appropriate definition of 
stability, used for triples (C,x, /), is equivalent to stability of (C + ,/ + ). Similarly, 
the Gromov convergence (C n ,x n ,/ n ) — > (CooXqo, /qo) is equivalent to the Gromov 
convergence (C+,/+) — > (C+,/+). Thus the Gromov compactness for curves with 
marked points reduces to the case considered in our paper. However, we shall 
consider curves with marked points as well. 

4.2. Fenchel-Nielsen Coordinates on the Space of Nodal Curves. 

In the rest of this section we shall describe topology and conformal geometry 
of nodal curves and compute the set of moduli parameterizing deformations of a 
complex structure. As a basic reference we use the book of Abikoff [Ab] . 

Let C be a complex nodal curve parameterized by E. 

Definition 4.2.1. A component C of C is called nonstable if one of the following 
two cases occurs: 

1) C is CP 1 and has one or two marked points; 

2) C is CP 1 or a torus and has no marked points. 

This notion of stability of abstract closed curves is due to Deligne-Mumford, 
see [D-M]. It was generalized by Kontsevich [K] for the case of maps / : C — > X, 
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i.e., for curves over X in our terminology. As was already noted, the last case can 
happen only if C = C . Strictly speaking, this case should be considered separately. 
However since such considerations require only obvious changes, we just skip them 
and suppose that case 2) does not occur. 

Our first aim is to analyze the behavior of complex structures in the sequence 
(C n ,u n ) of J n -holomorphic curves stable over X with uniformly bounded areas, 
which are parameterized by the same real surface E. At the moment, the uniform 
bound on the area of u n (C n ) is needed only to show that the number of compo- 
nents of C n is bounded. Passing to a subsequence, we can assume that all C n are 
homeomorphic. This reduces the problem to a description of complex structures 
on a fixed nodal curve C. 

To obtain such a description, it is useful to cut the curve into pieces where 
the behavior of a complex structure is easy to understand. Such a procedure is a 
partition into pants which is well- known in the theory of moduli spaces of complex 
structures on curves, see, e.g., [Ab], p. 93. Here we shall make use of a related 
but slightly different procedure. Namely, we shall choose a special covering of £ 
instead of its partition. Further, as blocks for our construction we shall use not 
only pants, but also disks and annuli. The reasons are that, first, the considered 
curves can have unstable components and, second, it is convenient to use annuli for 
a description of the deformation of the complex structure on curves. We start with 

Definition 4.2.2. An annulus A on a real surface or on a complex curve is 
a domain which is diffeomorphic (resp. biholomorphic) to the standard annulus 
A{r,R) := {z E C : r < \z\ < R} such that its boundary consists of smoothly- 
imbedded circles. Pants (also called a pair of pants) on a real surface or on a 
complex curve is a domain which is diffeomorphic to a disk with 2 holes. 

The boundary of pants consists of three components, each of them being either 
a smoothly imbedded circle or a point. This point can be considered as a puncture 
of pants or as a marked point. An annulus or pants is adjacent to a circle 7 if 7 is 
one of its boundary components. 




Fig. 2. An annulus Fig. 3. Pants. 

It is useful to imagine an annulus One can also consider pants as a sphe- 

as a cylinder. After contracting the re with three holes, 
middle circle of the annulus we get a 
node. 

Let C be a nodal curve parameterized by a real surface E. We shall associate 
with every such curve C a certain graph Tc which determines C topologically in a 
unique way. In fact, Tc will also determine a decomposition of some components 
of C into pants. 
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By definition, a compact component C is stable if it contains only a finite 
number of automorphisms preserving marking points. In this case C'\{marked 
points} possesses a unique so-called intrinsic metric. 

Definition 4.2.3. The intrinsic metric for a smooth curve C with marked points 
{xi} and with boundary dC is a metric g on C\{marked points} satisfying the 
following properties: 

i) g induces the given complex structure jc; 

ii) the Gauss curvature of g is constantly -1; 

in) g is complete in a neighborhood of every marked point Xi; 
iv) every boundary circle 7 of C is geodesic w.r.t. g. 

Note that such a metric, if it exists, is unique, see e.g. [Ab] . 

Now consider a component C of C adjacent to some boundary circle of C. Then 
C'\{marked points} is one of the following: 

a) a disk A, or 

b) an annulus A, or 

c) a punctured disk A, 

or else d) C'\{marked points} admits the intrinsic metric. 
Note that if a component C is a disk or an annulus (both without marked points), 
then C is the whole curve C. We shall consider cases a) and b) later. Now we 
assume, for simplicity, that cases a) and b) do not occur. 

Definition 4.2.4 A component C of a nodal curve C is called non- exceptional iff 
C'\{marked points} admits the intrinsic metric. 

In particular, nonstable components are exceptional compact ones, and excep- 
tional non-compact components are those of types a)-c) above. 

Take some non-exceptional component C of C. There is a so- called maxi- 
mal partition of C'\{marked points} into pants {C±, . . . C n } such that all boundary 
components of these pants are either simple geodesic circles in intrinsic metric or 
marked points, see [Ab]. Let us fix such a partition and mark the obtained geodesic 
circles on C . 

Now let a : E — > C be some parameterization of C. This defines the set 7' 
of the circles on E which correspond to the nodes of C. Let 7" be the set of a- 
pre-images of the geodesies chosen above. Then 7 := 7' U 7" forms a system of 
disjoint "marked" circles on E, which encodes the topological structure of C. Now 
the graph Tc in question can be constructed as follows. 

Define the set Vc of vertices of Tq to be the set {Sj} of connected components 
of E\U 7€ -y7 = UjSj. Any 7 G 7 lies between 2 components, say Sj and Sk, and 
we draw an edge connecting the corresponding 2 vertices. Further, any boundary 
circle 7 of E has the uniquely defined component Sj adjacent to 7. For any such 
7 we draw a tail, i.e., an edge with one end free, attached to vertex Sj. Finally, 
we mark all edges which correspond to the circles 7', i.e., those coming from the 
nodes. 
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Fig. 4. Graph of a curve C. 

Graph Tc determines the topology 
of the curve C in a unique way. Take 
as many oriented spheres with as many 
vertices as Tc has. For each edge take a 
handle and join the corresponding sphe- 
res by this handle. For each tail make 
a hole (i.e. remove a disk) in the corre- 
sponding sphere. Finally, contract into 
points the circles on the handles cor- 
responding to the marked edges to get 
nodes. We obtain a topological space 
homeomorphic to C. 



Having the graph V, which characterizes uniquely the topological structure of C, 
we are now going to describe the set of parameters defining (uniquely) the complex 
structure of the curves C. This is equivalent to determining the complex structure 
and marked points on all components of C. If such a component C is a sphere 
with 1 or 2 marked points or a disk with 1 marked point, then its structure is 
defined by its topology uniquely up to diffeomorphism. Otherwise, the component 
C is non-exceptional. In this case the complex structure and the marked points 
can be restored by the so- called Fenchel-Nielsen coordinates on the Teichmiiller 
space T g ^ m ^. Recall that the space T g ^ m ^ parameterizes the complex structures on 
a Riemann surface E of genus g with m punctures (i.e. marked points) and with a 
boundary consisting of b circles, see [Ab]. 

Let C be a smooth complex curve with marked points of non-exceptional type, so 
that C admits the intrinsic metric. Fix some parameterization a : E — > C. Consider 
the pre-images of the marked points on C as marked points on E or, equivalently, 
as punctures of E. Let C\{marked points} = UjCj be a decomposition of C into 
pants and T\{marked points] = UjSj the induced decomposition of E. 

Let {7^} be the set of boundary circles of E. The boundary of every pants Sj has 
three components, each of them being either a marked point of E or a circle. In the 
last case this circle is either a boundary component of E or a boundary component 
of another pants, say Sk- In this situation we denote by ^jk the circle lying between 
the pants Sj and Sk- Fix the orientation on 7^, induced from Sj if j < k and from 
Sk if k < j. For any such circle 7^, fix a boundary component of Sj different from 
7jfc and denote it by dkSj. In the same way fix a boundary component djSk- Make 
similar notations on C using primes to distinguish the circles on C from those on 
E, i.e., set i t := a(^) and i jk := a^jk)- 

By our construction, 7'^ = cr(7jfc) is a geodesic w.r.t. the intrinsic metric in C. 
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If the component d^Cj is a marked point, we 
find on Cj the (uniquely defined) geodesic ray 
aj t k starting at some point x * k G 7^ and ap- 
proaching dkCj at infinity such that otj^ has 
no self-intersections and is orthogonal to 7j fc 
at x* k . Otherwise, we find on Cj the shortest 
geodesic aj^ which connects dkCj with 7L 
and we denote the point otj t k H 7L by 
In both cases, this construction determines a 
distinguished point fe G 7^. 

Using the same procedure in we obtain another point ir£ ■ G 7'-^. Denote by 
£jk (resp. by £i) the intrinsic length of 7j fc (resp. of 7^ := c(7i)) in C. For j < k 
define A^-fc as the intrinsic length of the arc on 7'-^, which starts at k and goes 

to • in the direction determined by the orientation of 7^. Set #jfc := 2 ^ Ajfc . We 
shall consider as a function of the complex structure jc on C with values in 
S 1 =M/2ttZ. 

The parameters £ := (£i,£jk) and i9 := (#jfc) are called Fenchel-Nielsen coordi- 
nates of the complex structure jc- The reason is that these parameters determine 
up to isomorphism the complex structure jc on the smooth complex curve with 
marked points parameterized by a real surface E. In other words, can be 

considered as coordinates on T g>mj b- More precisely, one has the following 

Proposition 4.2.2. Let E be a real surface of genus g with m marked points and 
with the boundary consisting of b circles, so that 2g + m + b ^ 3. Let T\{marked 
points] = UjSj be its decomposition into pants. Then 

i) for any given tuples £ = (£i,£jk) o,nd $ = ("djk) with £i,£jk > and $jk G 5" 1 
there exists a complex structure jc on E such that boundary circles of all Sj are 
geodesic w.r.t. the intrinsic metric on T\{marked points] defined by jc and the 
given (£,19) are Fenchel-Nielsen coordinates of j; moreover, such a structure jc 
is unique up to a diffeomorphism preserving the pants Sj and the marked points; 

ii) let C be a smooth complex curve with parameterization a : E — > C which has m 
marked points; then there exists a parameterization o~\ : E — > C isotopic to a, 
which maps boundary components and marked points of E onto the ones of C in 
prescribed order such that the boundary circles of a(Sj) are geodesic w.r.t. the 
intrinsic metric on C\{marked points]. 

Proof. See [Ab]. □ 

4.3. Complex Structure on the Space T r . 

Let E be a real surface of genus g with m marked points and with the boundary 
consisting of b circles. Assume that 2g + m + b ^ 3. Then there exists a decom- 
position of T\{marked points] into pants, which is in general not unique. The 
topological type of such a decomposition can be encoded in graph Y, associated 
with the decomposition. It is constructed in a similar way to that above, but this 
time we must draw a tail for every marked point, and then mark all those tails on 
the graph. 
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Let such a graph V be fixed. We call two complex structures J\ and J2 on 
E isomorphic if there exists a biholomorphism ip : (E,Ji) = (E, Ji) preserving 
the marked points of E and the decomposition of E into pants given by graph 
T. Denote by T r the space of isomorphism classes of complex structures on E. 
By Proposition 1.2, Fenchel-Nielsen coordinates identify T r with the real manifold 

It is desirable to equip T r with some natural complex structure. In so doing, 
the main difficulty is that the real dimension of Tp can be odd. A possible ex- 
planation of this fact is that not all relevant information (i.e. parameters) about 
a complex structure has been taken into consideration. Note that for any "inner 
circle" 7^ which appears after the decomposition into pants, we have obtained a 
pair of coordinates, mainly the length Ijk and the angle fijk- On the other hand, 
for any boundary circle 7, of E we have only the length l^. An obvious way to 
produce additional angle coordinates is to introduce an additional marking of every 
boundary circle. 

Definition 4.3.1. A real surface E or a nodal complex curve C is said to have a 
marked boundary if on every boundary circle of E (resp. C) a point is fixed. 

Remark. Later in § 5 we shall consider complex curves with several marked points 
on boundary circles. But now we shall assume that on every boundary circle exactly 
one point is marked. 

"Missed" angle coordinates ??, can be now introduced similarly to $jk- For a 
boundary circle 7, we consider the adjacent pants Sj. Fix a boundary component 
diSj different from 7$. Let J be a complex structure on E such that the boundary 
circles of all pants Sk are geodesic w.r.t. the intrinsic metric defined by J. Using 
constructions from above, find a geodesic (resp. a ray) ctj starting at point x* G 7$ 
and ending at the boundary circle diSj (resp. approaching marked point diSj of E). 
Take the marked boundary point Q on 73 and consider the length Aj of the geodesic 
ark on 7$, starting at x* and going to Q in the direction defined by the orientation 
of 7^. Define := G S 1 = R/2nZ. We include the coordinates in the 

system of angle coordinates i9. Denote by Tr the set of isomorphism classes of 
complex structures on E with marked boundary and with a given decomposition 
into pants. 

Let C be a smooth complex curve with marked points and a marked boundary, 
C\{marked points} = UjCj its decomposition into pants, a : E — > C a parameteri- 
zation, and Y\{marked points} = UjSj the induced decomposition of E. To define 
a complex structure on Tr, we introduce special local holomorphic coordinates in a 
neighborhood of boundary of pants on C. Consider some pants Sj and its boundary 
circle 7*. It can be a boundary circle of E, 7$ in our previous notation, or a circle 
7jfc separating Sj from another pants Sk- Let £* be the intrinsic length of 7*. Fix 
some small a > and consider the annulus A consisting of those x G Sj for which 
the intrinsic distance dist(x,7*) < a. The universal cover A can be imbedded into 
the hyperbolic plane H as an infinite strip O of constant width a such that one of 
its borders is a geodesic line L. The action of a generator of tvi(A) = Z on A is 
defined by the shift of along L by distance £*. 

Now consider the annulus A' := [0,jr] x 5" 1 with coordinates p, 9, ^ p < jr, 
< 6 < 2n and with the metric / cos (dp 2 + d9 2 ). A direct computation 
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shows that this metric is of constant curvature —1 and that the boundary circle 
8qAi := S 1 x {0} is geodesic of length £*, whereas A' is complete in a neighborhood 
of the other boundary circle. Consequently, the universal cover A' of A' can be 
imbedded in the hyperbolic plane HI as a hyperbolic half-plane with a boundary 
line L such that C H+. Moreover, the action of tt^A') = Z on A' = is the 
same as for A = 0. This shows that there exists an isometric imbedding of A 
into A' which maps 7* onto do A'. Moreover, such an imbedding is unique up to 
rotations in the coordinate 9. This leads us to the following 

Proposition 4.3.1. Let Cj be pants with a complex structure and 7* its boundary 
circle of the intrinsic length £* . Let x* be a point on 7. Then some collar annulus 
A 0/7* possesses the uniquely defined conformal coordinates 9 <E S 1 = R/27rZ and 
p such that the intrinsic metric has the form (^ /cos^£-) 2 (dp 2 + d9 2 ), p| 7 * = 0, 
9(x*) = and the orientation on Sj is given by d9 Adp. 

We shall represent p and 9 also in the complex form Q := e~ p+ld and call ( the 
intrinsic coordinate of the pants Cj at 7* . An important corollary of the description 
of the intrinsic metric in a neighborhood of the boundary circle is the following 
statement about non-degenerating complex structures in pants, see Definition 1.7. 

Lemma 4.3.2. Let C be a smooth complex curve with marked points admitting the 
intrinsic metric and let 7* be a boundary circle of C of length £* . 

i) If there exists an annulus A C C of conformal radius R (i.e. A = {z G C : 

2 

1 < \z\ < R }), adjacent to 7* and containing no marked points, then \ogR ^ jr- 
n) There exists a universal constant a* such that the condition £* ^ 1 implies 

that there exists an annulus A C C of conformal radius R with \ogR ^ fr — ^r, 

which is adjacent to 7*, has area a* and contains no marked points of C . 

m) Let 7 C C be a simple geodesic circle of the length t and A C C\{marked 

points} annulus of conformal radius R homotopy equivalent to 7. Then \ogR ^ 

Proof. Let O be the universal cover of C\{marked points} equipped with the 
intrinsic metric lifted from C. Then O can be isometricaUy imbedded into the 
hyperbolic plane EI as a domain bounded by geodesic lines such that each of these 
lines covers some boundary circle 7$. Take some (not unique!) line L covering 
the circle 7* and fix a hyperbolic half-plane with a boundary line L, so that 
OCH+. 

Now consider the universal cover A of the annulus A and provide it with the 
metric induced from C. Then we can isometricaUy imbed A in HlJ in such a 
way that the line covering 7* C dA will be mapped onto L. The action of a 
generator of tti(A) = Z on A is defined by the shift of HI along L onto a distance 
£*. Consequently, A can be isometricaUy imbedded into W^/tt^A), which is the 
annulus A' = [0, jt] x S 1 with coordinates p, 9, 0^ / o<j r ,0^6>^2-7r and with a 
metric (|^ /cos^) 2 (dp 2 + d9 2 ). Note that the conformal radius of A' is e^l 1 * . The 
monotonicity of the conformal radius of annuli (see e.g. [Ab], Ch.II, §1.3) yields 
the inequality R < e n l l * which is equivalent to first assertion of the lemma. 

Part m) of the lemma can be proved by same argument. More precisely, un- 
der the hypothesis of part Hi) we imbed the annulus A into the annulus A" = 



56 



1 — ^-[xS with coordinates p,9, < p < ^ 9 ^ 2n and with a met- 
ric (^ /cos^) 2 (dp 2 + d9 2 ). The conformal radius of A is now estimated by the 

2tt 2 

conformal radius of A", which is equal to e~~?~ . 

The second part of our lemma follows from results of Ch.II, § 3.3 of [Ab]. Lemma 

2 says that there exists a universal constant a* with the following property: If £* ^ 1, 
then there exists a collar neighborhood A of constant width p* and of area a*, which 
is an annulus imbedded in C and contains no marked points of C. In particular, 
we can extend the intrinsic coordinates p and 9 in A. Using these coordinates, we 
present A in the form {(p.,9) : < p ^ p*} and compute the area, 

a* = areaA = 27r [" ( f/ 2 *" ^ dp = £* tan ( . 
Consequently, tan (f - ) = cotan = £. This implies § - ^ ^ £, 

2 o 

which is equivalent to p* ^ jr — . To finish the proof we note that the conformal 
radius R of A is equal to e p . □ 

Let C be a smooth complex curve with marked points, Cj a piece of a decompo- 
sition of C\{marked points} into pants and 7* its boundary circle. Then as a "base 
point" x* = {9 = = p} for the definition of the intrinsic coordinate we shall use 
the point x* k if cr(7*) is the geodesic separating Cj from another pants Ck, or re- 
spectively, the point x* if 7* is a boundary circle of C. We denote these coordinates 
(j,k = e~ Pj ' k+ldj ' k and Q = e~ Pi+lQi . Note that $i is exactly the 6>-coordinate of the 
marked boundary point Xi G 7^ with respect to x*, and $jk is the 6>-coordinate of 
x t j w ith respect to x* k . 

Note also that any intrinsic coordinate of a pair (Cj,fc,Cfc,j) extends canonically 
from one collar neighborhood of 7jfc to another side in such a way that the formula 
for the intrinsic metric remains valid. This extension possesses the property Q,k • 
( k j = e Jl?J ' fc , where djk is a constant function. We can view this relation as the 
transition function from to (k,j- 

A similar construction is possible in the case of a boundary circle 7$. Namely, 

2 

allowing pj to change also in the interval ( — ^-,0] and maintaining the formula 

(^/cos-^-) 2 (dp 2 + d9 2 ) for the metric, we can glue to E an annulus (— f-,0] x S 1 

and extend the coordinate Q = e~ Pi+ldl there. 

Making such a construction with every boundary circle 7^, we obtain a complex 
curve C( N ) with the following properties. C is relatively compact in C^ and 
the intrinsic metric of C extends to a complete Riemannian metric on C^ with 
constant curvature —1. Such an extension and the metric are unique. C^ N > is called 
the Nielsen extension of C, see [Ab]. Note that the complex coordinate Q can be 
extended further to the unit disk < 1}. 

Using the introduced complex coordinates Q and Q^, we define a deformation 
family of complex structures on the curve C with marked boundary. Let A^ and 
Ajfc be complex parameters changing in small neighborhoods of e ldi and e J ^' fc , re- 
spectively. Having these data A = (Ai,Ajfc), construct a complex curve C\ in the 
following way. Take the pants {Cj} of the given decomposition of C and extend 
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all the complex coordinates Q and Qk outside the pants. Glue the pairs of coordi- 
nates (Cj,kXk,j) with new transition relations ~Ck,j = -\j'fc (constant functions). 
Move original boundary circles 7$ = = 1} of C to new positions defined by the 
equations \Q \ = |Aj| and mark the points Q = Aj on them. 

Theorem 4.3.3. The natural map F : A — > (£,"&) is non- degenerated. In particular, 
A can be considered as the set of local complex coordinates on Tr and C := {C\} as 
a (local) universal holomorphic family of curves over Tp. 

Proof. Write the functions A = (Xi,Xjk) in the form Aj = e~ ri+1<Pi , Xjk = 
e -rj k +ifjk_ F rom the definition of the map 

F : ( e -^+V Se -r 3fe +iV jfe ) _» (£ h £ jk; ^ jk ) 

it is easy to see that ^^ I '^ fc | i s the identity matrix, whereas f/^'^ fc l is equal to 
0. So it remains to show that the matrix d(^Afc) j g n0 n-degenerate. 

Consider a special case where C is pants with the boundary circles 7$ (at least 
one) and, possibly, with marked points Xj. We shall consider such points as punc- 
tures of C. Let J denote the complex structure on C and let p be the intrinsic 
metric. Extend the coordinates Q and the metric po outside of 7$ to some bigger 
complex curve C with C d C. 

Fix real numbers Vi and consider the domains Ct in C defined in local coordinates 
Q = e~ Pi+iei by the inequalities pi ^ Vit. This defines a family of deformations of 
C = Cq parameterized by a real parameter t, corresponding to a real curve in the 
parameter space {A} given by A$(t) = e Vit . Note that the deformation is made in 
such a way that the original complex structure J and local holomorphic coordinates 
are preserved. Thus we can use them as an "invariable basis" in our calculations. 

Let fi t be the intrinsic metric of C t . Without loss of generality we may assume 
that Ht extends to C as a metric with constant curvature —1, which induces the 
original complex structure J on C. Since the intrinsic metric depends smoothly on 
the operator J of a complex structure, pt are smooth in t. In a local holomorphic 
coordinate z = x+iy we can present p t in the form e 2 ^( t,z \dx 2 +dy 2 ). The condition 
Curv(p t ) = —1 is equivalent to the differential equation 

where d x denotes the partial derivation and so on. Differentiating it in t, we 
obtain e~ 2 ^^''\d 2 x + d 2 y )il){t, •) = ip(t,-), where ip(t,-) denotes the derivative of 
tp(t, •) in t. 

Note that d t pt = 2V>(£, •) • P>u so ipt(') = 4>(t,-) is independent of the choice of 
a local holomorphic coordinate z = x + iy and is defined globally. The equation 
e~ 2 ^ z ^''^ (d 2 x + d 2 )ip z (t, •) = ip z (t,-) can be rewritten in the form A t ip t = 2ip t , with 
At denoting the Laplace operator for the metric pt- 

The condition that the circle 7i(t) := {pi = vrf} is /Ut-geodesic means that the 
covariant derivative Vg^dgJ of the vector field dg { , the tangent vector field to 7i(t), 
must be parallel to along 7i(t). Expressing this relation in local coordinates 
Pi and $i, we obtain d Pi ipi(t;vit,6i) = 0, where p t = e 2 ^ i( ^ t ' Pi ' 0i \dp 2 + 09 2 ) is a 
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local representation of the metric fx t - Deriving in t, we obtain d Pi ipi(t;Vit,6i) + 

v * d2 PlPi Mt;vit,o t ) = 0. 

In the case where t = we have ^(0;0, 0j) = log^, a constant. Hence 

dleM ^) = eWWM and d p M0;0A) = -v^ ^ = -v % {^f . On 
the other hand, d Pi = —^d v on 7i(0) = 7$, where v denotes the unit outer normal 
field to Co = C. Consider the integral f c \dipo\ 2 + 2ipQdfj,o. Integrating by parts, we 
get 



dl = 

2 



Mi 



I \dip | 2 + 2ipldfio = / ip (2ip -A ip )diJ, + / ipod^ipo 

JC JC JdC 

Here ^ denotes the derivative of the length parameter ^ for the curve C* at t = 0, 
so that (^1,^2,^3) = dF(v\,V2,vs). The obtained relation shows that the Jacobi 
matrix dF = ^±i^iA j s non-degenerate. Otherwise there would exist a nonzero 

vector (vi,V2,vs) such that for the deformation constructed above we get li = 0. 
But then ip = 0, which is a contradiction. 

Now consider a general situation. Let E be a real surface with a marked bound- 
ary, C a smooth curve with marked points, a : E — > C a parameterization, and 
C\{marked points} = UjCj a decomposition into pants with a given graph T. Let 
{7^} be the set of boundary circles and {'jjk} the set of circles lying between the 
pants Cj and C&, respectively. Consider these pants separately. Then for any 
circle 7jfc = 7fcj we obtain 2 distinguished ones, 7^ considered as a boundary 
circle of Cj, and 7^ considered as a boundary circle of Cfc. Take real numbers 
v := (vijVj^jVf-j), where vi is associated with the circle 7$, i^fc with 7^/,, and u/^j 
with 7/j^-, respectively. Let Cj(tv) denote the pants obtained from Cj by the above 
construction using the corresponding parameters V{ and Vj^. For v lying in a small 
ball B = {\v\ < e} all such families Cj(tv) can be extended for all t G [—1,1]. Thus 
over B we obtain a collection of deformation families Cj(v) of complex structure 
on pants Cj. 

Let Ei(v), ij t k{v), and ik,j(v) denote the lengths of circles 7*, 7^, and 7^ 
w.r.t. the obtained intrinsic metrics fij(v) on Cj(v). Denote by £{ a linear func- 
tional dt \t=o£i(tv ), and define £^k similarly. The explicit formula for an intrinsic 
metric near a boundary circle shows that Cj(v) can be glued to Ck{v) along 7jfc 
exactly when £j^(v) = £kj(v). Since the Jacobian is non-degenerate, the 

conditions £j,k(v) = £k,j(v) define a submanifold V C B whose tangent space TqV 
is given by the relations £j : k = £k,j- Note that this defines a deformation family 
of complex structures on C over the base V such that the map v e V 1— > £(v) is a 
diffeomorphism. 
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We state that the set (vi,Vj t k + Vk,j) is a system of coordinates on V in the 
neighborhood of G V. To prove this it is sufficient to show that the linear map 
v = (vijVj^jVkj) G TqV i— > (^jUj^ + Ufcj) is non-degenerate. If it is not true, then 
there would exist a nontrivial v = (vijVj^jVkj) G T F with Vi = and Vj^+Vkj = 0. 
Let 4 = ^i(w), = £j,k(v) and = £k,j(v) be the corresponding derivatives of 
length. Then = £ fc)J and 

i j<fc j<fc i<fe 

The obtained contradiction leads us to the following conclusion. The functions Vi 
and Vj^k + v k,j define a coordinate system on V equivalent to £ = (£i,£jk)- 

Let us return to the holomorphic deformation family of complex structures on 
C, defined by complex parameters Aj = e~ Ti+1(pi and Xjk = e~ rjk+1(f>jk . It is easy to 
see that the Jacobian ^^0fy-~^) & t t ne point (r^Tjfc) = is the identity matrix. 
This fact proves the statement of the lemma. □ 

Remark. At this point we give a possible reason why the complex (i.e. holo- 
morphic) structure introduced by the complex coordinates A can be regarded as 
natural. Let C be a complex curve with marked points and a nonempty marked 
boundary. In the case where C is a disk or an annulus, assume additionally that at 
least one inner point of C is marked. Then in a neighborhood of every boundary 
circle 7$ of C we can construct the intrinsic coordinate Q. Take 2 copies C + and 
C~ of C and denote by r the natural holomorphic map r : — » C T interchang- 
ing the copies. Denote by the local intrinsic coordinate on C ± at boundary 
circles 7^, both corresponding to 7$. Now we can glue C + and C~ together along 
every pair of circles (7^,7") by setting • £~ = 1 as transition relations. We 
obtain a closed complex curve C d which admits a natural holomorphic involution 
t : C d — > C d . For the constructed family {C\}, the corresponding family {C^} 
will be holomorphic. In fact, the statement of Theorem 2.3 means that {C%} is a 
minimal complete family of deformation of C d in the class of curves with holomor- 
phic involution. This construction of doubling should not be confused with another 
construction of the Schottky double C Sch of C which provides an antiholomorphic 
involution r Sch : C Sch — > C Sch . We shall use the Schottky double C Sch in Section 
5, we will consider curves with totally real boundary conditions. 

4.4. Invariant Description of the Holomorphic Structure on T r . 

The construction of (holomorphic) double C d shows how to give an invariant 
description of a holomorphic structure on Tr- Let C be a smooth complex curve 
with marked points and marked boundary, and x G Tr the corresponding point 
on the moduli space. Denote by D the divisor of marked points. If the curve C 
is not closed and C d is its double with holomorphic involution r, we denote by 
D d :=D + t(D) the double of D. 

Lemma 4.4.1. If C is closed, then the tangent space T x Tr is naturally isomorphic 
to H 1 (C,Q(TC)®Q(-D)). 

// C is not closed, then the space T x Tp is naturally isomorphic to the space 
H 1 (C d ,Q(TC d )®Q(-D d )) T ofr-mvariant elements in H 1 (C d ,0(TC d )®0(-D d )). 
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In both cases the complex structure on T x Ty induced by local complex coordi- 
nates X coincides with those from H 1 (C,Q(TC)®0(-D)) (resp. H 1 ^, 0(TC d ) <g> 
0(— D d )p T >). In particular, this defines a global complex structure on space Tp. 

Proof. The part concerning closed curves is well-known. In fact, the natural 
isomorphism ip : T x T-p — > H 1 (C, 0(TC) <E> (-D)) is a Kodaira-Spencer map. Its 
description is very simple in the introduced local coordinates on C and A = (Xjk) 
on Tp. Let C\{marked points} = UCj be the decomposition of C into pants with 
the graph T. For every pants Cj choose an open set Cj, containing a closure 
Cj = Cj UdCj. Without loss of generality we may assume that Cj are chosen not 
too big, so that the covering U := {Cj} is acyclic for the sheaf 0(TC) and the local 
coordinates are well-defined in the intersections Cj flCfc. Then vector v G T x Tr 
with local representation v = ^2j <k Vjkgx~j^ is mapped by the Kodaira-Spencer map 
ifj to the Cech 1-cohomology class 

ij)(v) G H 1 (C,0(TC)®0(-D)) = H 1 (1X,0(TC)®0(-L>)), 

represented by the 1-cocycle 

UkCs,kg£-) g l[r(c j nc k ,o(TC)®Q(-D)). 

\ ^ J ' k ' j<k 

For more details see [D-G]. 

Using this description of the Kodaira-Spencer map for closed curves with marked 
points, it is easy to handle the case of curves with boundary. Let C be a non- 
compact curve with marked points and with decomposition C\{marked points} = 
y^jCj. Take its double C d with the involution r. Then the decomposition of C in- 
duces a r-invariant decomposition C d = f\j(Cj DrCj). The corresponding covering 
yd Q f Qd can gjgQ j-^ ^Qggn to be r-invariant. 

The local coordinates Q, corresponding to boundary circles 7$ of C, can now 
be extended to a two-sided neighborhood of 7$ in C d . The coordinates Cj,ki cor- 
responding to inner circles 7^, induce local complex coordinates (J k := Cj,k OT m 

T(C 3 nc k ). 

Any deformation of the complex structure on C induces a deformation of the 
complex structure on C d . This defines a map ip : T r — > T rd , with T d denoting 
the graph corresponding to the r-invariant decomposition of C d into pants. Using 
introduced coordinates, we present a tangent vector v G T x Tr in the form 

Then the composition of the Kodaira-Spencer map ip of C d with the differential 

of <p> : Tr — > T r d maps u to 

i; d odip(v) G H 1 (C d ,0(TC d )®0(-L> d )) = H 1 (l[ d , 0(TC d ) ® 0(— _D d )), 
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represented by the Cech 1-cocycle 

Y[ T(Cj n C k , 0(TC d ) <g> 0(-D d )) x JJ r(r(C' J n C k ), 0(TC d ) <g> 0(-D d )), 

j<fc j<fc 

where C(i) denotes the pants of C adjacent to circle 7$. It is obvious that if all 
Vi vanish, then this Cech 1-cocycle is r-invariant. On the other hand, the relation 
Cr(Ci 07 ") = K = const implies that r*(Ci^:) = — O^ - - The additional change of the 
sign of the corresponding part of cocycle v comes from the fact that r interchange 
C(i) with r(C(i)). This shows that v is r-invariant and the statement of the lemma 
follows. □ 

Now we study the connection between the geometry of Tr and the degeneration 
of complex structures on a real surface E with marked points and marked boundary. 
Let T\{marked points] = UjSj be a decomposition into pants with graph T. The 
Fenchel-Nielsen coordinates on T r define a map (A,0) :T r ^(Rx £i)3g-3+m+2^ 
which is a difleomorphism by Proposition 1.2. So, if {j n } is a sequence of com- 
plex structures on E, its degeneration means that the sequence of Fenchel-Nielsen 
coordinates of {j n } is not bounded in (Ex s 1 ) 39 ~ 3+m+2b . 

One can see that, in fact, we have two types of the degeneration. The first 
one occurs when the maximum of the length coordinates li and £jk of j n increases 
infinitely, and the second one is present when a minimum of the length coordinates 
of j n vanishes. It should be pointed out that for an appropriate sequence one can 
have both types of degeneration. 

Note that by Proposition 1.2 the Fenchel-Nielsen coordinates of a complex struc- 
ture j on E are defined by a choice of a topological type of decomposition of E into 
pants, encoded in the graph V. Thus the introduced notion of degeneration also 
depends on the choice of V. Possibly, the best choice of such decomposition is 
established by the following statement, proved in [Ab], Ch.II, §3.3. 

Proposition 4.4.2. Let C be a complex curve with parameterization a : E — > C . 
Then 

a) there exists a universal constant I* > such that any two geodesic circles 7' 
and 7" on C satisfying M^') < I* and ^(7") < I* are either disjoint or they coincide; 

b) there exists pants decomposition C\{marked points} = UjSj such that the 
lengths of inner boundary circles 7^ = SjdSk are bounded from above by a constant 
L which depends only on the topology of E and the maximum M of the lengths of the 
boundary circles of C; moreover, any simple geodesic circle 7 on C with £(7) < /* 
occurs as a boundary circle of some Cj . 

Corollary 4.4.3. Let C n be a sequence of nodal curves parameterized by a real 
surface E with uniformly bounded number of components. Suppose that the com- 
plex structures of C n do not degenerate near the boundary. Then, passing to a 
subsequence, one can find a decomposition E = UjSj and new parameterizations 
a' n : E — > C n , such that 
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i) the decomposition E = UjSj induces a decomposition of every non- exceptional 
component of C n into pants whose boundary circles are geodesies; 
n) the intrinsic length of these geodesies are bounded uniformly in n. 

Proof. By Lemma 4.3.2, the intrinsic lengths of boundary circles of non-exceptional 
components of C n are bounded uniformly in n. Find a decomposition into pants 
of every non-exceptional component of C n satisfying the conditions of part b) of 
Proposition 4.4.2. Let T n denote the obtained graph of the decomposition of C n . 
Since the number of components of C n is uniformly bounded, we obtain a subse- 
quence C nk with the same graph V for all n^. 

It follows from the proof in [Ab] that the constant L from part b) of Proposition 
4.4.2 depends continuously on the maximum M of the lengths of the boundary 
circles of C n . This implies condition ii). Applying Proposition 4.2.2, we complete 
the proof. □ 

4.5. Example: Degeneration to a Half-cubic Parabola on the Language of 
Stable Curves. 

Example. Consider a sequence of curves T n in CP 2 given by 

T n = {y 2 z -x 3 = n~ 6 z 3 } C CP 2 

in homogeneous coordinates. In the affine chart U = {z ^ 0} the curves are given 
by the equation T n = {y 2 — x 3 = n~ 6 }. In any reasonable sense these curves should 
converge to a half-cubic parabola := {y 2 = x 3 }. We shall now explain in great 
detail how the T n converge to in Gromov topology. 

Each curve T n is the image of the curve 

T = {y 2 z 1 -x 3 = z 3 }cCF 2 

w.r.t. an algebraic map f n : [xi, yi,Zi] € C i— > [x : y : z] := \n~ 2 X\ : n~ 3 yi : z{\. 

We shall denote by [x\ : y± : z{\ the coordinates in the pre-image and by [x : y : z] 
in the range. 

Convergence of graphs. Consider the graphs T n of these mappings as subsets of 
CP 2 x CP 2 . Then the T n converge to a reducible curve £ CP 2 x CP 2 , which 
consists of the graph of a constant mapping [x\ : y± : z±] G T \— > [0 : : 1], which is a 
"horizontal component", plus a "vertical component" over [x\ : y± : z±] = [0 : 1 : 0], 
which is a limit curve {y 2 = x 3 } of the sequence T n . 

The picture of the convergence is the following. Starting from Ti, the curves 
F n transform continuously (we can define T t for any real t), so that for n » 1 
curve T n consists of an "almost horizontal" torus and an "almost vertical" sphere 
connected by a thin "neck". As n — ► oo this neck is shrinking to a point P := 
([0 : 1 : 0], [0 : : 1]) G P 2 x P 2 which is the only singular point of where its 
components intersect. 
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Fig. 6. Convergence picture 



Explanation of the picture: ii,i2,*oo are imbeddings of C n 's into P 2 x P 2 as the 
graphs r n 's. The map pr : P 2 x P 2 — > P 2 is the natural projection onto the range 
P 2 . 

Thus, the picture of convergency on the language of parameterized curves should 
be the following: the surface parameterizing all T n (and also = {y 2 = x 3 }) 
should be a torus E. Some fixed circle 7 on E around some fixed point p G E 
should be mapped by parameterizations a n : E — > C n to "smaller circles" . Finally 
the parameterization : E — > contracts 7 to a point. Thus should be a 
nodal curve which consists of a smooth torus and a smooth sphere intersecting at 
one point. The limit map should map the torus to the point [0:0:1] and the 
sphere onto the limit curve T^. 

Now we must determine curves C n , parameterizations a n and mappings u n ex- 
plicitly. Note that one cannot take as C n simply the graph T n , because has a 
point P = ([0 : 1 : 0], [0 : : 1]) G P 2 x P 2 as a cusp and a node at the same time. 
However, by our definition of a nodal curve, should have at most nodes. This 
is not a big problem, because one should "holomorphically" parameterize by 
a nodal curve and at the same time one also needs to parameterize "coherently" 

C n 's. 

Let us do just that. 

Explicit Parameterization. 

Now we give a description of the convergence in terms of stable curves (termi- 
nology of [KM]; an alternative terminology speaks of "stable maps"). Consider 
homogeneous equations 
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defining T n in P 2 x P 2 
obviously f n (Q) = [n~ 



Let Q = [xi : yi : Z\] be a point on T with z\ 7^ 0. Then 
yi : z\] converge to the point [0:0:1] in the range 



9 — "\ 
X\ : n 



P 2 . Moreover, for a sufficiently small neighborhood U of Q in T we obviously have 
a uniform convergence of the restriction f n \jj to a constant map /oo : {7 — > P 2 , 
/oolt/^ [0:0:1]. 

The set of points [x\ : j/i : z{\ on C with z\ = consists of one point [0:1:0]. 
This means that for any compact K d C\[0 : 1 : 0] the sequence of restricted maps 
fn\K :^ P 2 converge uniformly to the constant map : K — > P 2 , itcd^ = [0:0:1]. 
In terms of graphs T n this means that T n fl (if x P 2 ) converge to n (K x P 2 ), 
which lies in the "horizontal" part T x [0 : : 1] of . 

Consider the behavior of f n in a neighborhood V C T of the point [0:1:0]. 
Setting yi = 1 and considering a; 1,2:1 as an affine coordinate on the first P 2 we 
obtain the relation 

Zl = x\ + zf. 

One can easily see that x\ can be chosen as a local holomorphic coordinate in a 
neighborhood of [0 : 1 : 0], and that there exists a holomorphic function (p(xi) in 
the disk A(a) = {\x±\ < a} such that <p(0) = 1 and V = {z\ = xf<p(xi)}. 




Fig. 7. Parameterization of the Bubbled Sphere 

Fix a > \ > and take R > -t. Denote by pr : V — > A(a) the natural projection, 
see Fig. 7. For every n sufficiently big, cover pr(V) = A(a) by sets V^, where 
V n := pr _1 A(f ) and V n := pr" 1 ^) with A n = < |xi| < a}. First we 
consider the behavior of appropriately rescaled maps / n °P r_1 in V n . For a complex 
coordinate ^ 6 C we consider maps i> n (£) : A(i?) — > P 2 with v n (£) := f n o pr _1 (|-) 
and the domain of definition A(R) := {|£| < R}. This means that we rescale 
f n o pr -1 in A(^) = by setting nx\ = £. Then 



»»(£) = fn o pr" 1 ( [I : 1 : (|)] ) = [£ : £ : (|)] = [£ : 1 : (*<p (|) 
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Thus, images v n (A(R)) = / n (A(— )) lie in the affine chart y ^ in the range P 2 , and 
in the affine coordinates x,z (y = 1) we obtain a representation v n (£) = (£,£ 3 y(„))- 
We easily see that <£>( — ) converge on compacts A(R) to the constant function 1. This 
implies that maps v n converge on A(R) to the map : C — > P 2 , foo(C) = [£ : 1 : £ 3 ]- 
This map is a parameterization of the "vertical part" of T^. 

Finally, we want to describe the behavior of the "neck" of T n when n — > oo. 
Again, take x\ to be a local holomorphic coordinate on T in a neighborhood of 
[0:1:0] setting y\ = 1. Consider imbeddings h n : A n — > A 2 (a,6) = < 
a} x {\t\ < b} with h n {x\) = (xi,^-). Denote by A n the images /i n (A n ). Then 
A n = ^ A 2 (a,6) : x\-t = -}. As n — ► oo, the annuli A n converge to a 

subset Aoo C A 2 (a,6), which is the union of two disks A (a) x {0} U {0} x A(b). 

Note that, along A n C A 2 (a,6) with coordinates xi,t, we can represent f n °?^~ l ° 
h~ x in the form 



/ n opr o/i n :(:n,£)eA 



n 2 



TV 



= [nxxt* : t s : n 3 'x\t 3 V(^i)] = 



= [t 2 :t 3 :^(xi)], 

where we use the relation nxit = 1 along A n . Thus the restriction of f n o pr -1 onto 
A n coincides with the composition of imbeddings h n of A n into A 2 (a, 6) with the 
map F : A 2 (a,6) -> P 2 , = [t 2 : t 3 : ¥>(xi)]. In the affine chart with z ^ we 



have F(x!,*) = (^,^), see Fig. 8. 





Fig. 8. Parameterization of the "Neck" . 



Note that 



,= / n opr 1 oh n 1 :A r 



CP 2 . 



(4.5.2) 



Remark. Denote by P n the compact curve [ Xl .t = 1} in CP 2 . For us it is 
important that F is well- defined on P n \ {\xi\ > a}. 

We interpret this picture in the following way. Annuli A n degenerate to a normal 
crossing of two disks, a "node" in the terminology of [OM], whereas maps f n o pr ^ o 
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/i" 1 : A n — > P 2 converge to a (holomorphic) map from Aoo to P 2 which is, in this 
case, a restriction of F onto Aoc, i.e., constantly [0 : : 1] on the one component 
{t = 0} of Aoo, and, on the component {x\ = 0}, mapping F is a parameterization 
* G A(6) i — ^ (t 2 ,t 3 ) of curve y 2 = x 3 . 

Note that on A n the contractiong circle is 7 n = {|xi| = y^, because h n (^ n ) = 

{\*A = \A = 4l- 

Let us finally construct stable curves (C n ,u n ) and (CocUoo). Put Wi = Ti\V 
and W2 = P n \{|xi| > a}. Identify the boundaries of W\ and W2 by h n opr : dWi — > 
<9W2 to get the curve C n := Wi U Wijd ~ <9W2. Note that is a nodal curve 
with one nodal point and two components: torus and sphere. 

The corresponding maps are defined as follows: 

u()= Un(q) XqeWi 
U[q) \F(q) if qeW 2 . 

Note that u n is well- defined due to relation (2). 




Fig. 10. 



The rest is obvious, i.e., one should take the parameterizations a n : E — > C n 
satisfying the three following conditions: 

(a) Some fixed circle 7 should be mapped by a n onto h n {p/ n ) C A n (also (Toc(l) = 
OG-Aoo). 

(b) Some fixed disk V2 C S, see Fig. 10, should be mapped by a n onto the 
domain P n n {\t\ > 1} C W 2 (also (^(V^ = Poo n > 1}. 

(c) Finally, some other domain V\ C E, which contains a handle, should be 
mapped onto Wi. 

One should also take care that the structures cr* j n should converge on compact 
subsets in E\7- 
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Lecture 5 

Gromov Compactness Theorem 

5.1. Second A priori Estimate. 

Let (X, J) be an almost complex manifold. In what follows the tensor J is 
supposed to be only continuous, i.e., of class C°. Fix some Riemannian metric h 
on X. All norms and distances will be taken with respect to h. In particular, we 
have the following 

Definition 5.1.1. A continuous almost complex structure J is called uniformly 
continuous on A C X with respect to h, if \\J\\l°°(A) < 00 an d for any e > there 
exists 5 = 5(J,A,h) > such that for any x G A one can find a C 1 -diffeomorphism 
ip : B(x,8) -> B(0,8) from the ball B(x,5) := {y G X : d\st h (x,y) < 5} onto the 
standard ball in C n with the standard metric h st such that 

|| J -if* J 8 t\\L°°(B(x,S)r\A) + \\h-^*hst\\L^{B{x,S)r\A) ^ e - (5.1.1) 

Roughly speaking, this means that on the set A we can || • || ^-approximate J 
by an integrable structure in h- metric balls of a radius independent of x G A. The 
function fi(J,A,h) whose value at e > is the biggest possible 5^1 with the above 
property is called the modulus of uniform continuity of J on A. Note that every 
continuous almost complex structure J is always uniformly continuous on relatively 
compact subsets K <<= X. 

Let J* be a continuous almost complex structure on X and A C X a subset. 
Assume that J* is uniformly continuous on A and denote by = /j,(J*,A,h) the 
modulus of uniform continuity of J* on A. Recall that in Lemma 2.4.1 we proved 
the following 

Proposition 5.1.1. (First A priori Estimate). For every p with 2 < p < oo there 
exists an E\ = S\ (fij* ,A,h) ( independent of p) and C p = C(p, , A, h) such that for 
any continuous almost complex structure J with || J — J* \\l°°(A) < £ i and for every 
J-holomorphic map u G C° fl L 1,2 (A,X), satisfying u(A) C A and ||<itt||L 2 (A) < e i, 
one has the estimate 

II^IIl^ia) ^ C p ■ ||cMU 2 (A)- (5.1.2) 

Definition 5.1.2. Define a cylinder Z(a,b) by Z(a,b) := 5 1 x [a, b], equipping it 
with coordinates 9 G [0,27r], t G [a, b], with the metric ds 2 = d9 2 + dt 2 and the 
complex structure J s t( J|) = ■§[■ Denote Z t := Z(i — 1, 1) = 5 1 x [i — l,i]. 

Let J* be some continuous almost complex structure on X and A a subset of X 
such that J* is uniformly continuous on A. Let fij* denote the modulus of uniform 
continuity of J* on A. 

Lemma 5.1.2. (Second A priori Estimate). There exist constants 7 g]0,1[ and 
£2 = £2(1" j*, A^) > such that for any J with \\J — J*\\ < £2 and every J- 
holomorphic map u : Z(0, 5) — > X with u(Z(0, 5)) C A the condition \\du\\L2(Zi) < £ 2 
for i = l,... ,5 implies 
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Proof. Take £2 > small enough such that (J.j*(£2) < £1, where E\ is the constant 
from Lemma 5.1.1. Then for any A' C A the condition diam(A') $C £2 implies that 
osc(J*,A') ^ e\. Due to Lemma 5.1.1, we may assume that u{Zj) C B for % = 2,3,4, 
where B is a small ball in R 2n = C n with the structure J st . Moreover, we may 
assume that || J* — J s t|U°°(B) ^£i- 

Find u G C°nL 1 ' 2 (Z(l,4),C n ) such that d Jst i; = and ||du - du|U 2 (z(i,4)) is 
minimal. We have 

\\dj et (u-v)\\ L 2 {Zi) = ||(J st - J(u))d y u\\ L 2( Z .) < ||Jst-^||L-(B)||^||L2 (Zi) . 

So for z = 2,3,4 we get 

\\du-dv\\ L 2 {Zi) < C||J st - J\\L<x>(B)\\du\\ L 2( Z (i,A))- (5.1.4) 

Now let us check the inequality (4.7) for v. Write v(z) = T l 'j° = _ 00 Vke k ( t+ie \ Then 
\\ dv \\h(Sx{t})= 47V Z™ = _ 00 k 2 \v k \ 2 e 2kt . Since obviously 

for all k 7^ with 71 = one gets the required estimate for all holomorphic v. 

Using (5.1.4) with || J st — J||i,oo sufficiently small, we conclude that the estimate 
(5.1.3) holds for u with appropriate 7 > 71. □ 

Corollary 5.1.3. Let X , h, J* , A, and the constants £2 o,nd 7 be as in Lemma 
5.1.2. Suppose that J is a continuous almost complex structure on X with \\J — 
J*\\l°°(A) < £ 2 o,nd u G C°nL 1 ' 2 (Z'(0,/),X) a J -holomorphic map such that u(Z) C 
A and \\du\\i,2^ z .^ < £2 for any i = 1,... ,1. Let A > 1 be (the uniquely defined) real 
number with A = ^ ( A 2 + 1) . 

Then for 2 ^ k ^ / — 1 one has 

\\du\\ 2 LHZk) < A-( fc " 2 ) • ||d«||i a(Za) + A-^" 1 -*) • HcHlWo- ( 5 - L5 ) 



Proof. The definition of A implies that for any a+ and a_ the sequence y k '•= 
a + X h + a_ A _fc satisfies the recurrent relation y k = ^(y k -i + Vk+i)- In particular, 
so does the sequence 

^-(fc-2) _ ^6-2Z+fc-2 ^-(l-l-k) _ ^6-2l+l-l-k 

A k ■= 1_ A 6 ~ 2Z W du \\L2(Z 2 )^ 1-A 6 " 2 * ll du ll£,3(Z,_i)> 

which is determined by the values A 2 = \\du\\ 2 L2 ^ Z2 ^ and = H^H 2 2 ( Z; ± y 

We claim that for 2 ^ k < / — 1 one has the estimate ||dit||f,2( Zfc ) ^ -Afc, which is 
obviously stronger than (5.1.5). Suppose that there exists a k such that 2 ^ /c ^ 
/ — 1 and Hditll^fz ) > A ko . Choose ko so that the difference ||dw||| 2 / Zfc n — Afc 
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is maximal. By Corollary 2.5.1 and by our recurrent definition of A^, we have 
2 < k < I - 1 and 

\\du\\h(z k0 )- A k < g (ll du lli 2 (^ 0+ i) -^feo+i + UAl^z^) ~ A k -i) < 

^\n\du\\ 2 L , {Zka) -A ko ). 

The second inequality follows from the fact that ||dn||£ 2 ( Zfc ) —Ak is maximal. This 
gives a contradiction. □ 

5.2. Removal of Point Singularities. 

An immediate corollary of this estimate is the following improvement of the 
Sacks-Uhlenbeck theorem about removability of a point singularity, see [S-U] and 
[G]. 

Corollary 5.2.1. (Removal of Point Singularities). Let X be a manifold with a 
Riemannian metric h, J a continuous almost complex structure, and u : (A, J s t) — > 
(X, J) a J - holomorphic map from the punctured disk. Suppose that 

i) J is uniformly continuous on A := u(A) w.r.t. h and the closure of A is h- 
complete; 

ii) there exists io such that, for all annuli Ri := {z E C : ^ \z\ ^ -i} with i ^ iq, 
one has || eZix || ^ 2 (jj. ) ^ e 2, where £2 is defined in Lemma 5.1.2. 

Then u extends to the origin. 

Condition i) is automatically satisfied if A = it(A) is relatively compact in X. 
Condition ii) of "slow growth" is clearly weaker than just the boundedness of the 

area, see, e.g., [S-U], [G]. It is sufficient to have lirrij >OQ |M«|||2( R .) = 0, whereas 

boundedness of the area means Y^Li \\du\\^ 2 ( R .) < 00. 

Proof. The exponential map exp(t, 6) := e~ t+%e defines a biholomorphism between 
the infinite cylinder Z(0,oo) and the punctured disk A, identifying every annulus 
Ri with the cylinder Z(i,i + 1). Applying Corollary 5.1.3 to the map noexp on 
cylinders Z(i ,l) and setting / — > 00, we obtain the estimate 

\\Ml HRl) <^ {t - to) -\\du\\h {R ^ <><o. 

Using this and Lemma 5.1.1 we conclude that d\am(u(Ri)) ^ C ■ A -1 / 2 for i > iq. 
Since ^\~ 1 / 2 < 00, u extends continuously into G A. □ 

In the proof of the compactness theorem we shall use the following corollary of 
Corollary 2.5.1. Let X be a manifold with a Riemannian metric h, J a continuous 
almost complex structure on X, A C X a closed /i-complete subset such that J is h- 
uniformly continuous on A. Furthermore, let { J n } be a sequence of almost complex 
structures uniformly converging to J, {l n } a sequence of integers with l n — > 00 and 
u n : Z(0,l n ) — > X a sequence of J n -holomorphic maps. 

Lemma 5.2.2. Suppose that u n (Z(0,l n )) C A and ||<ittn||L 2 (z i ) ^ £ 2 /or o/Z n and 
% ^l n . Take a sequence k n — > 00 swcn £/iai fc n < / n — fc n — > 00. T7ien 
||d«n||L2(z(fc n ,i„-jfc n )) -^0 and diam(n n (Z(/c n ,Z n -/c n ))) ^0; 
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2) if, in addition, all images u n (Z(0,l n )) are contained in some bounded subset of 
X, then there is a subsequence {u n }, still denoted {u n } such that both u n \z(p,k n ) 
and u n \z(k n ,i n ) converge in L 1 ^ -topology on compact subsets in A = Z(0,+oo) to 
J -holomorphic maps n+ : A — > X and : A — > X . Moreover, both it+ and 
extend to the origin and 1*^(0) = it^(0). 

Remarks. 1. The punctured disk A with the standard structure Ja~§p = f ■§§ 
is isomorphic to Z(0,oo) with the structure </zJ^ = — ^ under a biholomorphism 
{9,t) \-^e~ t+l9 . Thus, statement (2) of this corollary is meaningful. 

2. Lemma 5.2.2 describes explicitly how the sequence of J n -holomorphic maps of 
the cylinders of growing conformal radii converges to a J-holomorphic map of the 
standard node. 

Lemma 5.2.3. There is an £3 = £3^^ , A, h) such that for any continuous almost- 
complex structure J on X with || J — Joo||l°° ^ £3 and any non-constant J -complex 
sphere u : CP 1 — > X , ^(CP 1 ) C A one has the inequalities 

area(w(CP 1 )) and diam(w(CP 1 )) ^ e 3 . 



Proof. Let S\ be the constant from Lemma 5.1.1. Suppose that areaw(CP 1 ) = 
||rfw||^ 2 (cp2) ^ £?• Cover CP 1 by two disks Ai and A 2 . By (3.1) and the Sobolev 

imbedding L 1,p C C 0,1 ~p , we obtain that diam(w(Ai)) and diam(w(A2)) are smaller 
than const-ei. Thus the diameter of the image of the sphere is smaller than const-Si . 

Therefore, we can suppose that the image u(S 2 ) is contained in the coordinate 
chart, i.e., in a subdomain in C n , and the structures J and are L°°-close to a 
standard one. Consider now u : S 2 — > U C C n as a solution of the linear equation 

d x v(z) + J(u(z))-d y v(z) = (5.2.1) 

on the sphere. The operator d j(v) = d x v(z) + J(u(z))-d y v(z) acts from L 1,P (S 2 , C n ) 
to L P (S 2 , C n ) and is a small perturbation of the standard <9-operator. Note that the 
standard d is surjective and Fredholm. Thus small perturbations are also surjective 
and Fredholm, having the kernel of the same dimension. But the kernel of d consists 
of constant functions. Since all constants are in the kernel of (5.2.1), our u should 
be a constant map. 

We have proved that if the area or a diameter of a J-holomorphic map is suffi- 
ciently small then this map is constant. □ 

Remark. The same statement is true for the curves of arbitrary genus g. In that 
case, in addition to the estimate (5.1.2), one should also use the estimate (5.1.3). 
This yields the existence of an e which depends on g (and, of course, on X, J, and 
K), but not on the complex structure on the parameterizing surface. 

5.3. Compactness for Curves with Free Boundary. 

In this section we give a proof of the Gromov compactness theorem for the curves 
with boundaries of fixed finite topological type and without boundary conditions 
on maps. The case of closed curves is obviously included in this. 
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Throughout this section we assume that the following setting holds. 

Let X be a manifold with a Riemannian metric h, a continuous almost 
complex structure on X , A C X an h-complete subset, {C n } a sequence of nodal 
curves parameterized by a real surface E with parameterizations 5 n : E — > C n , and 
u n '■ (C n ,j n ) — > (X,J n ) a sequence of holomorphic maps. Further, Joo is h-uniformly 
continuous on A, J n are also continuous and converge to J^, h-uniformly on A, 
u n (C n ) C A for all n. 

Let us explain the main idea of the proof of Theorem 1.1. The Gromov topol- 
ogy on the space of stable curves over X is introduced in order to recover natural 
convergence of sequences (C n ,u n ) of complex curves of bounded area which do not 
converge in the "strong" (i.e., L 1,p -type) sense. The are two reasons for this. The 
first is that a sequence of (say, smooth) curves C n could diverge in an appropriate 
moduli space and the second is a phenomenon of "bubbling". In both cases one 
has to deal with the appearance of new nodes, i.e., with a certain degeneration 
of the complex structure on curves. The "model" situation of Lemma 5.2.2 de- 
scribes a convergence of "long cylinders" u n : Z(0,l n ) — > X, l n — > oo, to a node 
Uoo : Ao — > X. In our proof we cover curves C n by pieces which are either "long 
cylinders" converging to nodes or have the property that complex structures and 
maps "strongly" converge. Here the "strong" convergence means the usual one, 
i.e., w.r.t. the C°°-topology for complex structures, and w.r.t. the L^-topology 
with some p > 2 for maps. In fact, the strong convergence of maps is equivalent to 
the uniform one, i.e., w.r.t. the C°-topology, and implies further regularity in the 
case when J n and have more smoothness. One consequence of this is that we 
remain in the category of nodal curves. Another is that we treat degeneration of a 
complex structure on C n and the "bubbling" phenomenon in a uniform framework 
of "long cylinders" . 

For the proof we need some additional results. 

Lemma 5.3.1. For any R > 1 there exists an a + = a + (R) > with the following 
property. For any cylinder Z = Z(0,l) with < / ^ +oo and any annulus A C 
Z(0,l), which is adjacent to d$Z = S 1 x {0} and has a conformal radius R, one has 
Z(0,a+) C A. 

Proof. Without loss of generality we may assume that / = +oo and identify Z 
with the punctured disk A via the exponential map (t + i9) i— > e~ t+10 such that 8qZ 
is mapped onto 5" 1 = dA. 

Suppose that the statement is false. Then there would exist holomorphic imbed- 
dings f n : A(1,R) — > A and points a n G A\f n (A(l,R)) such that f n (A(l,R)) are 
adjacent to dA and a n — > a G dA. Passing to a subsequence, we may assume that 
{f n } converges uniformly on compact subsets in A(1,R) to a holomorphic map 
f:M\.R) A. 

If / is not constant, then f(A(l,R)) must contain some annulus {b < \z\ < 1} 
with b < 1. But then {Vb < \z\ < 1} C f n (A(l,R)) for n » 1, which is a 
contradiction. 

If / is constant, then the diameter of images of the middle circle 7 := {\z\ = 
\/R} C A(1,R) must converge to 0. But diam(/ n (7)) ^ dist(0,a n ) — > 1. The 
obtained contradiction finishes the proof. □ 
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For the proof of Theorem 1.1 we need a special covering of E which will be 
constructed in the following theorem. 

Theorem 5.3.2. Under the conditions of Theorem 1.1, after passing to a subse- 
quence, there exist a finite covering V of E by open sets V a and parameterizations 
cr n : E — > C n such that 

(a) all V a are either disks, or annuli or pants; 

(b) for any boundary circle 7$ of E there is some annulus V a adjacent to 7$; 

(c) cr*j'J does not depend on n if V a is a disk, pants or an annulus adjacent 
to a boundary circle of E; 

(d) all non-empty intersections V a C\Vp are annuli, where the structures a*j n o,re 
independent of n; 

(e) if a is a node of C n and 7™ = a~ 1 (a) the corresponding circle, then 7™ = 7 a 
does not depend on n and is contained in some annulus V a , containing only one such 
"contracting" circle for any n; moreover, the structures a^j n \ , are independent 
ofn; 

(f) if 'V a is an annulus and a n (V a ) doesn't contains nodes, then the conformal 
radii o/cr n (V a ) converge to some positive _R^° > 1 or to +00; 

(s) if f or initial parameterizations 5 n and fixed annuli A i; each adjacent to the 
boundary circle 7$ of E, the structures 8n3n\ A do not depend on n, then the new 
parameterizations a n can be taken equal to 5 n on some subannuli A\ C Ai also 
adjacent to 7^. 

Proof. We shall prove the properties (a)-(f). The property (g) will follow from 
Lemma 5.3.3 below. 

There are four cases where the existence of such a covering is obvious. If all C n 
are disks or annuli without nodal points, there is nothing to prove. In the third 
case each C n is a sphere, and we cover it by two disks. 

In the forth case each C n is a torus without marked points. Then any complex 
torus can be represented by the form C/(Z + rZ) with |Rer| ^ | and Imr > \. 
Considering the map z G C 1— > e 2lTlz G C := C\{0}, we represent (T 2 ,j) as the 
quotient C / {z ~ X 2 z} with A = e niT , so that |A| < e _7r / 2 < J. The annuli 

I A I I A I ^ 

{■^ < \z\ < 1} and < \z\ < |A|} form the needed covering. 

In all remaining cases we start with the construction of appropriate graphs F n 
associated with some decomposition of C n into pants. Lemma 5.1.2 and a non- 
degeneration of the complex structure j n on C n shows that lengths of all boundary 
circles of all non-exceptional components C n ^ of C n are uniformly bounded from 
above. At this point we make the following 

Remark. The Collar Lemma from [Ab], Ch.II, §3.3 yields the existence of the 
universal constant /* such that for any simple geodesic circles 7' and 7" on C n ^ 
the conditions £(Y) < I* and £(Y') < I* imply 7' 07" = 0. We shall call geodesic 
circles 7 with £(7) < /* short geodesies. 

The fact that (C n ,u n ) are J n -complex and of bounded area shows that C n have 
a uniformly bounded number of components. Indeed, the number of exceptional 
components, which are spheres and disks, is bounded by the energy (see Lemma 
5.2.3), and the number of boundary circles of C n is equal to that of E. 
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Furthermore, the operation of contracting a circle on E to a nodal point either 
diminishes the genus of some component of C n or increases the number of compo- 
nents. Thus, the number of nodal points on C n and the total number of marked 
points on its components are also uniformly bounded. This implies that the number 
of possible topological types of components is finite. 

In this situation the Teichmiiller theory (see [Ab], Ch.II, §3.3) states the exis- 
tence of decomposition of every non-exceptional component C n ^\{marked points] 
into pants with the following properties: 

i) Every short geodesic is a boundary circle of some pants of the decomposition. 

ii) The intrinsic length of every boundary circle is bounded from above by a 
(uniform) constant depending only on an upper bound of lengths of boundary 
circles and possible topological types of C nt i\{marked points}. 

Having decomposed all C n ^\{marked points] into pants, we associate with every 
curve C n its graph r n . As was noted above, the number of vertices and edges of 
T n is uniformly bounded. Thus, after passing to a subsequence, we can assume 
that all T n are isomorphic to each other (as marked graphs). Denote this graph by 
T. Now, the parameterizations a n : E — > C n can be found in such a way that the 
decompositions of C n ^\{marked points] into pants define the same set 7 = {7a} of 
circles on E and induce the same decomposition S"\U a 7 a = UjSj with the graph T. 

By our construction of the graph T, each edge of V corresponds either to a circle 
in E contracted by every parameterization a n to a nodal point, or to a circle mapped 
by every a n onto a geodesic circle separating two pants. Furthermore, each tail of 
T corresponds to a boundary circle of E. Thus, we shall use the same notation 
7o for an edge or a tail of V and for the corresponding circle on E. If cr n (7 a ) is a 
boundary circle of some pants Cj, then the intrinsic length £ n a = £ n (7 Q ) of cr n (7 a ) 
is well- defined. This happens in the following two cases: 

a ) o"n(7a) separates two pants, or else 

b) 7q is a boundary circle E and the irreducible component of C n attached to 
o~ n {lo) is not a disk with a single nodal point. Note that the appearance of these 
two cases is independent of n. 

By our choice of 7 a , the lengths £ n (7 a ) are uniformly bounded from above. 
Passing to a subsequence, we may assume that for any fixed a the sequence {£ n ,a] 
converges to £ QO) a . 

As one can expect, the condition £ n>a — > means that the circle 7 a is shrunk 
to a nodal point on the limit curve. We shall prove the statement of the theorem 
by induction in the number N of those circles 7 a for which loo,a = 0. 

The case A = 0, where there are no such circles, is easy. Passing to a sub- 
sequence, we may assume that the Fenchel- Nielsen coordinates (£ n ,$ n ) of any 
non-exceptional component C n ^ of C converge to the Fenchel-Nielsen coordinates 
(^00,^00) of some smooth curve with marked points. Gluing together appro- 
priate pairs of marked points, we obtain a nodal curve C^, which admits a suitable 
parameterization cr^ : E — > and has the same graph V. Lemma 5.1.3 shows that 
for n » 1 the curves C n can be obtained from by deformation of the transition 
functions for the intrinsic local coordinates on non-exceptional components of . 
Note that such a deformation can be realized as a deformation of the operator 
of a complex structure on C^, localized in small neighborhoods of circles a"oo(7 a ), 
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see Fig. 10. In the case where 7 Q is a boundary circle we may additionally assume 
that the annulus, where j n changes, lies away from 7 a . Now the existence of the 
covering with desired properties is obvious. 

Fig. 10. 

V a and Vp represent elements of the 
covering where the complex struc- 
ture is constant. The change of com- 
plex structure is done in the shaded 
part of Vy. Wp :=V a (~) Vp and 
:=V Q ,nV 1 represent the annuli with 
the constant complex structure. 

Let us now consider the general case where the number N of "shrinking circles" 
is not zero. Take a circle 7 a with ^oo(7a) = 0. Let Sj be pants adjacent to 7 a . 
Consider the intrinsic coordinates p a and 6 a at a n (la) and the annuli 
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is the logarithm of 



: , .,, j (resp. of A~ a j). Consequently, we can use Lemma 



adjacent to a n (7 a ). Note that 
the conformal radius of A 

4.3.2 to show that these annuli are well-defined. 

If 7 a is a boundary circle, we set C~ := C n \A~ a .. Otherwise 7 Q separates two 
pants, say Sj and Sk- Then we define in a similar way the annuli A n ^ a ^ and A~ a fc , 
set A n , Q :=A„, aj U4, ff , t and A~ a ■= A'^VJ A~^ k and put C~ := C n \A~ a . 

The parameterizations a n : E — > C n can be chosen in such a way that the annuli 

<7n 1 ( A n,a,j) ( reS P- ff n 1 ( A n,a,k) ) define the Same annuluS ( reS P- ^a,fc) ° n E - Let 

7~^ (resp. 7~ fc ) denote its boundary circles different from 7 Q . Thus, the curves C~ 



,ua; 



are parameterized by a real surface E~ := E\A~ ■ (resp. E~ := E\(A^ J -^^i a fc/) 
and the restrictions of a n can be chosen as parameterization maps. Thus, the 
decompositions of components of C n into pants define the combinatorial type of 
decompositions of components of C~ into pants. Moreover, the corresponding 
graph r~ will be the same for all C~ . It coincides with Y if 7 Q is a boundary circle. 
Otherwise T~ can be obtained from V by replacing the edge corresponding to 7 Q 
by two new tails for two new boundary components. 

Take some non-exceptional component C~ i of C~ and decompose it into pants 
according to graph T~ in the canonical way, so that the boundary circles of the 
obtained pants are geodesic. Note that even if the constructed pants are in com- 
binatorial one-to-one correspondence with the pants of C n , the intrinsic metric on 
C~ i and the obtained geodesies circle 7^ differ from the corresponding objects on 
C 

Nevertheless, we claim that for the obtained decomposition of C~ the intrinsic 
lengths are uniformly bounded from above (possibly by a new constant) and that the 
sequence {C~} has fewer "shrinking circles" than {C n }. The meaning of the above 
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construction is the following. The curves C~ are obtained from C~ by cutting off 
the annuli A~ a - (and resp. the annuli A~ •). These annuli are sufficiently long 
so that one "shrinking circle" disappears, but not too long so that the complex 
structures of the curves C~ remain non-degenerating near the boundary. 

Indeed, the complex structures on C~ do not degenerate at the boundary circle 
la,j ( res P- at 7a )fc ), because C~ contain annuli A njCe j\A- aJ (resp. A n ^ k \A-^ k ) 
of the constant conformal radius R = e > 1. This means that the lengths i^ila j) 

of 0n{la,j) ( res P- ^n(la,k) °f a n(la,k)) witn res P ec t to the intrinsic metrics on C~ 
are uniformly bounded. 

On the other hand, the lengths t^ila j) ( res P- ^nilak)) are a ^ so uniformly 
bounded from below by a positive constant. Otherwise, by Lemma 3.4, after passing 
to a subsequence, there would exist annuli A n C C~ of infinitely increasing radii R n , 
adjacent to cr n {^~ •) (resp. to cr n (7~ fc )). The superadditivity of the logarithm of the 
conformal radius of annuli, see [Ab], Ch.II, §1.3, shows that the conformal radius 

.R+ of the annulus A~ a -VjA n satisfies the inequality log-R+ ^ -f- |£ — l + \ogR n , 

which contradicts Lemma 4.3.2, part i). 

Now we estimate the intrinsic lengths of boundary circles and the number of 
"shrinking circles" on C~ . Denote £ n := £ n {loi), where 7 a is the circle on S used in 
the above constructions. Compute the width L n of A n>a j\A~ a ■ w.r.t. the intrinsic 
metric on C n . Using l n — > 0, we obtain 



ffr-& f £l \ r / n 
L n = l^*\dp= logcotan - 
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f t 



= log ^ r ~'og ^V = log 1 + 75- > 0- 

Thus we can find annular neighborhoods A n C C~ of a n (7 a ) with constant 
conformal radius i? > 1. 

Let 7~ a C C~ be the geodesic circle corresponding to 7 Q . It is the unique circle, 
which is homotopic to 7 n>a = cr n (la) and is geodesic w.r.t. the intrinsic metric on 
C~ . Let £~ a denote its C~-intrinsic length. Using the monodromy argument as in 
the proof of Lemma 5.1.2, we see that every A n can be isometrically imbedded into 
the annulus A+ := (-7=—, 7=—) x S 1 with coordinates -7=— < p < 7=—, < 6> < 27r 

and with metric (%fV C0S %jr~) (dp 2 + d9 2 ) of conformal radius e 271 " 2 ^™.". The 

— 2 2 

monotonicity of conformal radius of annuli yields the upper bound i n a ^ i^r^- 

The same argumentation shows that if £oo, a 7^ 0, then also do not vanish. 
Indeed, if £~ — > 0, then we could find annular neighborhoods A' n C C~ C C n of 
7n,« with infinitely increasing radii R' n . Using the homotopic equivalence of 7~ a 

with a n (7 a ) as above, we would obtain the estimate £ n ^ ^ \^ R , > 0, which is a 

contradiction. 

Thus, we have shown that C~ , with the intrinsic metric and defined by the T - 
decomposition, have uniformly bounded lengths of marked circles and less "shrink- 
ing circles" than C n . Using induction, we may assume that the postulated covering 
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of E and parameterizations of C n by E exist. Since C n \C n is an annulus of 
increasing conformal radius, the statement of the theorem is valid for C n . □ 

Lemma 5.3.3. Let C n be a sequence of complex annuli with structures j n , E some 
fixed annulus and 5 n : E — > C n parameterizations. Suppose that for some fixed 
annuli A\,A 2 C E adjacent to the boundary circles o/E restrictions 5*j n U; do not 
depend on n. 

Then one can find parameterizations o~ n : E — ► C n such that o~ n coincide with 5 n 
on some (possibly smaller) annuli A\, are also adjacent to the boundary circles of 
E restrictions, and that 

i) if conformal radii R n of C n converge to Roo < oo, then cr^j n converge to some 
complex structure; 

ii) if conformal radii R n of C n converge to oo, then for some circle 7 C E 
structures o~* n j n converge on compact subsets K <s E\7 to a complex structure of 
disjoint union of two punctured disks. Moreover, such a 7, an arbitrary imbedded 
circle generating 7Ti(E), can be chosen. 

Proof. Without loss of generality we may assume that E = 4(1, 10), A\ = 4(7, 10), 
A 2 = -4(1,4) and that a given circle 7 lies in 4(3,7). Let 5 n : E — > C n be the given 
parameterizations. There exist biholomorphisms ip n : C n — > 4(r n , 1) with r~ l = R n 
being the conformal radii of C n such that ip n (8 n (Ai)) is adjacent to {\z\ = 1} = dA 
and ip n (5 n (A 2 )) is adjacent to {\z\ = r n }. Define <p' n (z) := 

Recall that structures 5^ l j n \A l are independent of n. We call this structure j. 
Consider maps (p n o5 n : (A X J) ->• A(r n ,l) C A and <f' n oS n : (A 2 ,j) -> A(r n ,l) C A. 
Passing to a subsequence we can suppose that r n — ► < 1 and that maps 
y?„o(5„, Lp' n o5 n converge on A\ U A 2 to holomorphic maps ip : (AiU A 2 ,j) — > A 
and ip' : (A^LI A 2 ,j) — > A, respectively. This means that maps (ip n o5 n , ip' n oS n ) : 
(Ai U4 2 ) — > A 2 take values in {(z,z') G A 2 : z-z' = r n } and converge to the map 
(VsVO : (AiUA 2 ) -> A 2 with values in G A 2 : ^2/ = ^}. 

Arguments from the proof of Lemma 5.3.1 show that if}(Ai) and -i//(42) are 
annuli adjacent to dA. This implies that for n » 1 there exist diffeomorphisms 
(V>n,V>n) : s {(^^') G A 2 : ^ = r n} such that = ip n o <5 n on 4(9,10), 
ip' n (z) = ^o5 n (z) for 2; G 4(1,2), and (ip n ,ip' n ) converge to (V , ,V ,/ ) on ^- Moreover, 
we may assume that |^> n (i)| = |^(t)| = for any £ G 7. This means that 
(VVj^nXT) nes on the m iddle circle {(-2,-2') : |z| = ^Jr~^, z' = of {(z,z') G A 2 : 
z-z' = r n }. 

Set a n := ip~ l o^ n : E — > C n . Then, obviously, a n = 5 n on 4(1,2) and on 
4(9,10), and o* n j n = (VVi, VOn^st — ► J s t, where J st denotes the standard 

complex structure on A 2 . □ 

Proof of Theorem 4.1.1. Let {(C n ,u n )} be the sequence from the hypothesis 
of the theorem. Then the condition c) of the theorem and Lemma 5.3.1 provide 
the existence of parameterizations 5 n : E — > C n and annuli 4j, adjacent to each 
boundary circle 7,, such that S^jc n are constant in every 4j. Thus we may assume 
that such 5 n are given. 
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Take a covering V = {V a } and parameterizations a n as in Theorem 4.3. With 
every such covering we can associate the curves C a;U := cr n (V a ), the parameteriza- 
tions (J a , n := cr n \ : V a — > C Qjn and the maps u a ^ n := u n \ : C Qjn — > X. Consider 

the following type of convergence of sequences {(C a ^ n ,u ayn ,a ayn )} with the fixed a: 

A) C a ^ n are annuli of infinitely growing conformal radii l n and the conclusions of 
Lemma 5.2.2 hold; 

B) every C a ^ n is isomorphic to the standard node A = AU{ }A such that the 

compositions V a C Qjn Aq define the same parameterizations of Aq for 
all n; furthermore, the induced maps u a , n '■ Aq X strongly converge; 

C) the structures cr^j n \ and the maps w a ,n°C"a,n : V a — > X strongly converge. 
Here the strong convergence of maps is the one in the L 1,p -topology on compact 
subsets for some p > 2 (and hence for all p < oo), and the convergence of structures 
means the usual C°°-convergence. 

Suppose that there is a subsequence, still indexed by n — > oo such that for any 
V a we have one of the convergence types A)-C). Then the sequence of global maps 
{(C n ,w n ,cr n )} converges in the Gromov topology which gives us the proof, as well 
as a precise description of the convergence picture. 

Otherwise, we want to find a refinement of our covering V and parameterizations 
a n which have the needed properties. We shall proceed by induction, estimating 

£ 2 

an area of pieces of coverings of E. To do this, we fix e > satisfying s ^ -y with 

£ 2 

E\ from Lemma 5.1.1, e ^ -j- with Si from Lemma 5.1.2 and e ^ ^ with £3 from 
Lemma 5.2.3. First consider the 

Special case: area (u n (a n (V a ))) ^ e for any n and any V a G V. We can consider 
every V a separately. If the structures cr^j n \v a are constant, then some subsequence 
of u n o(j n strongly converges due to Corollary 2.5.1. 

If structures cr^j n \v a are not constant, then V a must be an annulus. Fix bi- 
holomorphisms (p n : Z(0,l n ) <7 n (V a ). If l n — > 00, Lemma 5.2.2 shows that 
(and describes how!) an appropriate subsequence of u n oip n converges to a Jqo- 
holomorphic map of a standard node. Otherwise, we can find a subsequence, 
still denoted (C n ,u n ), for which l n — > < 00 and UjiOip^ converge to a Joo~ 
holomorphic map of Z(0,/oo) m L 1,p -topology on compact subsets K d Z(0,/oo) for 
any p < 00. To construct refined parameterizations <7 a>n : V a — > C a ^ n = cr n (V a ), we 
use property (d) from Theorem 5.3.2 and apply Lemma 5.3.1. 

Thus, we reach one of the convergence types A)-C) which gives the proof in this 
Special case. 

General case. Suppose that the theorem is proved for all sequences of J n -holo- 
morphic curves {(C n ,u n )} with parameterizations 5 n : E — > C n which satisfy the 
additional condition area (u n (C n )) ^ (N—l)s for all n. We see this as the hypothesis 
of the induction in N , so that our Special case is the base of the induction. 

Assume that there exists a subsequence, still indexed by n — > 00 such that for 
every V a and for the curves C a>n = a n (V a ) the statement of the theorem holds. This 
means that there exist refined coverings V a = UjV^j and new parameterizations 
&a,n '■ Va Ca,n such that the a n coincide with the a n near the boundary of 
every V a and such that for the curves C a ^, n := a n {y a ^) we have convergence of one 
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of the types A)-C). Then we can glue cr a ,n together to global parameterizations 
a n : E — > C n and set V := {V^}, obtaining the proof. 

In particular, due to the inductive hypothesis, this is also true for any V a such 
that area(it n ((7 n (V^))) < (N — l)e for all n. 

This implies that it is sufficient to consider only those V a for which (N — l)e ^ 
area (u n (a n (V a ))) ^ Ne for all n. Obviously, it is sufficient to show the desired 
property only for such a piece of covering, say for V\. To construct the refined 
parameterizations o\, n and the covering V± = UjVi^, we consider four cases. 

Case 1): The structures a* n j n \y x do not change and C\, n are not isomorphic 
to the standard node Aq. Then we can realize (Vi,cr*j n ) as a constant bounded 
domain D in C. Hence we can consider u n oa n : V a — > X as holomorphic maps 
u n : D — > (X,J n ). Now we use the "patching construction" of Sacks-Uhlenbeck 

[s-u]. 

Fix some a > 0. Denote D- a := {z £ D : A(z,a) C D}. Find a covering of 
D- a by open sets Ui C D with diam(£/i) < a such that any z G D lies in at most 3 
pieces t/j. Then for any n there exists at most 3iV pieces Ui with area (u n (Ui)) > e. 
Taking a subsequence, we may assume that the set of such "bad" pieces Ui is the 
same for all n. Repeat successively the same procedure for |, |, and so on, and 
then take a diagonal subsequence. We obtain at most 3iV "bad" points y\ , . . . , y\ 
such that a subsequence of u n converges in D\{yl, ... , yf} strongly, i.e., in the L 1,p - 
topology on compact subsets K <<= D\{y\, . . . These "bad" points y$,--- ,yf 

are characterized by the property 

for any r > area (u n (A(y*,r)) > e for n all sufficiently big. (5.3.1) 

Remark. As we shall now see, every such point is the place where the "bubbling 
phenomenon" occurs. Therefore we shall call y* bubbling points. The characteri- 
zation property of a bubbling point is (4.1). 

If there are no bubbling points, i.e., / = 0, then the chosen subsequence u n 
converges strongly and we can finish the proof by induction. 

Otherwise, we consider the first point y\ e D. Take a disk A(yl, g) which doesn't 
contain any other bubbling points y*, % > 1. 

Then for any n we can find the unique r n such that 

(1) r n ^ § and area (u n (A(x,r n ))) ^ e for any x E A(yl, f ); 

(2) r n is maximal w.r.t. (1). 

Then r n — > 0, because otherwise for r + := limsup r n > and for some subse- 
quence nt — > oo with r Uk — >■ r + we would have 

area (u nfc (A(y*,r + ))) ^ e, 

which would contradict (5.3.1). 

Lemma 5.3.4. For every n » 1 there exists x n G A(y*, |), such that x n — > yjj 1 
and area (u n (A(x n ,r n ))) =£. 

Proof. If not, then for some subsequence — > oo and every x G A(y*,|) we 
would have area (u nk (A(x,r nk ))) < e. Since r n — >■ 0, this would contradict the 
maximality of r n . In particular, there exists the postulated sequence {x n }. 
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If x n do not converge to y\ , then after going to a subsequence we would find y' = 
lim n ^oo x n 7^ y\. By our construction, y' does not coincide with any other bubbling 
point y*. Take a > such that A(y',a) contains no bubbling point. Then by 
Corollary 2.5.1 some subsequence u Uk would converge to some v! G L 1{ ^(A(j/', a),X) 
in strong L 1,:P (if )-topology for any compact subset K d A(y',a) and any p < oo. 
In particular, for sufficiently small b < a we would have area (u nk (A(y' , &))) — > 
area (u'(A(y', b))) < e, which would contradict the choice of r n and x n . □ 

Using constructed r n and x n , define maps v n : A(0, — > (X,J n ) by u n (z) := 
u n {x n + r n z). By the definition of r n we have 

area(u„(A(x,l)) ^£ for all x G A(0, — 1). (5.3.2) 

On the other hand, area (v n (A(0, 1)) = area (u n (A(x n ,r n )) = e by Lemma 5.3.4. 
Thus f n converge (after going to a subsequence) on compact subsets in C to a 
nonconstant Joo-holomorphic map with finite energy. Consequently, v^, extends 
onto >S 2 by the removable singularity theorem of Corollary 5.2.1. 

Since is nonconstant, H^ooH^^) = area (f 0O (5' 2 )) ^ 3e by Lemma 5.2.3 and 
the choice of e. Choose b > in such a way that 

area(voo(A(0,6)) = ||duoo||i,3(A(o,6)) ^ 2e. (5.3.3) 
By Corollary 2.5.1 this provides that 

N' u n||l2(A( :E „,br Il )) = IM^IIl 2 (A(0,6)) ^ £ - (5.3.4) 

For n » we consider the coverings of V\ by 3 sets 

V*? := Vi\A(yi,$), V$ := A(yt, g)\A(x n ,br n ), V$ := A(x n , 26r n ). 

Fix n sufficiently big. Denote V M := v/™°\ Vi.2 := V$\ and Vi, 3 := V^ o) . 

There exist diffeomorphisms ip n : V\ — > Vi such that -0 n : V^i — > V"/^ is identity, 

V'n : Vi^ — > ^1,2^ ^ s a diffeomorphism and ip n : Vi^ — > V"/^ is biholomorphic w.r.t. 
the complex structures, induced from Ci >n . 

Thus, we have constructed the covering {V^i, Vi^, Vi^} of V\ and parameter- 
izations o' n := o\^ n oi\) n : Vi — > Ci >n such that the conditions of Theorem 5.3.2 
are satisfied. Moreover, area (u n (a' n (Vi t i))) ^ (N — l)e due to inequality (5.3.4). 
Consequently, we can apply the inductive assumptions for the sequence of curves 
cr' n (Vi t i) and finish the proof by induction. 

Case 2): V\ is a cylinder, structures o n j n \y x vary with n, but conformal radii of 
(Vi,a*j n ) are bounded uniformly in n. Applying Lemma 5.3.3, we can assume that 
structures cr*j n converge to a structure of an annulus with finite conformal radius. 
The constructions of Case 1 ) are used here with the following minor modifications. 
First, we find the set of the bubble points y* G Vi, using the same patching construc- 
tion and the characterization (5.3.1). Then we find diffeomorphisms ip n : V\ — > V\ 
such that a) (fi n converge to the identity map Id : V\ — > Vi; b) <p n are identical in 
fixed (i.e. independent of n) annuli adjacent to the boundary circles of V\; c) <p n 
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preserve every bubble point, <p n (y*) = y*; and finally d) for the "corrected" param- 
eterizations a n := a n oip n the structures o^ l j n \y x are constant in a neighborhood 
of every bubble point y*. Then we repeat the rest of the constructions of Case 1) 
using the new parameterizations a n . 

Case 3): Every Ci >n = a n (Vi) is isomorphic to the standard node Aq. Fix identi- 
fications Ci 5n = Aq such that the induced parameterization maps a\, n : V\ — > Aq 
are the same for all n. Represent Aq, and hence every Ci jTl , as the union of two 
discs A' and A" with identification of the centers G A' and G A" into the 
nodal point of Aq, still denoted by 0. Let u' n : A' — > X and -u" : A" — > X be 
the corresponding "components" of the maps Ui jH : Ci >n — > X. Find the common 
collection of bubbling points y* for both maps u' n : A' — > X and it^ : A" — > X. If 
there are no bubble points, then we obtain the convergence type B) and the proof 
can be finished by induction. Otherwise consider the first such point y\ which lies, 
say, on A'. If is distinct from the nodal point G A', then we simply repeat all 
the constructions from Case 1). 

It remains to consider the case y\ = G A'. Now one should modify the 
argumentations of Case 1 in the following way. Repeat the construction of the radii 
T n — ► 0, the points x n — > y\ = 0, and the maps v n : A(0, ^-) — > X, : S 2 — > X 
from Case 1. Set R n := \x n \, so that R n is the distance from x n to point = y\ G A'. 
After rescaling it n to the maps i> n , the point G A' will correspond to the point 
z n := — 7 21 m the definition domain A(0, of the map v n . We will now consider 
two subcases. 

Subcase 3'): The sequence — is bounded. This is equivalent to boundedness of 
the sequence z*. Going to a subsequence we may assume that the sequence z* n 
converges to a point z* G C. This point will be a nodal one for (5' 2 ,z; 0O ). As above, 
Voo is nonconstant and ||<ii>oo|||2(s2) = area {voo{S 2 )) ^ 3e. Choose 6 > in such a 
way that 

ll du oo||i2 (A(0j6)) ^2e (5.3.5) 
and b ^ 2|z*| +2. Due to Corollary 2.5.1 for n » 1 we obtain the estimate 

\\d' U n\\L 2 (A'(x rl ,br rl )) = II dv n \\ L i (A(0,6)) ^ £ - (5.3.6) 

Here A'(x,r) denotes the subdisc of A' with the center x and the radius r. Fur- 
themore, for n » 1 we have the relation z* n G A(0,6— 1), or equivalently, G 
A'(x n ,(6-l)r n )). 

Define the coverings of Aq by four sets 

w (n) ;= A '\A'(0,§), W 2 (n) := A'(0,e)\5'(s n ,&r n ), 

W 3 (n) := A'(x n ,26r n )\A'(0,^), W 4 (n) :=A'(0,r n )UA", 

and lift them to Vi by putting V$ := <r^(W; (n) ). Choose n » such that z* G 
A(0,6— 1) and the relation (5.3.6) holds. Set := V^K Choose diffeomorphisms 
V'n : Vi — > V~i such that V> n : V~i 5 i — > v/ ^ is the identity map, Vvi : —> v/2 
and ?/> n : Vi )3 — > V^ are diffeomorphisms, and -0 n : Vi j4 — > V"/^ corresponds to 
isomorphisms of nodes = -A . Set 0^ := cr n oip n . The choice above can be 
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done in such a way that the refined covering {Vi^} of V\ and parameterization 
maps <r' n '. V± — > Ci, n have the properties of Theorem 5.3.2. Moreover, relations 
(5.3.2) and (5.3.6) imply the estimate area (u n (a' n (Vi t i)) ^ (N — l)e. This provides 
the inductive conclusion for Subcase 3'). 

Subcase 3"): The sequence — increases infinitely. This means that the sequence 
z* n is not bounded. Nevertheless R n — > since x n — ► 0. We proceed as follows. 
Repeat the construction of the raduis b from Case 1). For n » define the 
coverings of Aq by six sets 

W[ n) := A'\A'(0,f), Wt ] :=A'(0,g)\A'(x n ,2R n ), 

Wi n) := A>(x n ,4R n )\(A>(x n , f-) U A'(0, ^)) w[ n) := A'(0, ^juA", 
Wt } :=A'(x n ,^)\A'(x n ,brn), W^ n) := A'(0,26r n ), 

and lift them to V\ by putting v/™ := ^nO^i )• Choose no » such that 
R no » br no , and set V\^ := v}™°' > . Choose diffeomorphisms ip n : V\ — > V\ such 
that ip n : Vi 5 i — > V"/^ is the identity map, ifj n : ^1,2^ V'n : V\^ — > v/ 4 and 

V'n : ^1,5 — * Vi 5 are diffeomorphisms, and finally, ?/> n : Vi^ — > g corresponds to 
isomorphisms of nodes = /Lo- Set cr^ := o~ n oifj n . Again, this choice can be 

done in such a way that {Vi,i} and parameterization maps a' n :Vi—* Ci j7l have the 
properties of Theorem 5.3.2. As above, we get the estimate area (u n (<7' n (Vi,i)) ^ 
(N — l)e due to (5.3.2). Thus we get the inductive conclusion for Subcase 3") and 
can proceed further. 

Case 4): V\ is a cylinder, structures o^j n \y x vary with n, and conformal radii of 
(Vi,a^j n ) converge to +00. Using Lemma 5.3.3, we can assume that structures 
a* j n satisfy property U) of this lemma. 

Fix biholomorphisms cr n (Vi) = Z(0,l n ). If area (u n (Z(a — 1, a))) ^ e for any n 
and any a G [l,/ n ], then Lemma 5.2.2 shows that u n : cr n (Vi) — > X converge to a 
Joo-holomorphic map from a node. 

If not, then, after passing to a subsequence, we can find a sequence {a n } with 
tt n £ [IJn] such that area (it n (Z(a n — l,a n ))) ^ e. If a n is bounded, say a n ^ a + , 
then we cover Z(0,l n ) by the sets V\^ := Z(0,a + + 2) and := Z(a + + l,/ n ). 
If Z n — a n is bounded, say l n — a n ^ a + , then we cover Z(0,l n ) by the sets Vi ; i := 
Z(0,l n — a + +2) and Vj.,2 := Z(Z n — a + + l,Z n ). In the remaning case, when both 
a n and l n — a n increase infinitely, we cover Z(0,l n ) by 3 sets := Z(0,a n — 1), 

:= Z(a n — 2,a n + 1), and := Z(a n J n ). Cover Vi by 2 or, respectively, 
3 successive cylinders V\^ in an obvious way. Find diffeomorphisms ip n : V± — > Vi 
identical in the neighborhood of the boundary of Vi and such that ip n (Vi t i) = 
a^vff. Define the new parameterizations o' n := a n oi/j n . Note that we may 
additionally assume that if the conformal radius of <j' n (Vij) is independent of n 
then the structure a' n *j n \ v is also independent of n. 

By this construction we obtain the following property of the covering {Vi^} and 
new parameterizations a' n . For any Vi we have either the estimate 

area {u n {a' n {V hi ))) ^ (N - 1) e. 
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or the structures o'^ 3 n \v x ; do not depend on n. Thus we reduce our case to the 
situation which is covered either by the inductive assumption or by Case 1). 

The proof of the theorem can be finished by induction. The fact that the limit 
curve (Coo, ttoo) remains stable over X is proved in Lemma 5.3.5 below. □ 

Remark. Here we explain the meaning of the constructions used in the proof. 
We start with Case 1), where J n -holomorphic maps from a fixed domain D C C 
are treated. Bubbling points y* appear in this case as those where the strong 
convergence of maps u n : D — > (X,J n ) fails. The patching construction of Sacks 
and Uhlenbeck insures that the "convergence failure" set is finite and insures an 
effective estimate on the number of bubbling points by the upper bound of the area, 
/ ^ 3N in our situation. The characterization property (5.3.2) of bubbling points 
is essentially due to Sacks and Uhlenbeck; the only difference is that we use the 
area of the map u (which is equivalent to the energy of it, i.e., L 2 -norm of du) , 
whereas in [S-U] the ||dit||.Loo is used. The next step, the construction of maps v n 
as the rescaling of the u n and the existence of the limit Voo is also due to Sacks and 
Uhlenbeck. 

Due to the explicit construction of the map i^, it is useful to imagine the curve 
(S 2 ,Voo) as a "bubbled sphere" and as the point where the "bubbling" occurs. 
Moreover, one obtains natural partitions (one for each n » 0) of D into three 
pieces: D minus a fixed small neighborhood of y*; disks (A(x n ,br n ),u n ) represent- 
ing pieces (A(0,6),v oo ) and approximating a sufficiently big part (A(0,6),v oo ) of 
the bubbled sphere and the "part between" . 

These latter "parts between" appear to be the annuli of infinitely growing con- 
formal radii, the situation considered in Case 4). Since neither outer nor inner 
boundary circle should be preferred in some way, we consider them as long cylin- 
ders C n = Z(0,l n ) with l n — ► oo, in the spirit of Definition 3.2. Lemma 5.2.2 
provides a "good" convergence model for long cylinders, stated above as conver- 
gence type A). If such a convergence for a sequence (C n ,u n ) fails, then there must 
exist subannuli A n C C n of a constant conformal radius for which area (u n (A n )) ^ s. 

In both cases — a constant domain D or long cylinders — we proceed by cutting 
the curves into smaller pieces. We arrive at a situation that is simpler in the 
following way. The obtained curves either converge or have the upper bound for 
the area smaller in the fixed constant e. Thus, the use of induction leads finally to 
a decomposition of the curves into pieces for which one of the convergence types 
A)-C) holds. The possibility of gluing these final pieces together is insured by the 
fact that the partitions above are represented by appropriate coverings satisfying 
the conditions of Theorem 5.3.2. 

Considering curves with nodes, additional attention should be paid to the case 
where bubbling appears at a nodal point. This situation is considered in Case 
3). The constructed points x n and radii r n describe the "center" and the "size" 
of energy localization of the bubbling, represented by the sequence of the maps 
v n — ► Voo. So the convergence picture depends on whether the energy localization 
occurs near the nodal point (Subcase 3')) or away from it (Subcase 3")). As a 
result, the nodal point can either remain on the "bubbled" sphere (5 ,2 ,v 0O ) or move 
into the "part between" , which is represented by long cylinders. 
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In Subcase 3') we remove neighborhoods of the nodal point from the disks 
(A(0,b),v n ) and thus get four pieces of converging instead of three as in Case 
1). In Subcase 3") the situation is more complicated, because we must take into 
account the position of the nodal point in the long cylinders — the "parts between" . 
Thus, we must consider now the sequence of cylinders with one marked point, i.e., 
the sequence of pants. The vanishing R n — > and r n /R n — > mean that conformal 
structure of those pants is not constant and converges to one of the spheres with 
three punctures. 

In order to have the covering pieces with the convergence types A)-C), we choose 
an appropriate refinement of the covering. After that, we obtain two sequences of 
long cylinders, describing the appearance of two new nodal points. The first one 
corresponds to the part between the "original" nodal point and bubbled sphere and 
is represented by V5, whereas the other one, represented by V2, lies on the other side 
of the "original" nodal point. In addition, we fix a neighborhood of the "original" 
nodal point which has a constant complex structure and is topologically an annulus 
with the disc A" attached to the nodal point. To satisfy the requirements of 
Theorem 5.3.2, we cover the neighborhood by two pieces, the pants V3 and the 
piece V4 parameterizing the nodes . This explains the appearance of six pieces 
of covering in Subcase 3"). 

Lemma 5.3.5. The limit curve (CccMa,) constructed in the proof of Theorem 1.1 
is stable over X . 

Proof. If (Cqo, Wqo) is unstable over X , then either Coo is a torus with -Uoo constant, 
or Coo should have a component C C Coo such that C is a sphere with at most 
two marked points, and Woo(C') is a point. 

The case of a constant map from a torus is easy to exclude. In fact, in this 
case all C n must also be tori with area (u n (C n )) sufficiently small for n » 1. 
Cover every C n by an infinite cylinder Z{— 00, +00) and consider compositions u n : 
Z{— 00, +00) — > X of u n with the covering maps. Since area (u n (C n )) ~ 0, Corollary 
5.2.1 can be applied to show that every u n extends to a J n -holomorphic map from 
S 2 to X. Consequently, area (u n (Z(— 00, +00))) must be finite. On the other hand, 
area (u n (C n )) > due to the stability condition; hence area (u n (Z(— 00, +00))) must 
be infinite. This contradiction excludes the case of a torus. 

The same argumentations are valid in the case, where Coo is the sphere with 
no marked points. Then the curves C n are also parameterized by the sphere S 2 . 
The condition of instability means that area (woo(Coo)) = 0. Due to Corollary 2.5.1, 
area (u n (C n )) must be sufficiently small for n » 1. Now Lemma 5.2.3 and the 
stability of (C n ,tt n ) exclude this possibility. 

Now consider the cases where the limit curve Coo has a "bubbled" component 
C, which is the sphere with one or two marked points. If C has one marked point, 
then C must appear as a "bubbled" sphere (S 2 ,v 00 ) in the constructions of Cases 
l)-3) in the proof of Theorem 1.1. But these constructions yield only non-trivial 
"bubbled" spheres, for which i>oo 7^ const. Thus, such a component C must be 
stable. 

In the remaining case, a component C with two marked points, we consider a 
domain U C Coo, which is the union of the component C and neighborhoods of 
the marked point on C. If C is an unstable component, then area (woo(C')) = 0' 
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and we can achieve the estimate area (uoo(^O) < £ taking U sufficiently small. Set 
O := a^-(U), where a oo : E — > is the parameterization of C^. Let 71 and 72 
be the pre-images of marked points on C . Then O must be a topological annulus, 
and 7j, z = 1,2, disjoint circles generating the group 7ri(0) = Z. Further, C" must 
be a "bubbling" component of Coo, i.e., at least for one of the circles 7^ i = 1,2, 
the images cr n (7i) are not nodal points of C n but smooth circles. 

If these are both circles 71 and 72, then U n := cr n (Q) would satisfy the conditions 
of Lemma 5.2.2. In this case we should have the convergence type A), and hence 
the limit piece a^fi) should be isomorphic to the node Aq. 

In the case where only one circle, say 71, corresponds to nodal points on C n , 
and for the other one the images 0^(72) are smooth circles, then the domains 
a n (Q) must be isomorphic to the node Aq. Furthermore, due to the condition 
area (^00(0-00(0))) < s, we would have area (u n (a n (Q))) < e. Consequently, we 
would have the convergence type B), and the unstable component C could not 
appear. □ 
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Appendix 3 

Compactness with Totally Real Boundary Conditions. 

A3.1. Curves with Boundary on Totally Real Submanifolds. 

In this section we consider the behavior of complex curves over an almost complex 
manifold (X, J) with a boundary on totally real submanifold(s). As in the "interior" 
case, we need to allow some type of boundary singularity. 

Definition A3.1.1. The set A + := {(zi,z 2 ) G A 2 : z x ■ z 2 = 0, \mzi > 0, \mz 2 ^ 0} 

is called the standard boundary node. A curve C with boundary dC is called a 
nodal curve with boundary if 

i) C is a nodal curve, possibly not connected; 

ii) C = CU dC is connected and compact; 

Hi) every boundary point a G dC has a neighborhood homeomorphic either to 
the half-disk A + := {z G A : \mz ^ 0}, or to the standard boundary node A + . 

In the last case a G dC is called a boundary nodal point, whereas nodal points 
of C are called interior nodal points. Both boundary and interior nodal points are 
simply called nodal points. 

Definition A3. 1.2. Let (X,J) be an almost complex manifold. A pair (C,u) is 
called a curve with boundary over (X, J) if C = CUdC is a nodal curve with bound- 
ary, and u:C^> (X, J) is a continuous L 1,2 -smooth map, which is holomorphic on 
C. 

A curve (C, u) with boundary is stable if the same condition as in DeGnition 1.5 
on the automorphism groups of compact irreducible components is satisfied. 

Remark. One can see that C has a uniquely defined real analytic structure such 
that the normalization C nr is a real analytic manifold with a boundary. More 
precisely, the pre-image of every boundary nodal point consists of two points 
a\ and a". The normalization map s : C nr — > C glues pairs (a'^a") of points on 
C nr into nodal points = s(a' i ) = s(a") on C. This implies that the notion of a 
L^-smooth map, p > 2, as well as a continuous L 1,p -smooth map u : C — > X is 
well- defined. 

Definition A3. 1.3. We say that a real oriented surface with boundary (E,<9E) 
parameterizes a nodal curve with boundary C if there is a continuous map a : E — > C 
such that 

i) if a G C is an interior nodal point, then 7 a := a -1 (a) is a smooth imbedded 
circle in E; 

ii) if a G dC is a boundary nodal point, then 7 a := a -1 (a) is a smooth imbedded 
arc in E with end points on <9E, transversal to 9E at this point; 

Hi) if a,b G C are distinct (interior or boundary) nodal points, then 7 a PI 7b = 0; 
iv) a : E\|J^ 1 7 ai — > C\{a\,... ,ajv} is a diffeomorphism, where ai,... ,aw are 
all (interior and boundary) nodal points of C. 

Recall that a real subspace W of a complex vector space is called totally real if 
W fl iW = 0. Similarly, a C 1 -immersion / : W — > X is called totally real if for any 
w G W the image df(T w W) is a totally real subspace of Tf( w )X. 

Let (C,u) be a stable curve with boundary over an almost complex manifold 
(X, J) of a complex dimension n. 
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Definition A3. 1.4. We say that (C,u) satisfies the totally real boundary condition 
W of type (3 if 

i) (3 = {fa} is a collection of arcs with disjoint interiors, which defines a decom- 
position of the boundary dC = moreover, we assume that every boundary 
nodal point is an endpoint for four arcs 

ii) W = {(Wi, fi)} is a collection of totally real immersions fi :Wi — > X, one for 
every fa; 

m) there are given continuous maps up : (3i — > Wi realizing conditions W, i.e., 

r (b) I 
Ji°U\ =U\p.. 

Remarks. 1. We shall consider (immersed) totally real submanifolds only of 
maximal real dimension n = dime AT. 

2. If (3 is a collection of circs cis above, a parameterization a : E — > C induces a 
collection of arcs a~ 1 (f3) := {a~ 1 {l3i) : Pi G (3} with the properties similar to i) of 
Definition A3. 1.4. Thus, a~ 1 ((3i) have disjoint interiors, Ui(T _1 (/9i) = <9E, and for 
any boundary node a E C every endpoint of the arc j3 a = a~ 1 (a) is an endpoint of 
two arcs cr _1 (/3i). Since (3 is completely determined by a~ 1 (f3), we shall denote both 
collections simply by (3 and shall not distinguish them when considering boundary 
conditions. 

A3. 2. A priori Estimates near a Totally Real Boundary. 

A totally real boundary condition is a suitable elliptic boundary condition for 
an elliptic differential operator d of the Cauchy-Riemann type. In particular, all 
statements about "inner" regularity and convergence for complex curves remain 
valid near "totally real" boundary. As in the "inner" case, to get some "uniform" 
estimate at boundary one needs W to be "uniformly totally real" . 

Definition A3. 2.1. Let X be a manifold with a Riemannian metric h, J a con- 
tinuous almost complex structure, W a manifold, and Aw C W a subset. We say 
that an immersion f : W — > X is h-uniformly totally real along Ayy with a lower 
angle a = a(W, Aw, f) > 0, iff 

i) df : TW — > TX is h-uniformly continuous along A w ; 

ii) for any w G A w and any ^0G T w W the angle Z h (Jdf(£),df(T w W)) ^ a. 

We start with an analog for the First A priori Estimate. Define the half-disks 
A+(r) := {z G A(r) : \mz ^ 0} with A+ = A+(l) and A" := {z G A : \mz ^ 0}. 
Set (3q := (—1, 1) C <9A + . Let X be a manifold with a Riemannian metric h, A C X 
a subset, J* a continuous almost complex structure, / : W — > X a totally real 
immersion and Aw C W a subset. 

Lemma A3. 2.1. Suppose that J* is h-uniformly continuous on A with the uniform 
continuity modulus (ij* and that f : W — > X is h-uniformly totally real along Aw 
with a lower angle aj > and the uniform continuity modulus [if. Then for 
every 2 < p < oo there exists an e\ = s\(fij* ,otf,fif) (independent of p) and 
C p = C(j>, fij* ,ctf, fj,f) such that the following holds. 

If J is a continuous almost complex structure on X with \\J — J*\\l°°(A) < £ i> 
and if u G C° n L 1,2 (A + ,X) is a J -holomorphic map with u(A) C A and with the 
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boundary condition u\p = fou b for some continuous u b : (3q — > Aw C W, t/ien £/ie 
condition ||<i'u||.L 2 (A+) < £ i implies the estimate 

\\ du \\Lp (A+(|)) < ' IM«||l 2 (a+)- (A3.2.1) 

Proof. Suppose additionally that diam(«,(A + )) is sufficiently small. Then we may 
assume that u(A + ) is contained in some chart U C C n such that ||J — J s t\\L°°(u) 
is also small enough. Let z = (z±,...,z n ) be J st -holomorphic coordinates in U 
such that u(0) = {zi = 0}. Making an appropriate diffeomorphism of U, we may 
additionally assume that W := f(W) fl U lies in M n and that J = J st along Wo- 

Consider a trivial bundle E := AxC" over A with complex structures J st 
and J u := Jok. We can consider u as a section of E 1 over A+ satisfying the 
equation dj u u := d x u + J u d y u = 0. Over (3q we obtain a J^-totally real subbundle 
F := Po x IR n such that u((3q) C -F. Let r denote a complex conjugation in A as 
well as a complex conjugation in E with respect to J st . Extend J u on E\&- as the 
composition —toJ u ot. This means that for z G Delta~ we obtain 

J u (z) £ T2 i-> J u (rz)(rt;) G -E T2 h-> -rJi^TzX-n;) G E z . (A3. 2. 2) 

Since J M = Jou coincides with J st along (3q, this extension is also continuous. 
Further, for v G L 1 (A + ,E) define the extension ex(v) by setting v(z) := tv(tz). 
This gives a continuous linear operator ex : L P (A + ,E) — > L p (A + ,i?) for any 1 < 
p ^ oo. An important property of operator ex is that if v G L 1 ' p (A + ,£') with 
1 ^ p ^ oo (resp. v G C°(A + )) satisfies the boundary condition v\p C F, then 
exv G L 1 'P(A,C n ) (resp. exv G C°(A)). Let us denote by L 1 'P(A+, E, F) (resp. by 
C°(A + ,_E',i 7 ')) the corresponding spaces of v with the boundary condition v\p C F. 

Since for i> G L 1 ' 1 (A + ,i?) holds d x (rv) = r(d x v) and d y (rv) = —r(d y v), we 
obtain <9j u (exi>) = ex(dj u v) for any i> G L 1,P (A + ,E,F). In particular, for u := 
exw G C° nL 1 ' 2 (A, J E) we have d Ju u = 0. 

From this point we can repeat the steps of the proof of Lemma 2.4.1. □ 

Remark. We shall refer to the construction of a complex structure J u in E over 
A~ and (resp. of a section u of E over A~) as an extension of J ou (resp. of u) by 
the reflection principle. 

Let X be a manifold with a Riemannian metric h, J* a continuous almost com- 
plex structure on A, A C X a closed /i-complete subset such that J* is /i-uniformly 
continuous on A, and fo : W — > X an immersion, which is /i-uniformly totally real 
on some closed /*/i-complete subset C W. 

Corollary A3. 2. 2. Let {J n } be a sequence of continuous almost complex structures 
on X such that J n converge h-uniformly on A to J , f n : W — > X a sequence 
of totally real immersion such that df n converge h-uniformly on Aw to dfo, and 
u n G C° HL 1,2 (A + ,X) a sequence of J n -holomorphic maps such that u n (A + ) C A, 
||^ u n||L 2 (A+) ^ e \, w n (0) is bounded in X , and u n \p = fn°u h n for some continuous 
u b n : A) -»■ A w . 

Then there exists a subsequence u nk where L^(A + ) -converge to a J -holomorphic 
map Uoo for all p < oo. 
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Here /3 = (-1, 1) C 8A+ and L{f c (A+) -convergence means L 1,p (A + (r) ^conver- 
gence for all r < 1, i.e., convergence up to boundary component [3q- 

Proof. As a statement itself, the proof of Corollary A3. 2. 2 copies the one of 
Corollary 2.5.1 with appropriate modifications and using the reflection principle. 

□ 

A3. 3. Long Strips and the Second A priori Estimate. 

Consider now an analog of the Second A priori Estimate. An analog of "long 
cylinders" is now "long strips" satisfying appropriate boundary conditions. 

Definition A3. 3.1. Define a strip G(a,6) := (a, b) x [0,1] with the complex 
coordinate ( := t — i6, t G (a, b), 9 G [0,1]. Define also Q n := Q{n — l,n), 
d G(a,b) := (a,b) x {0}, and <9i6(a,6) := (a,6) x {1}. 

We are interested in maps u : 6(a,6) — > A, which are holomorphic with respect 
to the complex coordinate ( on 0(a, b) and a continuous almost complex structure 
J on A, which satisfy the boundary conditions 

U \d o 0(a, b )=fo°< U \ dl e(a, b ) = h° U ^ 

with some J-totally real immersions /o,i : Wo,i — *■ A and continuous maps uo,i : 
<9o,i0(a,6) — > Wo,i- First we consider the special linear case. 

Lemma A3. 3.1. Let Wo and W\ be n- dimensional totally real subspaces in C n = 
(R n , J s t). Then there exist a constant 7^ = ^{n.Wo.Wi) with < 7^7 < 1 such 
that for any holomorphic map u : O(0, 3) — > C n with the boundary conditions 

u(d ©(0,3)) C W u(0i6(O,3)) C W x (A3.3.1) 

toe /iai>e the following estimate: 

[ \du\ 2 dtd6^^( [ \du\ 2 dtd9+ [ \du\ 2 dtde). (A3.3.2) 
J@2 2 \J@i Je 3 J 



Proof. Let L^ 2 ([0, l],C n ) be a Banach manifold of those v(6) G L 1,2 ([0, 1], C n ), 
v(0) G Wo and v(l) G Wi. Consider a nonnegative quadratic form Q(v) := 
$l\d e v{6)\ 2 d6. Since Q(u ) + \\v\\\ 2 = |M||i, 2 and the imbedding L^ 2 ([0, 1], C n ) ^ 
L 2 ([0, l],C n ) is compact, we can decompose L^ 2 ([0, l],C n ) into a direct Hilbert sum 
of eigenspaces E A of Q w.r.t. ||f H^- This means that v\ belongs to K\ iff for any 

»e4 2 ([M],n 

/ (d e v x (e) 1 d e w(9))de= [ \(v x (e),w(e))de, (A3.3.3) 

Jo Jo 

where (•, •) denotes a standard R-valued scalar product in C n . Integrating by parts 
yields 



/ (d 2 9 v x (6)+\v x (e)M0))de+(d e v x (e)M0))\e=i-(dev x (e)M0))\e=o = 0. 
Jo 
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This implies that v\ belongs to E A iff d 2 e v\(9) + \v\(6) = 0, dgv\(l) _L W±, and 
dgv\(0) _L Wo- Since J st is (•, -)-orthogonal, we can conclude that Jdgv\(9) G E A . 

Positivity and compactness of Q w.r.t. || • \\l2 imply that all E\ are finite dimen- 
sional and empty for A < 0. Further, since dgv = for any v G E , E consists of 
constant functions with values in Wo fl W\. 

Now let u : 0(0,3) — > C n be a holomorphic map with the boundary condi- 
tion (5.2). We can represent u in the form u(t,6) = ^2\U\(t,0) with u\(t,-) := 
pr x (u(t, •)) G L 1,2 ([0,3],Ea). Since J<9# is an endomorphism of every ~E\, every 
u\(t,9) is also holomorphic. In particular, uq is also holomorphic and constant in 
9. Thus uq is constant. 

Since u is harmonic, i.e., (df t + dg d )u = 0, it follows that d 2 t u\(t,9) = \u\(t,0). 
For A > this yields u x (t,9) = e + ^v+ (9) + e'^v' (9) with u±(0) G E A . Fixing 
an orthogonal R-basis of E> v l x , we write every -u^ m the form 

u x (t, 9) = $>\e+^ + b\e-^ xt )v\(9) 



with real constants a\, b\. Since uo(t,9) is constant, 1 1 c?xi 1 1 ^ 2 ) = ^ll^ w llL 2 (e fe = 
J2\ ^2A Jk_ 1 (a\e + ^ t + b\e~^ t ) 2 d9. Here we used (5.4) and L 2 -orthonormality of 
v\. This leads us to the problem of determining the smallest possible constant 7 
for the inequality 



2 

(ae at + be- at ) 2 dt < 
with a, b G R for given a > 0. Integration gives 

„a — a a — a 

a 2 e 3a 6 2 e -3a ^ ^ 

2a 2a 

^ 2 y 2a 2a 

or equivalent ly 

fl 2 3« (e"-e-")(e 2 " + e- 2 "-2/ 7 ) y»-3a ^ - e^){e 2a + e~ 2 « - 2/7) 
2a 2a 

+4a6(l-l/7) >0 
The determinant of the last quadratic form in a, b is 

^-e- )( e 2 - + e - 2 --2/ 7) J _ 4(1 _ 1/7)2 = 4 ^sha(ch2a-l/7)J _ ^ _ ^ 

> 4(ch 2a - l/ 7 ) 2 - 4(1 - l/ 7 ) 2 = 4(ch 2a - 1) (ch 2a + 1 - 2/ 7 ). 

Thus, the inequality (5.5) holds for every a, 6 G R provided 7 ^ 1+c 2 h2a < 1. 

Note that there exists a minimal positive eigenvalue Ai > of Q. Thus, the 
estimate (5.3) holds for 7V7 := 1+C ^ 2 ^/)T) < ^ 



1 



|Qf (ae at + be~ at ) 2 dt + (ae at + be~ at ) 2 d?j (A3. 3 A) 
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Remark. A dependence of as a function of Ai = Ai(Wd, W\) shows that "fw < 1 
can be chosen the same for all pairs (W), Wi) sufficiently close to (Wo, Wl), provided 
dim(WonWi) = dim(WonWi). Vice versa, if we perform a sufficiently small 
deformation of (W ,Wi) into (W ,Wl) with dim(W nWi) < dim(W nWi), then 
some v G E (W , Wl) will wander into an eigenvector v G" E (W , Wi) = W H Wi, 
but with a sufficiently small eigenvalue Ai(Wo,Wl) > 0, so that the best possible 
7^ will be arbitrarily close to 1. Thus the uniform separation of "fyy from 1 under a 
small perturbation of (Wo, W\) is equivalent to a uniform separation of Ai(Wd, Wi) 
from 0, and is equivalent to stability of dim (Wo H Wi). 

Another phenomenon, also connected with spectral behavior, is that for harmonic 
u(t,9) from E = {const} does not follow uq = const, but merely uo(t,9) = vo + vit 
with v ,vi G E , so that the inequality (5.3) is not true. This leads to a much more 
complicated bubbling phenomenon with energy loss for harmonic and harmonic- 
type maps, compare [S-U], [P-W], [Pa]. 

Note also that if Wd and W\ are afRne totally real subspaces of C n , then the 
inequality (5.3) for holomorphic u : 0(0,3) — > C n with boundary condition (5.2) 
is in general not true. An easy example is a natural imbedding u : 0(0,3) C, 
with the nonconstant component uq = u and with f & ^ Q ^ \du\ 2 = f e ^ ^ \du\ 2 = 
Ie(2 3) \d u \ 2 7^ 0. In general, those are n-dimensional totally real affine planes Wd 
and W in C n with an empty intersection. This can happen if W and Wi are 
parallel or skew. The latter means that the corresponding vector spaces Vq and V\ 
(Wi = Vi + Wi for some Wi G C n ) are different. In both cases the intersection VoflV^i 
is not zero, because otherwise Wd H Wi 7^ by dimensional argumentation. 

The considerations above show which properties should be controlled in order to 
obtain a reasonable statement in the nonlinear case. 

Definition A3. 3. 2. Let X be a manifold with a Riemannian metric h, fo : Wd — > X 
and /1 : Wl — > X immersions and A C W , A t C Wi subsets. We say that 
fo '■ Wo — > X and fi : W\ — > A are h-uniformly transversal along A and Ai with 
parameters 5 > and M if for any xq G Aq and x\ G A\ the following holds: 

i) either dist /l (/ (^o),/i(^i)) > 5; 

i'j or there exists x\ G ^ with fo(x' ) = fi(xi) such that 

d\st h (x ,x' ) +d\st h (x 1 ,x' 1 ) ^ Mdist^(/ (^o),A(^i))- 



Remark. Roughly speaking, the condition excludes the appearance of points, 
where Wd and W\ are "asymptotically parallel or skew" and ensures a uniform 
lower bound for the angle between Wd and Wl. 

Now let A be a manifold with a Riemannian metric h, J* a continuous almost 
complex structure on A, f : Wd — > A and fi : W\ — > A immersions, and A C A, 
A C W , C Wi subsets. Suppose that J* is h-uniformly continuous on A, 
dfi : TWi — > TA are h-uniformly continuous on ^ and that fi are h-uniformly 
transversal along Ai with parameters 5 = 5(f , fi) > and M = M(/ , /i)- 

Lemma A3. 3. 2. There exist constants e\ = e| (mj* , io, /1, 5, -^) > and 7 b = 
7 b (^uj*, /o, /1, ^, ^W) < 1 such that for any continuous almost complex J with \\J — 
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J* ^l°°{A) < e 2, an V immersions fi : Wi ^ X with dist( fi,fi)c 1 (A i ) < e \i and any J - 
holomorphic map u G C° flL 1,2 (G(0,5),X) with ^(©(0,5)) C A, ^,9.9(0,5) = fi ou i 
for some continuous u\ : <9;0(0, 5) — > Ai cWi the conditions 

i) ||du|| L 2 (e .) < e\; 

ii) fi : Wi — > X are h-uniformly transversal along Ai with the same parameters 
5 and M 

imply the estimate 

\\du\\l H@s) ^ \ ■ (||^||| 2(e2) + ||^||| 2( e 4) ) (A3.3.5). 

Proof. Suppose the statement of the lemma is false. Then there should exist a 
sequence of continuous almost complex structures Jk with || Jj~ — J*\\l°°(A) — > 0, 
a sequence of immersions fk,i : Wi — > X with fk,i — > fi in C 1 (A i ) such that 
fk,i :Wi^X are /i-uniformly transversal with the same parameters 5 and M, and 
a sequence of J fc -holomorphic maps £ C°nL 1,2 (6(0,5),X) with -u fc (6(0,5)) C A 
and Uk\die(o,5) = fk,i°u b ni for some continuous u ni : 9^0(0,5) — > Ai C Wi such 
that |M«fe|||2( e ( 0)5 )) — >0 and 

ll^lli 2 (G 3 ) > Y ' (ll^Hi 2 (e 2 ) + ll***lli»(e.)) (^ 3 - 3 - 6 ) 

with 7fc = 1 — 1/k. Lemmas 5.3.1 and A3. 2.1 provide that in this case 
diam h (u fc (e(l,4)))— ^0. 

Since fk,i '■ Wi — > X are /i-uniformly transversal with the same parameters S 
and M, there should exist sequences Xk € A, Xk,o € Aq, and a^i G A\ such that 

= uo(xk,o) = ^i(^fc,i) and Wfc(©(l,4)) C B(xk,rj-) with — > 0. The /i-uniform 
continuity of J* implies that there exist C 1 -diffeomorphisms ip^ : B(xk,rk) — > 

B(0,rjfc) CC n with || J/. - ^ Jst||l,°°(B(a; fc ,r fc )) + 11^ ~ ¥>fcflst||l,°°(B(ic fc ,r fc )) — ► 0. 

Using we transfer our situation into 5(0, r*;) C C n and rescale it. Namely, 
we set ctfc := ||dwfc||L 2 (e 3 ) an d define diffeomorphisms ^ := -^°<fk '■ B(xk,rk) — > 
B(0,Rk) C C n with := ct^ 1 -r^. Note that by Lemmas 5.3.1 and A3. 2.1 we 
have ck/o = ||<ittfe||L 2 (G(2,3)) ^ Cdiam/ l (itfc(©(l,4))) ^ CVfc, so that are uniformly 
bounded from below. 

In B(0,Rk) we consider Riemannian metrics hk '■= ot~^ 2 ■ ipk*hk (i-e. pushed 
forward and a^ 2 -rescaled hk), almost complex structures := ipk*Jk and J£- 
holomorphic maps u* k := ipk°Uk '■ ©(1,4) — > B(0,R k ). Note that here we consider /i 
as a metric tensor; thus, multiplying h by a -2 , we increase /i-norms and /i-distances 
in a -1 and not in a -2 times. 

Then ||du£IU 2 (e 3 ,fc fc ) = 1, \\dK\\l^,h k ) + \\ du t\\l*(e 4 ,h k ) < F=T> and 

\\Jk -Jst\\L°°(B(0,R k ),h k ) = \\Jk - <P*kJst\\L°°(B(x k ,r k ),h) > 0. 

The last equality uses the obvious relation 

\F(Q\ a ~ 2 . h _ g- 1 -\F(Q\ h _ \F(Q\ h 
l£l«-*.h ""H^ ~ Klft 
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for any linear F : T X X — > T X X and £ 7^ G T X X. In a similar way we also obtain 

\\hk-h s t\\L<x>{B{o,R k ),h k ) — >0 - 

Going to a subsequence, we may additionally assume that the tangent spaces 

dipk°dfi(T Xk .W<), i = 1,2, converge at some spaces W/ C C n . Since Wi are 
uniformly totally real, W* are also totally real linear subspaces in C n . Since the 
maps dfi : TWo — > are uniformly continuous on C Wi, //^i — > /i in 
C 1 (A i ), and since rk — >■ 0, the images W^ := ipk° fk,i(Bwi(xk,i,rk)) of the balls 
Bwi( x k,i, r k) C Wi are imbedded submanifolds of C n with G W£ i which converge 
to W* in Hausdorff topology. Moreover, we can consider W ki as graphs of maps 
gk,i from subdomains Uk,i C W*nB(0,.Rfe) to W*- 1 and for any fixed ^ inf {Rk} 
the restrictions gk,i\w*nB(o,R) converge to zero map from W* (~)B(0,R) to W*^. 

The a priori estimates for the maps u* k : ©(1,4) — > C n provide that for any 
p < 00 the maps w£ converge in weak- L 1,p -topology to some J s t-holomorphic 
map u* : 0(1,4) — > C n . Furthermore, since u* k satisfy totally real boundary con- 
ditions u* k \Q.Q(i^ C W k i , the same is true for u*, i.e., tt*|a i e(i,4) C W*. Nice 
behavior of W^ provides that on 63 we also have a strong convergence; hence 
|| cfot* || z, 2 (e 3 ) = lim ||^fclU 2 (e 3 ) = 1- In particular, u* is not constant. On the other 
hand, \\du*\\l H@2) + \\du*\\l 2{e4) ^ lim ||^*||| 2(e2) + ||rf<||| 2(e4) ^ 2. The obtained 
contradiction to Lemma A3. 3.1 shows that Lemma A3. 3. 2 is true. □ 

Let X, h, J, A, fi :Wi — > X, Ai, and the constant e\ and 7 6 be as in Lemma 
A3.3.2. Suppose that J is a continuous almost complex structure on X with \\J — 
J\\l°°{A) < e 2> an d fi '■ Wi — > X are totally real immersions with dist(/j,/i)cri(Ai) ^ 
£2 such that fi are /i-uniformly transversal along Ai with the same parameters 5 
and M as fi : Wi ^ X. 

Corollary A3. 3. 3. Let u G C° fl L 1,2 (0(O,/),X) be a J -holomorphic map such 
that tt(0(O, /)) C A, ^1^0(0,/) = fi°u\ for some continuous u\ : <9i<9(0, 1) — > Ai C Wi 
and ||rfn||L 2 (z fc ) < £ 2 for any k = 1,. . . ,1. 

b 

Let Xb > 1 6e the (uniquely defined) real number with A& = ^(A^ + 1). Then for 
2 ^ ^ / — 1 i/ie following holds: 

\\du\\l H e k) < A" (fc " 2) • ||^|| 2 L2( e 2) +A & - (Z " 1 - fc) • U^lli^o- (-43.3.7) 



Proof. It is the same as in Lemma 5.3.5. □ 

The immediate corollary of this estimate is a lower bound of energy on a non- 
constant "infinite strip" . 

Lemma A3. 3. 4. Let X , h, J, A, fi : Wi — > X, Ai, the constant e\ and 7* 
aiso a structure J, and immersions fi : Wi ^ X be the same as in Corollary 
A3.3.3. Let u G C° fl L 1,2 (0( — 00, +00), X) 6e a nonconstant J -holomorphic map 
such that u(Q(— 00, +00)) C A and m| 9^(0,0 = fi ou \ f or some continuous u\ : 
<9i<9(— 00, +00) — > Ai C Wi. XTien 1 1 c?ii 1 1 x, 2 (O fe ) > £ 2 f° r some k. In particular, 

l|cMlL 2 (e(-oo,+oo)) > e 2- 

Proof. Corollary A3. 3. 3 provides that if ||dit||z, 2 (© fc ) ^ e \ f° r an k, then || c?it|| ^,2 (© fc ) 
= 0, i.e., u is constant. □ 
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Another consequence of Corollary A3. 3. 3 is a generalization of Gromov's result 
about removability of boundary point singularity, see [G] . An important improve- 
ment is the fact that the statement remains valid also when one has different bound- 
ary conditions on the left and on the right of a singular point. One can see such 
a point x as a corner point for the corresponding complex curve. A typical exam- 
ple appears in symplectic geometry where one takes Lagrangian submanifolds as 
boundary conditions. 

Define the punctured half-disk by setting A + := A + \{0}. Define 7_ := (—1,0) C 
dA+ and I + := (0,+l) C dA+. 

Corollary A3. 3. 5. (Removal of boundary point singularities) . Let X be a man- 
ifold with a Riemannian metric h, J a continuous almost complex structure, fi : 
Wi — > X , i = l, 2, totally real immersions and Ai C W{ subsets. Let u : (A + , J st ) — > 
(X,J) be a holomorphic map. Suppose that 

i) J is uniformly continuous on A := it (A) w.r.t. h, and closure of A is h-complete; 

ii) u satisfies boundary conditions of the form u\j + = fo ou b + and u\j_ = f\ou b _ with 
some continuous itrj. : 1+ — > A$ C Wo and u b _ : I- — > A\ C W\; 

in) fi are h-uniformly totally real on Ai and h-uniformly transversal along Ai; 
iv) there exists k$ such that for all half-annuli R^ := {z G A + : e7l( l +1) ^ \z\ ^ } 
with k ^ ko one has \\du\\ 2 L2 , +) ^ e\, e\ as in Lemma A3. 3. 2. 

^ k ' 

Then u extends to origin G A + as an L 1,p -map for some p > 2. 

Proof. Using the holomorphic map exp : O(0, oo) — > A + , exp(6* + it) := e 71 ^ - *" 1 " 161 ), 
we can reduce our situation to the case of the holomorphic map it* := wo exp form 
"infinite strip" O(0, oo). By Corollary A3.3.3, for k ^ k we obtain the estimate 
||dit*||£,2(0 fe ) < \^ k ~ k °'' 2 \\du* ||l2(@ ) with some > 1. This is equivalent to the 
estimate ||dit|| L 2fR+\ ^ ^b^ - ^^ 2 \\d u \\ l 2 ( r + v Lemmas 5.3.1 and A3. 2.1 and the 
scaling property of L p -norms provide the estimate 

\\ du \\ LP (R+) < Ce- fc(l0gA6/2+,r(2/p - 1)) . (A3.3.8) 

Thus, du G LP(A+) for any p with logA^/2 > 7r(l — 2/p), which means p < 27r -\og\ b ' 

h 

Remark. Unlike the "inner" and smooth boundary cases, it is possible that the 
map u, as in Corollary A3.3.5, is not L 1,p -regular in the neighborhood of a "corner 
point" G A + for some p > 2. For example, the map u(z) = z a with < a < 1 
satisfies totally real boundary conditions it(l+) C M, u(I-) C e a7rl R and is L l > p - 
regular only for p < p* := jz^- 

As in the "inner" case, for the proof of the boundary compactness theorem 
we need a description of a convergence of a "infinitely long strip". Let A be a 
manifold with a Riemannian metric h, J a continuous almost complex structure, 
A C X a closed /i-complete subset such that J is /i-uniformly continuous on A, 
and let {J n } be a sequence of almost complex structures converging /i-uniformly 
on A to J. Also let fo : Wo — > X and fi : W\ — > X be immersions, C 
subsets such that <ifi are uniformly /i-uniformly totally real on Ai and fi are h- 
uniformly transversal along A t . Let f U)i : Wi — > A be totally real immersions, 
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which C 1 -converge to fi on such that f Uj o and / nj i are /i-uniformly transversal 
along Ai with uniform in n parameters S and C* . Finally, let {/ n } be a sequence 
of integers with l n — > oo, and u n : 0(0, l n ) — > X a sequence of J n -holomorphic 
maps, satisfying boundary conditions ^nl^eto,*™) = fn,i°u n % with some continuous 

Lemma A3. 3. 6. in £/ie described situation, suppose additionally that u n (Q(0,l n )) 
C A and ||<i'Un||L 2 (G fe ) ^ £ 2 / or °^ n anc ^ ^ ^ ^n- Ta/ce a sequence k n — > oo siic/i t/iat 
k n <l n — k n ^oc. Then 

1) \\du n \\ L 2( @ ( knjln _ kn)) -^0 and diam(-u n (6(/c n ,/ n -fc n ))) -> 0. 
2j There is a subsequence {u n }, still denoted {u n } such that both M n |e(o,fc„) anc ^ 
u n\@(k n ,i n ) converge in L 1,p -topology on compact subsets in A + = 0(0, +oo) to J*- 
holomorphic maps and u+ . Moreover, both w+ and extend to the origin 
ancU+(0) = «-(0). 

Proof. It follows from the above considerations. 

A3.4. Gromov Compactness for Curves with Totally Real Boundary Condi- 
tions. 

Let us turn to the Gromov Compactness Theorem for curves with boundary 
on totally real submanifolds. To give a precise statement we need to modify the 
definition of the Gromov convergence (Definition 4.1.6). The reason to do this is 
the following. Considering open curves C n with changing complex structures, we 
want to fix some kind of a common "neighborhood of infinity" i n : C* ^ C n of 
every C n . Thus, we can imagine that all changes of complex structure take place 
"outside of infinity", i.e., in a relatively compact part C n \i n (C*) (s C n . This is 
done to insure that C n do not approach infinity in an appropriate moduli space. 

On the other hand, it is more natural to consider curves (C n ,u n ) with totally 
real boundary conditions as compact objects without "infinity". In fact, in this 
case the behavior of u n near the boundary dC n can be controlled. The obtained 
a priori estimates near a "totally real boundary" can be viewed as a part of such 
a "control". So for curves with totally real boundary conditions we can hope to 
extend the Gromov convergence up to the boundary. 

Further, as in the "inner case" , an appropriate modification of the Gromov con- 
vergence in this case should allow boundary bubbling and the appearance of bound- 
ary nodes. This means, however, that the structure of the boundary can change 
during the approach to the limit curve and cannot be considered as fixed. Instead, 
one should fix a type of boundary conditions. We shall consider the following 
general situation. 

Let u n : C n — > X be a sequence of stable J n -complex curves over X with 
parameterizations 5 n : E — > C n . Also let (3 = {Pi}YLi be a collection of arcs in 
dTi such that U™ =1 f3i = <9£ and that the interiors of (3i are mutually disjoint and do 
not intersect pre-images of boundary nodal points of C n . Let further {VF;}™^ be a 
collection of real n-dimensional manifolds, f n ^ : Wi — > X a sequence of totally real 
immersions and u n i : f3 n ^ a sequence of continuous maps from (3 n> i := 8 n (j3i). 

Then W n := {(Wi, f n ,i)}iLi are totally real boundary conditions on (C n ,u n ) of the 
same type (3. 
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Definition A3. 4.1. In the situation above we say that the sequence of boundary 
conditions W n of the same type (3 converges h-uniformly transversally to J* -totally 
real boundary conditions W on subsets Ai C Wi if 

i) W = {(Wj,/,)}-™ -l, where fi :Wi^ X are J* -totally real immersions; 

H) fn,i converge to fi in ^-topology and this convergence is h-uniform on Ai; 

m) for any n immersions {f n ,i}iLi are mutually h-uniformly transversal along Ai 
with parameters 5 > and M, and these parameters are independent of n. 

Note that condition in) implies that the limit immersions fi are also mutually 
/i-uniformly transversal along Ai with the same parameters 5 > and M. 

Definition A3. 4. 2. We say that the sequence (C n ,u n ) converges up to the bound- 
ary to a stable J* -holomorphic curve (Coo,Uoo) over X if the parameterizations 
a n : E — > C n and : E — > can be chosen in such a way that the following 
holds: 

i) u n oa n converges to Woo°Coo in C°(T,,X) -topology; 

ii) if {cik} is the set of the nodes of and {jk}, Ik '■= o~^~(ak) are the cor- 
responding circles and arcs in E, then on any compact subset K d E\Ufc7fc the 
convergence u n oa n — > oa^ is L 1,P (K,X) for all p < oo; 

Hi) for any compact subset K <s E\ Ufc 7fc there exists no = uq(K) such that 
°n 1 ({ a k}) HK = for all n ^ no and complex structures o* n fc n smoothly converge 
to o-^j Coo on K. 

Theorem A3. 4.1. Fix a metric h on X , and an h-complete subset A C X , and 
subsets Ai cWi. Suppose that 

a) J n are continuous almost complex structures on X , converging h-uniformly on 
A to a continuous almost complex structure J* ; 

b) u n (C n ) C A and area [u n (C n )] ^ M with a constant M independent of n; 

c) W n := {(Wi,f n ,i)}'iL\ are totally real boundary conditions of the same type 
(3 = {A}£Li such that W n converge h-uniformly transversally to a boundary 
condition W = {(W^/j)}-™ ! on subsets Ai C Wi; 

d) immersions fi :Wi-+ (X, J*) are h-uniformly totally real along Ai; 

e) there exist maps u h in : Pi — > Ai CWi, realizing boundary conditions W n . 

Then there exits a subsequence of {(C n ,u n )}, still denoted {(C n ,u n )}, and para- 
meterizations a n : E — > C n such that (C n ,u n ,a n ) converges up to the boundary to 
a stable J* -holomorphic curve (CocWocOoo) over X . 

If, in addition, Ai C Wi are f* h-complete, then the limit curve (C^Moo) satisfies 
real boundary conditions W with maps u\ : Pi — > Ai cWj. 

Our main idea of the proof is to apply arguments used in the demonstration of 
Theorem 1.1. To realize this, we use the following trick. We replace every pair 
(C n ,u n ) by a triple (C^,T n ,u^), where C% is the Schottky double of C n with an 
antiholomorphic involution r n and : — > X a r n -invariant map. Then we shall 
show the changes of all the constructions in the proof to make them r n -invariant in 
an appropriate sense. In particular, the convergence (C^,r n ,w^) — > {C'£ ,t 00 ,u < £ ) 
will be equivalent to the convergence (C n ,u n ) — > (C' 00 ,'U 00 ). 

We start with a construction of the Schottky double of a nodal curve C with 
boundary. Take two copies C + = C and C~ of C. Equip C~ with the opposite 
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complex structure, so that the identity map r : C + — > C now becomes antiholo- 
morphic. Glue C + and C~ together along their boundaries, identifying dC + and 
dC~ by means of the identity map r : dC + dC~ . The union C d := C + UqcC~ 
obeys the unique structure of a closed nodal curve compatible with imbeddings 
C ± C d . The boundary dC becomes the fixed point set of r. 

The map r induces an antiholomorphic involution of C d which we also denote 
by r. We call the obtained curve C d the Schottky double of C. Note that every 
boundary nodal point cii G dC defines a r-invariant nodal point a« on C d , whereas 
an inner nodal point hi G C defines a pair of nodal points bf on C d interchanged by 
r. If a : E — > C is a parameterization of C, then we obtain in an obvious way the 
double E d with the involution r : E d — > E d and the parameterization cx d : E d — > C d 
compatible with the involutions. 

Remark. The introduced notation C d for the Schottky double of a nodal curve C 
with boundary coincides with that for the holomorphic double, used in Section 2. 
Since in the present section only the Schottky double is considered, this should not 
lead to confusion. 

Suppose, additionally, that an almost complex structure J on X and a J-holo- 
morphic map u : C — > X are given. Suppose, also, that the curve (C,u) satisfies the 
totally real boundary conditions W of type (3. In particular, f3 defines a certain 
system of arcs {Pi} on dC. In order to take into account the type of boundary 
conditions, we fix the ends of (3i which are not boundary nodal points of C and 
declare these points as marked points of C d . Note that these and the nodal points 
are the only "corner" points of (C 7 u). The latter means that in a neighborhood 
of these points the map u cannot be L^-smooth for all p < oo. The example 
in the Remark following Corollary A3. 3. 5 explains the notion of a "corner point". 
Considering the Schottky double, we shall always equip C d with this set of marking 
points. Note also that every boundary circle of C contains at least one nodal or 
marked point as above. 

For (C,u) as above, we extend the J-holomorphic map u : C — > X to a map 
u d : C d — > X by setting u d (x) := u(t(x)) for x G C~ . By the construction, 
u d is r-invariant, u d or = u d : but u d is not J-holomorphic (with the only trivial 
exception u = const). However, the analysis already described in this section 
provides necessary L^-estimates for u d , at least for some p* > 2. 

In the situation of Theorem A3. 4.1, such an exponent p* > 2 can be chosen to 
be the same for all curves (C n ,u n ). This depends only on the topology of C n and 
the geometry of immersions f n : W n — > X. In particular, every is continuous. 

The next step of the proof is to find a r n -invariant decomposition of C d into 
pants. This implies that the corresponding graph T n becomes r n -invariant. In the 
construction which follows we shall use the fact that r n is an isometry on the union 
of the non-exceptional components of C d . This is provided by the uniqueness of 
the intrinsic metric. 

Lemma A3. 4. 2. Let C be a nodal curve with boundary, a : E — > C a parame- 
terization, and {a^}™! a set of marked points on the boundary dC . Let C d be the 
Schottky double of C with the antiholomorphic involution t. 
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Then there exists a r -invariant decomposition of C d \{marked points} into pants 
such that the intrinsic length of corresponding boundary circles is bounded by a 
constant l + depending only on genus g of E d and the number of marked points m. 

Moreover, every short geodesic appears as a boundary circle of some pants of the 
decomposition. 

Remark. Recall (see Remark on page 25) that a closed geodesic 7 is called short 
if £(7) < /*, where /* is the universal constant /* with the following property. For 
any simple closed geodesies 7' and 7" on the conditions £(Y) < I* and < I* 

imply 7' ("17" = 0. 

Proof. Since the genus of the parameterizing real surface E d and the number of 
marked points is fixed, we obtain a uniform upper bound on the possible genera and 
the number of marked points of non-exceptional components of C d , as well as on the 
number of exceptional components. This implies that there exists a decomposition 
of every non-exceptional component Ci of C d into pants S a such that the intrinsic 
length of boundary circles of S a is bounded by the constant Z + depending only on 
g and m. The idea of the proof of our lemma is to show that the construction 
of such a decomposition, given in [Ab], Ch.II, §3.3, can be modified to produce a 
r-invariant decomposition. 

Let us first describe the construction itself, say, for a given smooth curve C* with 
marked points {xi} of non-exceptional type. The procedure is done inductively by 
choosing at every step a non-trivial simple closed geodesic 7j» C C*\{marked 
points}, disjoint from an already chosen geodesic 7^, j < J*. Moreover, at every 
step there exists a geodesic 7j* as above whose intrinsic length is bounded by a 
constant Zj* depending only on the genus of C* , the number of marked points, and 
the maximum of the lengths of the already chosen geodesies 7^, j < J*. 

Take any non-exceptional component Cf of C d . Two cases can occur: either 
Cf is r-invariant, or r(Cf) is another component Cf. Two separate cases are 
distinguished: Cf intersects the boundary dC (first case) or not (second one). 

The existence of r-invariant decomposition into pants for every pair of non- 
exceptional components Cf and r(Cf) 7^ Cf is obvious. We choose an appropriate 
decomposition of Cf and transfer it on r(Cf) by means of r. 

It remains to consider the case of a r-invariant non-exceptional component Cf. 

Suppose that at some step we have already chosen a r-invariant set {71,..., 
7j*_i} of simple disjoint geodesies on Cf\{marked points}. Take a simple geodesic 
7 of the length £(7) ^ Zj„, where Zj* is the upper bound introduced above. By 
the construction of the double C d , the fixed point set of r on Cf is CfddC and is 
non-empty. Denote Ci : = C n Cf, so that Cf n dC = dCi. Note that any boundary 
circle of Ci contains at least one marked point of Cf. Consequently, it has an 
infinite length w.r.t. the intrinsic metric on Cf\{marked points}. Thus the chosen 
geodesic 7 cannot lie on dCi. Only three cases can happen. 

Case 1. 7 is disjoint from dCi. Then 7 lies either in Ci or in r{Cj). In any case, 
7flr(7) = 0. Thus, we can set 7j* = 7 and 7j*+i = t(7), obtaining the r-invariant 
set {71,... ,7j* + i} of simple disjoint geodesies. This will be discussed in the next 
two steps of our construction. 
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Case 2. 'jddCi 7^ and 7 is r-invariant. We set 7j* = 7 and proceed inductively. 
Note that in this case "fHdCi consists of 2 points, in which 7 is orthogonal to <9Cj. 

Case 3. This time 7 n dd 7^ 0, but 7 7^ 
r(7). Define arcs 7+ := 7flCi and 7" := 
7nr(Cj), the parts of 7 inside and outside 
of Ci (see Fig. 11). Consider the following 
free homotopy classes of closed circles on 
Cf: 

1) [^] : = [7+Ur( 7 -)]; 

2) [72] := [7+Ut( 7 -)]; 

3) [73] := [7"Ur( 7 1]; 

4) [74] := [7 + Ur(7-)U 7 -Ur(7+)]. 
The last expression means that we move along corresponding arcs in the prescribed 
order, as it is shown on Fig. 11. Note that only one part of Cf is drawn, namely 
C{. The rest of the picture is symmetric w.r.t. the involution r. Thus we can see 
only half of the geodesies in classes [7$], i = 2,3,4. 

Each of the classes [%] is either represented by a closed geodesic or corresponds 
to a curve which winds around some marked point of Cf. To shorten notation, we 
say in the last case that the class [7^] corresponds to a marked point of Cf. 

If one of the classes [%], k = 1,2,3, is represented by the geodesic 7^, which is 
different and disjoint from the already chosen geodesies 7^, j < J*, then we can 
set 7 j* = 7fc. If k = 1 we also set 7j* = 71 and 7j*+i = t(7i). Then we proceed 
inductively. 

To finish the proof it remains to consider the following situation. Under the 
conditions of Case 3, each of the classes [7^], k = 1,2,3, either corresponds to a 
marked point or is represented by a closed geodesic 7^, which intersects or coincides 
with one from the already chosen geodesies 7^, j < J* . 

We state that, in fact, a proper intersection cannot happen, i.e., each class [7^], 
k = 1,2,3, either corresponds to a marked point or is represented by an already 
chosen geodesic 7j, j < J* . To show this we note that 7, fir (7) = for all j < J* . 
Otherwise, we could have a contradiction with the conditions 7, fl 7 = and r- 
invariance of the set of the geodesies 7,, j < J* . Consequently, each class [7^] is 
represented by a circle ak C Cf\{marked points}, k = 1,2,3,4, with ak H7j = 0. 

Now assume that the proper intersection of 7/- and some 7^, j < J* occurs. 
Let £k '■= £{lk) be the intrinsic metric of 7^. As in the proof of Lemma 4.3.2 

2 

construct the annulus A = {(p,0) : \p\ < x {0 ^ 6 ^ 2n} with the metric 
( |^/ cos i^r) 2 (dp 2 + d9 2 ) and an isometric covering of Cf\{marked points} by A, 
which sends the geodesic /3k '■= {p = 0} C A onto 7^ C Cf. Find a lift of 7, to a 
geodesic line Lj C A with Lj (~) f3k ^ and a lift of a circle ctfc to a circle ak C A 
homotopic to (3k- Then the intersection Lj n(3k must consist of exactly one point, 
and, consequently, the homology intersection index [Lj] ■ [flk] is equal to ±1. This 
would imply that [Lj] ■ [ak] = [Lj] ■ [[3k] 7^ and consequently Lj flctfc 7^ 0. But this 
would contradict 7j fl ak = 0- 

Summing up, we see that in the situation we are considering we must have the 
picture of Fig. 11. Namely, both geodesies 7 and t(j) lie in a r-invariant domain 
O on Cf with four components of the boundary; these components of 90 are either 




Fig. 11. Geodesies on Ci. 
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marked points or geodesies corresponding to the classes [71], [r(7i)], [72], [73]; 
finally, every boundary circle of O is one of the geodesic 7^. We conclude that the 
class [74] is represented by a r-invariant geodesic 74, which can be chosen at this 
step of the construction of r-invariant decomposition of Cf into pants. 

Note that by construction for the intrinsic length of 7j» we obtain £(ij*) ^ 
2^(7) ^ 2/ j* . This means that in our construction we do not lose control of the 
intrinsic length of the chosen geodesies. This shows the existence of a constant l + 
stated in the lemma. 

Finally, the definition of a short geodesic provides that the geodesic 7 in Case 
3 above cannot be short. This implies that the set of short geodesies on C d is 
disjoint. Since the involution r is an isometry, the set of short geodesies on C d 
is also r-invariant. Thus, in our construction of decomposition into pants we can 
start with this set of geodesies. This shows the last statement of the lemma. □ 

Remark. To explain the meaning of Lemma A3. 4.2, let us consider pants S with 
a complex structure Jg and an antiholomorphic involution r acting on S. It is easy 
to see that only two types of such an action, illustrated by Figs. 8 a) and 8 b), are 
possible. 



71 73 
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1 l^-" ■ — -«^/ I 

72 \l ) 

Fig. 12 a) Fig. 12 b) 

In the first case, Fig. 12 a), the involution r interchanges two boundary compo- 
nents 71 and 72 of S and leaves the third one 73 invariant. The fixed point set (3 of 
r is a geodesic arc with both ends on the r-invariant boundary component 73. This 
case includes subcases where some boundary components of S are not geodesies 
but marked points (i.e. punctures). In particular, if 73 is a marked point, then 
the set (3 is an (infinite) geodesic line with both ends approaching 73. The set (3 
divides S into two parts, S + and S~ (see Fig. 12 a)), which are interchanged by r. 
Topologically, each part 5 ,± is an annulus. 

In the second case, Fig. 12 b), all three boundary components 71, 72, and 73 are 
invariant. The fixed point set of r consists of geodesic arcs (3\, fe, and (3%. These 
are the shortest simple geodesies between 72 and 73, resp., 73 and 71 and resp., 72 
and 73. If some boundary component of S is not a geodesic but a marked point, 
then corresponding arcs have ends of infinite length approaching this boundary 
component. The arcs (3k, k = 1,2,3, divide S into two parts, S + and S~ (see 
Fig. 12 b)), which are interchanged by r. In this case, each part 5 ,± is topologically 
a disc. 
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We call pieces 5 ,± half-pants of the first or second type, respectively. Note that 
in both cases r-invariant arcs (3 or (3i are orthogonal to corresponding boundary 
circles 7j. 

Return to the situation of a nodal curve C with boundary and marked points. 
Let C d be the Schottky double and r the antiholomorphic involution. Suppose 
that C d \{marked points} is non-exceptional. Use Lemma A3. 4. 2 and find a r- 
invariant decomposition into pants C d = UjSj. Set Sj~ := Sj DC. Then we obtain 
a decomposition C = UjSj~ such that the pieces Sj~ are either pants (which means 
Sj~ = Sj), or half-pants of the first or second type. This decomposition is a suitable 
one for the situation of Gromov convergence up to the boundary of curves with 
totally real boundary conditions. In particular, we obtain arcs (3j^ as r-fixed point 
sets of Sj, which define a decomposition dC = Uj : k(3j,k of the boundary of C. The 
collection (3' : = {/3j,k} of these arcs satisfies condition i) of Definition 5.4, but it can 
be different from the collection (3 = {/3i} which was given. The reason is that in 
the construction of the pants-decomposition C d = UjSj we can subdivide original 
arcs Pi G (3 into smaller pieces, so that every arc (3i G (3 is a union of arcs j3j^ from 
(3'. This means compatibility of (3 and (3'. 

The next step is to establish an analog of Theorem 5.3.2. Assume that the 
hypothesis of Theorem A3. 4.1 is fulfilled. For each curve C n denote by C d its 
Schottky double and by r n the corresponding involution. 

Lemma A3. 4. 3. In the situation above, after passing to a subsequence, there exist 
parameterizations a d : E d — > C d , a finite covering V of E d by open sets {V a }, and 
a set {xl,... ,x^} of marked points on E such that the conditions (a), (c)-(f) of 
Theorem 4.2 and the following additional conditions (b') and (h) are satisfied: 

(b') a n {xl,... ,x^} is the set of marked points on C d corresponding to the de- 
composition of the boundary dC n into arcs j3 n ^; moreover, each such point x* lies 
in a single piece of covering V a which is a disc; 

(h) there exists an involution r : E d — > E d which is compatible with the covering 
V and with parameterizations a d , i.e.,V is r-invariant and r n oa d = cr d or. In 
particular, each marked point x* of E d is fixed by t. 

Remark. The condition (g) of Theorem 5.3.2 is trivial in this case, because C d 
and E d are closed. 

Proof. One can use the proof of Theorem 5.3.2 with minor modifications. Note 
that the starting points of that proof were the intrinsic metric on non-exceptional 
components of nodal curves C n and the decomposition of C n into pants. Now the 
existence of a r-invariant decomposition of the curves C d into pants is provided by 
Lemma A3. 4.2, whereas the r-invariance of the intrinsic metrics follows from the 
fact that any (anti)holomorphic isomorphism of curves with marked points is an 
isometry w.r.t. the intrinsic metric. Thus the constructions of the proof of Theorem 
5.3.2 yield r-invariant objects. Condition (b') does not cause much difficulty. 
□ 

Now we are ready to finish the 

Proof of Theorem A3. 4.1. As was mentioned, our main idea is to modify 
the construction used in the proof of Theorem 4.1.1 to make it r-invariant. The 
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main work has already been done. We have the necessary a priori estimates, the 
construction of a r-invariant pants-decomposition of the double C% of the curve C n 
and the appropriate covering V of the real surface E d parameterizing the doubles 

As in the proof of Theorem 4.1.1, we consider the curves C a ^ n := a^(V a ). Due 
to the presence of the involutions r n , the geometric situation in now different. This 
involves new phenomena and needs additional considerations and constructions. 
In particular, the pieces C a ^ n are divided into two groups depending on whether 
they are disjoint from the boundary dC n or intersect it. In the last case C a n is 
r n -invariant. In this case we shall use the notation C+ := C ajn nC n for the part 
of C a:n lying in C n . In addition, we denote := 7 a nS. Then V a appear as the 
union of domains V£ and r(V Q f ), interchanged by r. Similarly, it is true for C a ^ n . 

To prove the theorem, we want to construct a refined covering V of E and refined 
parameterizations a n : E — > C n such that for every V a G V the sequence {C a ^ n ,u a ^ n ) 
with C ajn := & n (V a ) one the following convergence types holds: 

A') C a)n are annuli of infinitely growing conformal radii l n disjoint from dC n , and 

the conclusions of Lemma 5.2.2 hold. 
A") C ajTJ , are r n -invariant annuli of infinitely growing conformal radii l n , and the 

conclusions of Lemma A3. 3. 6 are valid for 6(0, l n ) = C+ n := C a ^ n fl C n . 
B') Every C a , n is disjoint from dC n and isomorphic to the standard node Aq = 

A U{o} A such that the compositions V a C a ^ n Aq define the same 
parameterizations ofAo for all n; furthermore, the induced maps u a ^ n : Aq — > X 
strongly converge; 

B") Every C a ^ n is r n -invariant and C+ n := C a ^ n nC n is isomorphic to the standard 
boundary node Aq = A + U{ } A + such that for := V a fl E tie composi- 

tions ^5 C~^ n — > Aq define the same parameterizations of Aq for all n; 
furthermore, the induced maps w+ n : Aq — > X strongly converge. 
C) The structures a^j n \ and the maps u a ^ n oo a ,n '■ V a — > X strongly converge. 

In the case B") the strong convergence of maps '■ Aq — > X is the one in the 
L 1,p -topology for some p* > 2 up to the boundary intervals containing the nodal 
point. An equivalent requirement is the usual L 1,p -convergence of the doubles 
Un ■ C a ^ n ^ X on compact subsets of C a ^ n = Aq. 

To obtain a desired refinement, we use the same inductive procedure as in the 
proof of Theorem 1.1. To insure convergence near the boundary dC n , we take a 
new value for the constant determining the inductive step. We choose a positive e b 
such that e b ^ e and all a priori estimates of this section are valid for maps with 
area ^ 3e b . This will yield the convergence of type A)-C) for sequences of curves 
with totally real boundary conditions and with the upper bound e b on the area. 

In fact, essential modifications of the constructions of Theorem 1.1 are needed 
only if the covering piece V a is r-invariant. Indeed, if V a is not r-invariant, then 
we can apply all the argumentations and constructions used in Cases l)-4) in the 
proof of Theorem 1.1, and then "transfer" them onto r(V a ) by means of r. This 
gives the inductive step preserving r-invariance. 

Hence, it remains to consider the situation when the covering piece V a is r- 
invariant. As in Theorem 1.1, we must consider four cases. 
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Case lb): C a;n have constant complex structure different from the one of the 
standard node. 

Case 2b): C an are annuli of changing conformal radii R n such that R n — > R < oo. 

Case 3b): C Qjn are isomorphic to the standard node, so that C+ n are isomorphic 
to the standard boundary node Aq . 

Case 4b): C Qjn are annuli of infinitely growing conformal radii R n . 

The subindex (•)& indicates that we will consider the cases where V a intersects 
the boundary of E. As was mentioned, the last property is equivalent to the fact 
that V a is r-invariant. References to Cases l)-4) without the subindex will mean 
the corresponding parts of the proof of Theorem 1.1. 

Case lb). Without loss of generality we may assume that V a is a domain with a fixed 
complex structure and a fixed antiholomorphic involution r, and that -u Q n : V a — > X 
is a sequence of r-invariant maps which are (anti)holomorphic outside the set of 
r-invariant points of V a . If we have the convergence of type C), there is nothing 
to do. Otherwise, we fix a r-invariant metric on V a compatible with the complex 
structure. Repeating the constructions from Case I J, we distinguish the "bubbling" 
points Hi,. ■■ ,yf where the strong convergence fails. 

Take the first point y\. Suppose y\ is disjoint from <9E. Then we may assume 
that yl G V+. Thus, we can repeat the rest of the constructions from Case 1 ). The 
only correction needed at this point is that the neighborhood A(yl,g) of y\ must 
be small enough and lie in V+- Transferring all these constructions into r(V a ), we 
realize the inductive step preserving the r-invariance. 

It remains to consider the case, where y\ G <9E. This means that y\ is r- 
invariant. Let z be a holomorphic coordinate in a neigborhood of yl on V a such 
that z = in y^, the involution r corresponds to the conjugation z i— > z and 
\mz > in E. Find the sequences r n — > of the radii and x n — > yl, using the 
constructions from Case 1). Note that the sequence r(x n ) has the same property. 
Thus, replacing some points x n by r(x n ), we may additionally assume that all x n 
lie in V+- Let v n : A(0, ^f-) — ► (X,J n ) be the rescalings of maps u n defined by 
v n (z) := u n (x n + ^-). Argumentations of Case 1 show that there exists the limit 
Voo : C — > X of (a subsequence of) {v n } which extends to a map Voo : 

Denote by p n the distance from x n to <9E and by x n the point on <9E closest 
to x n . Then x n = x n + ip n in the coordinate 2; introduced above. In addition, 
\\mx n = y\. We consider two subcases according to the possible behavior of p n and 
r n . 

Subcase l' b ): {f 2 -} is bounded. Passing to a subsequence, we may assume that j 2 - 
converges. Fix an upper bound b for the sequence — . In particular, b ^ lim — . 

For n » 1 define maps v n : A(0, ^ b) — > (X, J n ) and C n : A(0, ^ 6) — > 

(X,J n ) setting i? n (z) := w n (x n + r n ^) and -D n (^) := u n (x n +r n z), respectively. 
Then every v n is the shift of the map v n by i— , i.e., v n (z) = v n (z + i—). The 
arguments of Case 1 ) show that v n converge on compact subsets of C to a non- 
constant map. Consequently, v n also converge on compact subsets of C to a non- 
constant map '■ C — > X. Moreover, since area (v 00 ( ( C)) is finite, extends to a 
map '■ S 2 — > X. By the choice of £ 6 , area ({i 0O (5' 2 )) ^ 3e b . Changing the choice 
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of the constant 6, we can additionally assume that area (w oo (A(0,6)) > 2e b . Then 
for all sufficiently big n we obtain 

area(C n (A(0,6)) ^ e b . (.43.4.1) 

For n » 1 we define the coverings of V a by three sets 

V<# :=V a \A(04), V<$ :=A(0,g)\A(x n ,bm), V<$ := A(x n ,2br n ). 

Fix n sufficiently big. Denote V aA := ^ o) , V a , 2 := ^ 2 o) and V Q , 3 := K a ( " 3 o) . 

There exist diffeomorphisms i\) n :V\^ V\ such that ip n : V a: \ — > •/ is an identity, 

VVz : ^a,2 - ► ^0*2 is a diffeouiorphism, and ^ n : V a $ — > is biholomorphic w.r.t. 

the complex structures, induced from C n by means of a^. Note that the sets 

are r-invariant. Moreover, we can choose the maps ip n in such a way that tp n are 

also r-invariant. 

The covering {V^i, V aj 2,V at s} of V\ and parameterizations cr n := cr a ^ n o^> n : 
Vi — > C ajn satisfy the conditions of Lemma A3. 4.3. Moreover, inequality (A3. 2.1) 
implies area (u n (a n (V aj i))) ^ (N — l)e b . Consequently, we can apply the inductive 
assumptions for the sequence of curves <J n {Va,i) and finish the proof by induction. 

Subcase l b ): {f 2 -} is unbounded. Passing to a subsequence, we may assume that 
increases infinitely. However, p n — ► since x n — > y{ £ <9£. 
Define maps v n : A(0, — > (X,J n ), setting v n (z) := u n (x n + r n z). As in 
Case 1), v n converge on compact subsets of C to a non-constant map : C — > X, 
which extends to a map from the whole sphere S 2 . Choose b > satisfying (A3. 2.1). 
For n » 1 we define the coverings of V a by five sets 

F a \A(0,f), V^:=A(0,g)\A(0,2p n ) 
A(0,4p n )\ (A(x„, br n ) n A(r(x n ), 6r n )) 
A(x n ,26r n ), := A(r(z n ),26r n ). 

Fix no sufficiently big. Denote V a ^ := V^ n °\ i = 1,... ,5. Then for every n » 1 
there exists a diffeomorphism ?/> n : V\ — > Vi with the following properties: 
ij V'n maps V^^ onto V^™ diffeomorphically; 
if) ^ n : V"j^ -> Vj^ is the identity; 

m) ty n : V a; 2 — > an d V'n : K*,3 - *■ K*^3 are diffeomorphisms; 

iv) ifj n : V a> 3 — > V^*3 is biholomorphic w.r.t. the complex structures, induced 
from C n by means of cr^; and, finally 

v) ip n are r-invariant: r oifj n = ifj n or. 

Note that the last property is obtained due to the fact that the sets V^f are 
r-invariant. The remaining constructions are the same as in Subcase l' b ). 

Case 2 b ). Consider the parameterizations o n : V a — > C a , n . Without loss of gen- 
erality we may assume that the complex structures cr*j'J are constant near the 
boundary dV a and converge to some complex structure. If we have the convergence 



V™ := 
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of type C), i.e., the strong convergence, there is nothing to do. Otherwise, there 
exists only a finite set of points {y*,... ,yf} where the strong convergence fails. 
Changing the parameterizations a n , we may additionally assume that the struc- 
tures cr* j n \ are constant in the neighborhood of these points. Then we repeat the 

' VOL 

argumentations of Case If,). 

Case 3b )■ Fix identifications C ajn = A such that every C+ n is mapped onto Aq 
and the induced parameterization maps cr Q n : V a — > Aq are the same for all n and 
r-invariant. Fix the standard representation of Aq as the union of two discs A' and 
A" with identification of the centers G A' and G A" into the nodal point of Aq, 
still denoted by 0. Let A'(x,r) denote the subdisc of A' with the center x and the 
radius r. 

Denote by u' n : A' — > X and : A" — > X the corresponding "components" of 
the maps u a!n ~. C a!n — > X . Find the common collection of bubbling points y* for 
both sequences of maps u' n : A' — > X and u n : A" — > X. If there are no bubbling 
points, then we obtain a convergence of type B), and the proof can be finished by 
induction. Otherwise, consider the first such point y\, which lies, say, on A'. If y\ 
is distinct from the nodal point G A', then we simply repeat all the constructions 
in Case lb). 

It remains to consider the case y\ = G A'. The following modifications of 
the argumentations are needed. Repeat the construction of the radii r n — > and 
the points x n — > y\ = from Case lb- Then {x n } is a sequence in the half-disk 
d' + := {z G A' : \mz ^ 0}. Set x n := Re(x n ), p n := \m(x n ) and R n := \x n \. Thus, 
x n = x n + ip n , R n is the distance from x n to the point = yl G A', whereas p n 
is the distance from x n to the interval ] — 1,1 [c A', the set r-invariant points of 
A'. Thus p n ^ R n - Fix q > such that the disc A'(0,£>) contains no bubble points 

Depending on the behavior of the sequences r n , p n and R n , we consider four 
subcases. 

Subcase 3' b ): The sequence is bounded. Then the sequences {f 11 } and {^} 

are also bounded. Passing to a subsequence, we may assume that the corresponding 
limits exist. Let b be some upper bound for the sequence j^}- Consider the maps 

v n : A(0, 27 b) — > X defined by v n (z) := u n (x n + y-)- Then v n are r-invariant, 

v n or = v n , v n converge to a nonconstant map Voo : C — > X on compact subsets of 
C, and v^ extends to a map v^ : S 2 — > X . 

Since v^ is nonconstant, ||^oo 1^2(^2) = area (w 0O (5' 2 )) ^ 3eb- Choose b > in 
such a way that 

ll^oo||i 2 (A(o,6))^2e b (A3.4.2) 
and b > 2 lim ^ + 2. Due to Corollary A3. 2. 2, for n » 1 we obtain the estimate 

ll C ^' U nlll 2 (A'(x„,br„)) = ll^n||L 2 (A(0,6)) ^ 6 b- (A3.4.3) 

Note that G A'(x n , (6— l)r n )) for n » 1 by the choice of b. 
Define the coverings of Aq by four sets 

W[ n) := A'\A'(0,§), W 2 (n) := A / (0, e )\S / (x n ,6r n ), 

W 3 (n) := A'(i„,26r n )\S'(0,^), W{ n) := A'(0,r„)UA", 
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and lift them to V a by putting := Valn^Wi )• Choose no » such that 
\x n \ < {b — l)r n and the relation (A3. 4. 3) holds for all n ^ n . Set V aji := V^°\ 
Fix diffeomorphisms ip n : V a — > V a such that Vn : V a ,\ — > is the identity map, 
Vn : V a> 2 -> V Q ( ^ and Vn : ^3 -> are diffeomorphisms, and Vn : ^4 -> 

correspond to isomorphisms of nodes = -A . Set a' n := a n oVn- The 

choice above can be made in such a way that the refined covering {V a) i} of V a 
and parameterization maps a' n : V a — > C a)n have the properties of Lemma A3. 4. 3. 
Relation (A3. 4. 3) implies the estimate area (u n (a' n (y a ^)) ^ (iV — This provides 
the inductive conclusion for Subcase 3' b ). 

Subcase 3 b ): The sequence {^-} increases infinitely but j^ 2 -} remains bounded. 
Note that in this subcase we still have the relation R n — > 0, or equivalently, 
x n — ► 0. On the other hand, lim = 0. This implies that for R n := \x n \ we have 

lim^ = 1 since R\ = R? n + p\. 

We proceed as follows. Define the maps v n : A(0, ^ b) — > X setting v n (z) := 

Kfc + T")- Then the v n have the same properties as in Subcase 3' b ). Choose b > 
obeying the relation (A3.4.2). Then for n » the property (A3.4.3) follows. 

For n » define the coverings of Aq by six sets 

W M := A '\A'(0,§), W 2 {n) :=A'(0,g)\A'(x n ,2Rn), 

Wt } := A'(x n AR n )\(A'(x n , |)UA'(0, %)) W 4 (n) := A'(0, %-) U A", 
Wt ] :=A'(x n ,^)\A'(x n ,brn), Wt ] := A'(0,26r n ), 

and lift them to V a by putting V^™ := o"a,n(W / / n ' ) )- Choose no » such that 
-Rn » br no , and set V aj i := V^°\ Choose diffeomorphisms Vn : V a — > V a such 
that Vn : -> is the identity map, Vn : V aj2 -> , Vn : Km -> and 
Vn : Va,5 — * Va5 are diffeomorphisms, and finally, Vn : V a ^ — > corresponds to 
isomorphisms of nodes Wq^ = .Ao- Set a' n := a n o ip n . Note that the choices can be 
made in such a way that {V^j} and parameterization maps a' n : V a — > C a n have the 
properties of Lemma A3.4.3. As above, we get the estimate area (■u n (cr^(V Q . ) j)) < 
(N — l)e due to (A3. 4. 3). Thus we obtain the inductive conclusion for Subcase 3 b ) 
and can proceed further. 

Subcase 3' b ): The sequence {f 2 -} increases infinitely, but j-^} remains bounded. 
Then {f^} also increases infinitely, but both sequences {R n } and {p n } converge 
to 0. We may also assume that {7^-} and {-§r^} also converge. Set a\ := lim^, 
a 2 := lim-B 2 -, a := a\ + ia 2 and a := a\ — ia 2 . Note that < a 2 ^ 1 and the 
involutions r n in C Q n correspond to the complex conjugation z — > I in A'. In 
particular, x n = r n (x n ). 

Consider maps w n : A(0, ^-) — > X defined by v n (z) := u' n (x n + ^-). Then the 
sequence {v n } converges on compact subsets to a nonconstant map which extends 
to the map : S 2 — > X. Moreover, we can fix sufficiently big b > such that for 
n » we get the property (A3. 4. 3). 
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For n » define the coverings of A by eight sets 



w[ n) 


:=A'\A'(0,§), 




= A'(0,£)\A'(0,2# n ) 


wt } 


:=A'(0,4 J R n )\(A'(a J R n , 


a 2 R n )uA'(aR n , a2 f « ) U A' (0, a2 f » ) ) 


wt ] 


:=A'(0, a f")UA". 






wt } 


:=A'(aR n ^)\A'(x n , 


6r„), W 6 (n) 


= A'(x n ,26r n ), 


wi n) 


:=A'(aR n ,^)\A'(x n , 


6r»), ^ 8 (n) 


= A'(x n ,26r n ), 



and lift them to V a by putting V c 



(n) 



CT, 



_1 (W 

,n V j 



Fix sufficiently big no » 0, 



and set V a ^ := V c [" ' ) . Choose diffeomorphisms : V a — > V Q mapping V a ,i 

diffeomorphically onto such that the assertions of Lemma A3. 4.3 are fulfilled. 
As above, we obtain the estimate area (u n (a' n (V aj i)) ^ (N — l)e. This gives the 
inductive conclusion for Subcase 3%'). 

Subcase 3%"): The sequences {^r 2 -} and j^-} increase infinitely. Thus lim-^ 12 - = 1. 
We consider the sequence of maps {v n }. It is defined in the same way as in the 
previous subcase and has the same properties. In particular, {v n } converges to the 
map : S 2 — > X and there exists a sufficiently big b > such that for n » we 
get the property (A3. 4. 3). 

For n » define the coverings of Aq by ten sets 



(n 



W. 



(n 



(n 



(n 



A'\A'(0,§), W 2 (n) := A'(0,^)\A'(0,2i? n ), 

A'(0,4i? n )\(A'(0,%)UA'(x n ,%)), 

A'(0,|)UA", } := A'(x n ,^)\A'(x n ,2p n ), 

A'(£ n ,4p n )\(A'(x n ,^)UA'(x n ,^)), 



A'(x n ,**)\A'(x n ,&r n ), ^ 



:= A'(x n ,%)\A'(x n ,br n ), W^> := A'(x n , 2br n ). 



in) 

1 

(») ._ 



A'(x n ,2&r„), 



(n) 

The remaining "manipulations" with W> are the same as in the previous subcases. 
As a result, we obtain the covering of V a by sets V a ^ := CaloC^i ) with an 
appropriate no » and refined parameterizations a' n : V a — > C Qjn , for which 
the assertions of Lemma A3. 4.3 are fulfilled. As above, we obtain the estimate 
area (w n ((j^(Va i)) ^ (N — l)e. This gives the inductive conclusion for Subcase 

3D- 

Case 4 b ): V a is a cylinder such that conformal radii of (V a ,a^j n ) increase infinitely. 
We can simply repeat the contructions made in Case 4) from the proof of Theorem 
1.1. Additional attention is needed to preserve the r-invariantness. 

The proof of the theorem can now be finished by induction. □ 

Remark. Here we give some explanation of the geometric meaning of the con- 
structions of the proof of Theorem 5.9 and describe the picture of the bubbling. 
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We restrict ourselves to Case 3 b ) as the most complicated one; the constructions 
of the other cases can be treated similarly. The reflection principle allows us to 
reduce Case 3 b ) to the consideration of r-invariant maps : Aq — > X from the 
standard node which are J n -holomorphic on Aq . The situation is different from 
those in Theorem 1.1, where the bubbling appears in the nodal point. In this case 
we must take into consideration not only the parameters r n describing the size of 
energy localization of the bubbled sphere, but also the additional parameters R n 
and p n . These describe the position of the localization centers x n w.r.t. the nodal 
point and the set of r-invariant points of .Ao- Depending on the behavior of r n p n 
and R n , we can have four different types of bubbling and corrsponding Subcases 

3' b )-3' b "')- 

In Subcase 3' b ) the bubbling takes place 
in the nodal point, so that the nodal point 
remains on the bubbled sphere (see region 
in Fig. 13). Furthermore, the bub- 
bled sphere contains another nodal point. 
This one appears in the limit of long cylin- 
ders W^ n) . Note W^ n) can either strongly Fig. 13. Bubbling in Subcase 3' b ). 
converge to a boundary node or have addi- 
tional bubblings. 

Turning back from a "doubled" description by r-invariant objects to the original 
maps u n : Aq — > X with a totally real boundary condition, we obtain the following 
picture. Since every covering piece is r-invariant, for Aq we obtain the 

covering piece W l (n)+ := W- n ^ fl Aq . Thus we obtain a bubbled disk represented 
by + instead of the bubbled sphere represented by , the sequence of long 
strips + instead of the sequence of long cylinder + and so on. 

In Subcase 3%) the bubbling happens at 
the boundary but away from the nodal point. 
In the limit we obtain two bubbled spheres. 
The first one is the limit of the rescaled maps 
v n (region in the Fig. 14) . The appear- 
ance of the second sphere can be explained 
as follows. The part of the node Aq between 
the first bubbled sphere Wq and the "con- 
stant part" w[ n ^ of the node is a long cylin- 
der, represented by pieces W^ n \ wf } and Fi §- 14 Bubblin S in Subcase 3 b)- 

wt ] . 

However, because of the presence of the nodal point (piece on the figure), 

this "part inbetween" is topologically not a cylinder (i.e. an annulus) but pants. 
Furthermore, the complex structures on the pants are not constant. To get pants 
with a constant structure (piece W^) : we cut off the annuli and W§ n \ Since 
WmR n = = Nm-jf-, the conformal radii of these annuli increase infinitely. This 

shows that and are sequences of long cylinders and that the sequence 

defines in the limit a sphere with three nodal points. 
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As in Subcase 3' b ) every covering piece is r-invariant, whereas wj; := 

r\A~Q is the "half" of . Thus, for a sequence of undoubled maps u n : Aq — > 
X we obtain the following bubbling picture. The limit contains two bubbled disks, 



represented by Wq + and W^' L> ^ , a boundary node W^' 1 '^ and possibly further 



,(n) + 



(») + 



bubbled pieces which can appear in the limit of long strips W^ n ^ + and W§ 1> ~*~ . Note 
also that the action of the involution r on the pants is described in Fig. 12 b). 

In Subcase 3' b ") the bubbling takes place near but not at the boundary. Indeed, 
since ^ — > oo, the bubbled sphere which appears as the limit of the sequence {v n \ 
is not r-invariant. To see this phenomenon, we note that for any fixed b > the 
covering pieces = A' (x n ,2br n ) representing a sufficient big part of this sphere 
lie in Aq for n » 0. This implies that the sequence v n or converges to another 

(n) 

bubbled sphere, which is r-symmetric to the first and represented by W-j . 

Another bubbled sphere, represented by W$ , appears from pants between the 
first two spheres and the disk A'. Since {y^} remains bounded, the original nodal 
point remains on this latter sphere. 

The corresponding bubbling picture for 
undoubled maps u n : Aq — > X is shown in 
Fig. 15. The boundary of Aq is shown by 
a thick line. We obtain the bubbled sphere 
represented by Wq , the sequence of long 
cylinders Wg U \ the bubbled disk H / "i n ^ + and 



r(n) + 



(»)+ 



Note 



the sequence of long strips W. 
that both sequences of long cylinders and 
long strips can yield further bubblings in the 
limit. 

The bubbling picture in Subcase 3'1") is 
similar to the one of the previous subcase; 
therefore, we explain only the difference. It 
comes from the fact that the sequence { ^ } 
is now unbounded, i.e., lim-g 2 - = 0. Infor- 

fin 

mally speaking, this means that the long 
cylinder from Subcase 3%') (piece in 
Fig. 15) moves to the boundary of the bub- 
bled disk (piece W 7 ^" 1 " in Fig. 15). The pro- 
cedure of additional rescaling divides such a 
disk into two new disks connected by a strip 
(pieces W 3 (n)+ , W 6 (n)+ and W^ n)+ in Fig. 16, 
respectively). The infinite growth — > oo 

means that form a sequence of long 

strips. 




(»)+ 



Fig. 15. Bubbling in Subcase 3%') 




(»)+ 



Fig. 16. Bubbling in Subcase 3'1"). 



A3. 5. Attaching an Analytic Disk to a Lagrangian Submanifold of C n . 

As in the first lecture we consider C n ~ M? n together with some symplectic 
form u taming the standart complex structure J st . An n-dimensional submanifold 
W C C n is called w-Lagrangian if uj \ w= 0- 
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Exercise 1. Prove that every Lagrangian submanifold of C n is totally real. 

2. Prove that for a Lagrangian manifold W C C n and the unit circle — C the 

manifold ^ x xW is Lagrangian in C n+1 with respect to u> = \dz\ l\dz\ +uj. 

A holomorphic map u : A — > C n "sufficiently smooth" up to the boundary and 
such that u(dA) C W we shall call an analytic disk attached to W . 

Our goal in this paragraph is to prove the following theorem of Gromov: 

Theorem A3. 5.1. Let W be a compact Lagrangian submanifold ofC n . Then there 
exists a non- constant analytic disk attached to W . 

We shall closely follow the exposition of H. Alexander, [Al]. Fix some point 
wq <E W and denote by uq(z) = wq the constant holomorphic map. Fix p > 2 
and consider the Banach manifold L 2 ' P (A, <9A, 1; C n , W,wq) of L 2 ' p -maps from A 
to C n which map d A to W and 1 to wo, and which are homotopic to the constant 
map u = w as (A,<9A,1) — > (C n , W,wo) mappings. Note that due to the Sobolev 
imbedding L 2,p C C 1 ' 1- ? our mappings are smooth up to the boundary. 

Take u G L 2,P (A, <9A, 1; C n , H 7 ", wo). Denote by as usually the pull-back by u 
of the tangent bundle of C n . In fact E = Ax C n — > A, the trivial bundle over A. 
Denote by F the pull-back u*TW of the tangent to W bundle. F is a totally real 
subbundle of E of real dimension n. The tangent space to L 2 ' P (A, <9A, l;C n , W, wq) 
at u is T u L 2 -P(A,aA,l;C n , W,tw ) ={/iG L 2 -P(A,C n ) : | 9A e ^M 1 ) = °>- In the 
cartesian product L 2 ' P (A,9A, l;C n , W,wo) x L 1 ' p (A,C n ) consider the submanifold 
£ = {(w,i>) : du = v} with the natural projection n : £ — > L 1,p (A,C n ). 

Exercise 1. In R 2n+2 consider the operator given by the matrix 





-l 


v 2 


-v\ 


1 





-V\ 


-V2 








V2n 


-V2n-1 








■■■ -V2n-1 


~V2n 











-1 


Vo 





1 






/ 

Prove that J v defines an almost complex structure in M 2n+2 , which for every zeR 2 
on the vertical slice {z} x M? n coincides with the standart structure J st of C n . 
2. Prove that the equation du = v for a C 1 -map u : C — > C n is equivalent to the 
J„-holomorphicity of the section u : z — > (z, it(z)) of the fibration (M 2n+2 , J„) — > 
(M 2 , J st ), i.e. to the equation 



9x 



ay 



= o. 



Now we shall prove the following alternative: 

Lemma A3. 5. 2. If there is no nonconstant analytic disk u G L 2 ' P (A,<9A, 1; 
C n , W, wo), then the projection tv : £ — > L 1,p (A,C n ) is surjective. 

Proof. Suppose that a nonconstant analytic disk u E L 2 ' P (A,<9A, l;C n , H 7 ", w ) 
doesn't exists. We are going to prove that in this case n is surjective. 
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Step 1. n is a proper mapping, i.e. for the converging sequence Vk — > vq in 
L 1,p (A,C n ) and for the sequence Uk with (uk,Vk) G £, there is a converging subse- 
quence Uf~ n . 

Note that duk = Vk- According to the Exercise above this means that the 
sections U}~ := (z,Uk) are J„ fe -holomorphic with J Vk converging to J Vo in C°-sence. 
Note also that boundaries of our disks are on the Lagrangian (and thus totally real) 
submanifold W :=—> 1 xW and they are homotopic to each other. From here we 
see that 

area (uk(A)) = / u> = / <9A, 

Juk(A) Ju k (dA) 

where A is some primitive of u>. The second integral does not depend on the homol- 
ogy class of Mfc(A) in Hi(W",IR), because u> \ w= <9A |^= (W is cD-Lagrangian!). 

So by the Theorem A3. 4.1 either the limit of some subequence, still denoted as 
ttfc (A), contains a nonconstant complex sphere (this is impossible in C n ), or the 
limit of Uk (A) contains some nonconstant analytic disk with boundary on W (this 
is prohibited by our assumption), or Uk C 1 -converge. 

Step 2. dTt(u,v) '■ ^(tt,w)£ "~ *■ L 1,p (A,C n ) is Fredholm of index zero for every u G 
E v := 7T _1 (v). 

The fact that the boundary value problem dh = v,h \dA^ F is Fredholm is 
classical, see [Ga]. Our manifold £ is connected, so the index of dn^^) doesn't 
depend on (u,v) and can be calculated at (uq,0) G £ where dn is a bijection. 
Therefore ind(d7r) is everywhere zero. 

One says that for the smooth mapping n : £ — > L 1,p (A,C n ) the point (u,v) 
is regular if diT^ u ^ is surjective. v is a regular value is it is not an image of a 
nonregular point. 

Step 3. (Smale's theorem). Let tv : £ — > M be a proper Fredholm map (i.e. dn x 
is Fredholm for all points x G £. Then the set of regular values is dence in M. 
Moreover, for every regular value v G M the set £„ := 7r _1 (i;) is a manifold of 
dimension equal to the \nd(d7r x ) at x G £„. Moreover, for any two regular values v\ 
and i>2 the manifolds E Vl and £„ 2 are cobordant. See [Sm]. 

In our case is a regular value, so for a dence subset of u's £„ is cobordant to a 
point, therefore is a point intself. Properness of tv implies now that £. v is allways a 
point. 

□ 

It is not difficult to show that tv cannot be surjective. This will imply the 
existence of non constant analytic disk attached to W. 

Lemma A3. 5. 3. The projection n : £ — > L 1,p (A,C n ) is not surjective. 

Proof. Othervice, for v c = (C,0,....,0) find u c = (uf ,...,«£) with du c = v c . 
Therefore du^ = C. This implies that u± = Cz — h c : where hp is a holomorphic 
function on A. Since u c (dA) C W the family u c is uniformly bounded on dA by 
a constant k independent of C. Therefore \z — h c '(z)/C\ ^ k/C for z G dA. Since 
z — h c (z)/C is harmonic on A, the bound holds for all z G A. This implies that z 
can be uniformly approximated on A by holomorphic functions. Contradiction. 

□ 
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Chapter III. Global Properties and Moduli Spaces. 

Let (A, J) be an almost-complex manifold of complex dimension n. An almost 
complex structure is always assumed to have smoothness of class C 1 . Further, let 
(S,Js) denote a Riemann surface with complex structure Jg. 

In Lecture 7 we show that for a J-complex curve u : (S,Js) — *• (A, Jo) the 
pulled-back bundle E := u*TX possesses a natural holomorphic structure (the 
corresponding sheaf of holomorphic sections will be denoted as 0(E)) such that the 
differential du : TS — > E is a holomorphic homomorphism. This allows us to define 
the order of vanishing of the differential du at point s G S. We denote this number 
by ord s du. 

This also gives the following short, exact sequence: 

— > 0(TS) 0(E) O(Nq) © Ni — >Q, (3.1) 

where 0(N ) denotes a free part of the quotient 0(E)/du(0(TS)), and 3sfi is sup- 
ported on a finite set of cusps of u (i.e. points of vanishing of du). 

On the Sobolev space L 1,P (S, N ) of L^-smooth sections of the bundle N the 
natural Gromov operator D N : L 1 ' P (5,A^" ) -> L P (S, A ' 1 ^ <g> JV ) is defined. Put 
H^(S, A ) := KerDAT and H^(S, iV ) := CokerDjv. 

We prove the following 

Theorem 3.1. Let -u : (S,Js) — > (A, J ) 6e a nonconstant irreducible and non- 
multiply covered holomorphic map such that \-\\)(S,Nq) = 0. T/ien 

in a neighborhood of M := u(S) the Moduli space of nonparameterized Jq- 
holomorphic curves M[ 7 ] jflj j is a manifold whose tangent space is 3mM[ 7 ] i9i j = 
H° D (S,N )(BH (S^ 1 ); 

H) further, there is a neighborhood V 3 J in the Banach manifold 3 of C 1 - 
smooth almost- complex structures on X and a neighborhood W of M in M[ 7 ] ]9 y := 
\Jjev ^h],g,J su °h ^at the natural projection pr g : W — > V is a trivial Banach 
bundle; 

Hi) if dirri]RA = 4 and c\(E)[M] > ^ seS ord s du, then H^,( J S , ,Ar ) = 0; thus, the 
conclusions i) and ii) hold. 

Let us explain our second result in this chapter, which will be strongly relied 
upon in Chapter IV and also in the proof of the Gromov non-squeezing theorem. 
Denote by 3 some Banach manifold of C fc -smooth almost-complex structures on a 
manifold A, k ^ 1. In our applications 3 can be 

I) the manifold 3u of all a.-c. structures J on A, which are tamed by some fixed 
symplectic form ou; i.e., u(u, Ju) > for all u G TA \ {0}. 

2) the manifold 3u of all a.-c. structures J on a complex Kahler manifold 
(X,J s t,ui) tamed by u and which are different from J st only on some relatively 
compact subset of U, i.e., {x G A : J x ^ J st } <<= U. 

Denote by M = Mg [ 7 ] s the (topological) space of all J-complex curves in A (J 
runs over all structures in 3) representing some fixed homology class [7] G H2(A, Z), 
and parameterized by some fixed compact surface E, see Chapter II. For 3, as in 
1) and 2), above the space M is a manifold in all its non- multiply covered points, 
see Lemma 8.2.2. 
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Also let h : [0, 1] — > d be some smooth map (more generally one can consider 
a smooth map h : Y — > 3, where Y is a compact real manifold with boundary). 
By Mh we denote the subset of {(u, Js,t) G § x Tx; x [0,1]} which consists of h(t)- 
complex curves u : (S,Js) — > (X,h(t)) modulo the natural action of the group G 
of reparameterizations, see §7.4 and Definition 8.3.1. Roughly speaking, is a 
moduli space of h(t)-comp\ex curves in X, t G [0,1]. This is a closed subset of M. 
For a point (Mo, to) m O'-e. for a /t(£o)-complex curve Mo) one can define a 
component Mh(Mo,to) of containing (Mo, to) as was shown in Definition 8.3.2. 

Theorem 3.2. If the component M^(Mo,to) is n °t compact, then there exists a 
continuous path (3 : [0,1] — > M^(M ,to); /^(t) = (M t ,J t ) starting at (Mo, to) such 
that (3(t n ) is not bounded in M/j,(Mo,to) for some sequence t n — > 1, Jt n converge 
to some J* G 3- 

This means, in fact, that in the limit the sequence M tn breaks into several 
irreducible J*-complex components. 

Let us consider an example where such behavior is not possible. 

Example. Suppose that X = S 2 x Y and u = lu± + uj2, where lo\ is some positive 
form on S 2 and lv 2 is some symplectic form on a compact manifold Y. As a 
homology class [7] take S 2 x {pt} and as a parameterizing surface for our curves 
again T, := S 2 . 

Observe that for any structure J on X tamed by u no J-complex curve C G [7] 
can be decomposed as C = C\ UC2 for some J^-complex curves C^, where Jfc G # w ! 

Exercise. Prove this. 

In this example M^,(M ,to) wm be always be compact. 

Theorem 3.3. Under the above conditions suppose that S is a sphere S 2 and 
that 3Vlh(Mo,to) is compact. Then the path h can be C 1 -approximated by the paths 
h n , all starting at (M ,to) such that for all points (M,t) G the associated 

Djq-operator is surjective, i.e., H\) N (S 2 ,NM t ) =0. 

Moreover, M^^ is a trivial bordism: M/^o) x [0,1]. In particular for every 
h n (0)-holomorphic sphere M G Mfc n (o) there exists a continuous family of h n (t)- 
holomorphic spheres M n ^ = u n j(S 2 ) with M n> o = Mq. 



113 



Lecture 6 

First Variation of the ^/-equation. 

In this paragraph we want to introduce, following Gromov, a _D U) j-operator 
associated to the J - complex curve u : S — > X in an almost complex manifold 
(X, J). For the convenience of the reader we now recall the notion of a connection. 

6.1. Symmetric Connections. 

Let M be a real manifold, E a real vector bundle over M. By T(E) we denote 
the space of smooth sections of E and by A p , a space of smooth p- forms on M. 

Definition 6.1.1. A connection on the real vector bundle E — > M is a mapping 
V : T(E) -> A 1 ®7(£) sucfr that 

VI. V is ~R-linear; 

V2. /or any smooth function f on M and any section e G T(E) 

V(/-e) =df®e + f-Ve. (6.1.1) 

If X G T(TM) is a vector field on M, one denotes V^e := V(e)(X), a covariant 
derivative of e along X. 

Remarks. 1. Choose a local frame ei, ...,e n of and write V(ej) = ®e_y , where 
are some 1-forms. Then V is uniquely determined by {r^}" - =1 . 

2. The dual connection V* is defined on the dual bundle E* — > M by 

d(/i,e) = (V*/i,e) + (/i,Ve), (6.1.2) 

where /i G r (£?*). 

3. One defines an extension of V onto E® p <&E® q — > M as 

V(e<g>/i) = Ve<g>/i + e<g>V/i. (6.1.3) 

In particular, since Hom(E , ,E') = E®E* , V extends onto Hom(£ , ,E'). 

We shall usually denote all these extensions by the same symbol V. One remarks, 
of course, that (6.1.1), (6.1.2) and (6.1.3) are nothing but the Leibnitz formula. 

4. Mapping V 2 = Vo V : T(E) — > A 2 ®T(E) is called the curvature of V and is, in 
fact, linear over A{M): V 2 (/e) = V(df <g> e + /Ve) = d 2 / <g> e - df A Ve + df A Ve + 
/V 2 e = /V 2 e. 

Definition 6.1.2. Let i? = TM. A connection V is caZZed symmetric ifVxY — 
V Y X = [X,Y}. 

Exercise. Take e; = for some local coordinates {x^}. Write =^ 3 ik dx k , i.e., 
V efe ei = r^ fc ej. What does symmetricity of V mean in terms of {T^.}? 

Exercise. Choose a symmetric connection V. Then the Nijenhuis tensor of an 
almost-complex structure J is defined as 



4Nj(X, Y) = {V x JoJ)Y- (VyJoJ)X + {Vj X J)Y - {V JY J)X. 
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Prove that this defintion doesn't depend on the choice of a symmetric connection, 
i.e. express Nj(X, Y) in the terms of Lee brackets. 

6.2. Definition of the D u j-operator. 

Recall that a C 1 map u : S — > X from a Riemann surface S with a complex 
structure Jg is called holomorphic with respect to Jg and J if it satisfies the equa- 
tion 

du + JoduoJ s = 0. (6.2.1) 

This simply means that duojg = Jodu, i.e., du : T P S — > T U ^X is a complex 
linear map for every p e S. Equation (6.2.1) is an elliptic quasi-linear PDE of order 
one. We are interested in the behavior of the solutions of (6.2.1), in particular, 
when the structures J and Js change. So we need to choose appropriate functional 
spaces both for solutions and for the coefficient of (6.2.1). Our choice is based on 
the following facts: 

a) The minimal reasonable smoothness of an almost complex structure J on X, 
for which the Gromov operator D u j can be defined, is C 1 , see the explicit formula 
(6.2.5). 

b) It is more convenient to operate with Banach spaces and manifolds and thus 
with finite regularity like C k , C k,ct or L k,p than with C°°-smoothness defining only 
a Frechet-type topology. 

c) Equation (6.2.1) is defined also for u lying in Sobolev-type spaces L k ' p (S,X) 
with /c^l, l^p^oo and kp > 2; such solutions are C 1 -smooth and the topology 
on the space of a solution is, in fact, independent of the particular choice of such a 
Sobolev space. 

d) For J G C k the coefficients of the Gromov operator D u j are, in general, 
only C fc ~ ^continuous, see (6.2.5), and hence solutions of the "tangential equation" 
D u ,jv = are only L fc ' p -smooth, 1 ^ p < oo; thus for obtaining a smooth structure 
on a space of (parameterized) J-complex curves, one should use Sobolev spaces 
L k '>P(S,X) with k' ^ k. 

Fix a compact Riemann surface S, i.e., a compact, connected, oriented, smooth 
manifold of real dimensions 2. Recall that the Sobolev space L k ' p (S,X), kp > 2, 
consists of those continuous maps u : S — > X, which are represented by L k,p - 
functions in local coordinates on X and S. This is a Banach manifold, and the 
tangent space T u L k > p (S,X) to L k ' p (S,X) in u is the space L k ' p (S,u* (TX)) of all 
L fc ' p -sections of the pull-back under u of the tangent bundle TX. One has the 
Sobolev imbeddings 

L k ' p (S,X) ^ L k -^i{S,X), forl^p<2 and 1 < q < 

L k ' p (S,X) ^ C k -^ a {S,X), for2<p^oo and 0<a<l-|. 

Let [7] be some homology class in ^(-X", Z). Fix p with 2 < p < 00 and consider 
the Banach manifold 



S = {ueL 1 > p (S,X):u(S) e [7]} 
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of all L^-smooth mappings from S to X, representing the class [7]. This makes 

1 — 

sence, because L ,p C C ' and therefore all u from § are continuous. Remark 
that the tangent space to S at u is 

T u S = L 1 ' p (S,u*(TX)) 

the space of L^-sections of the pulled-back by u the tangent bundle of X. 

Denote by 8 the Banach manifold of C 1 -smooth almost complex structures on 
X. In other words, 3={JG C x (X, End(TX)) : J 2 = -Id}. The tangent space to 8 
at J consists of C 1 -smooth J-antilinear endomorphisms of TX, 

T J d = {IeC 1 (X,Ex\A(TX)) : JI + IJ = 0} = C 1 (X,A°' 1 X ®TX), 

where A ' 1 ^" denote the complex bundle of (0,l)-form on X. 

Denote by 3s the Banach manifold of C 1 -smooth complex structures on S. Thus, 
8s = {Js £ C 1 (5', End(TS')) : Jf = —Id} and the tangent space to ds at J5 is 

T Js d = {Ie C^S, End(TS)) : J S I + U S = 0} = C 1 (S,A 0,1 S ®TS). 

Consider also the subset CP C § x ds x 8 consisting of all triples (u, Js, J) with u 
being ( J5, J)-holomorphic, i.e., 

7 = {(u,J s ,J) eSx3 s x8 :du + JoduoJ s = 0}. (6.2.2) 

Lemma 6.2.1. Let J and Js be continuous almost- complex structures on X and 
S, respectively, and let u G L 1,P {S,X) . Then 

du + JoduoJ s g L P (S, A°' 1 S®u*(TX)). 

Proof. One can easily see that du G L P (S, Hovn^TS, u*(TX)). On the other hand, 

(du + Joduojg) oJ s = —Jo(du + Joduo J 5 ), 
which means that du + J oduo J s is L p -integrable w*(TX)- valued (0,l)-form. 

□ 

Consider a Banach bundle T — > § x 3s x 8 with a fiber 

T KJs , J) =LP(5,A°' 1 5®^(TX)), 

where TS and TX are equipped with complex structures Js and J, respectively. T 
has two distinguished sections: 

1) (To = 0, the zero section of T; 

2) o~q(u, Js, J) = du + JoduoJs. 
By definition is the zero-set of a-g. 

Let us compute the tangent space to CP at the point (u, Js, J). Let (u t ,Js(t), Jit)) 
be a curve in CP such that (uq, Js(0), J(0)) = (u,Js,J). Let 
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be the tangent vector to this curve and hence to CP at t = 0. The condition 
(u t , Js(t), J(t)) £ CP means that 

du t + J(u t ,t)odu t oJ s (t)=0 (6.2.3) 

in L P (S, A 0,1 (S) ®« ( *(TX)). Let V be some symmetric connection on TX, i.e., 
VyZ — VzY = [Y,Z]. The co-variant differentiation of (6.2.3), with respect to t, 
gives 

V ' d_{du t ) + (V v J)(du t oJ s ) + J(u t ,t) oV d_{du t ) o J s + 

+ J o du t oJ s + Jo du t oj s = 0. 
Let us show that V a_(du t ) = Vv. Indeed, for £ e one has 




So every vector (y,Js,J) which is tangent to CP satisfies the equation 



X7v + JoX7voJ s + (X7 v J)o(duoJ s ) + Joduoj s + joduoJ s = 0. (6.2.4) 

Definition 6.2.1. Let u be a J - complex curve in X. Define the operator D Uj j 
on L 1 ' p -sections i> of u*(TX) as 

= J(Vu + JoVvoJ s + (V v J)o(duoJ s ).) (6.2.5) 



Remark. This operator plays a crucial role in studying properties of complex 
curves. In its definition we use the symmetric connections instead of those compat- 
ible with J, as is shown in [G] . The matter is that one can use the same connection 
V for changing almost complex structures J. The lemmas below justify our choice. 

Lemma 6.2.2. D Uy j does not depend on the choice of a symmetric connection V 
and is an R-linear operator from L 1 'P(S,u*(TX)) to LP(S, A°' 1 S <^u*(TX)). 

Proof. Let V be another symmetric connection on TX. Consider the bilinear 
tensor on TX, given by formula Q(Z, Y):='V zY — ^ zY . It is easy to see that Q is 
symmetric on Z and Y. Also note that V^v — V^v = Vd u ((,) v ~ ^du(s,) v = Q(du(£),v) 
and, in addition, that (V Z J){Y) - (V Z J)(Y) = Q(Z,JY)-JQ(Z,Y). From here 
one obtains 

2(D u>jV )(0-2(5 u>J t;)(0 = 
= V € u - V € v + J(V Js £V - V Js £v) + {V V J- V v J)du(J s £) = 
= Q(du(t),v) + JQ(du(Jst),v)+Q(v,JduJst)-JQ(v,du(J s t)) = 



= Q(du(£),v) + Q(JduJ s Z,v) = Q((du + JduJ s )(Z),v) = 0. 
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Now let us show that D Uj j(v) is Jg-antilinear: 

2D u ,j(v)[JsZ] = Vj s tv + JoVj2tv+(V v J)o(duoJ%)(Z) = 
= V j s€ u - J(V^) - (V v J)(du(0) = - J[V € u + J(V Js€ v) - JV W Jd«(0] 

= -j[v^+jov Js ^+(v v j)(^oj s (e)] = -2j J D U5 j( v )[e]. 

Here we use the fact that JoV„J + V„Jo J = and duo Js = Jodu. 



□ 



This lemma allows us to obtain expression (6.2.4) also by computation in local 
coordinates xi,x% on S and u\,... ,«2 n on X, choosing as connection V the de 
Rham differential d. Really, wright u t (x) =u(x,t) = (u\(xi,X2,t), ...,U2 n (xi,X2,t)) 
for the Jt-holomorphic map u : S — > X (note that Ut and structure Jt are both 
time dependent). In the local basis -^i---ig^~ of the tangent bundle TX J t is 
represented by a time dependent 2n x 2n matrix, which we will also denote as J(-,t). 
Differential of u t will be denoted as du t {x) or as and is 2 x 2n matrix 



du t (x) 



du; 



dx 



f(x,t) 



dU2 



-(x,t) 



(6.2.6) 



Complex structure Js(t) on the surface is also time dependent and in the local 
frame jf— , jf— of TS is represented by a 2 x 2 matrix, which we shall denote also 
as Js(t)- Equation of holomorphicity (6.2.3) now reeds in matrix form as 

(6.2.7) 

Differentiating this with respect to t we get 



dut T/ \ du t T , \ 



d_ 

dx 



du t 
~~dt 



dJ 



du± 



I dJ(u t ,t) du t \ du 



dt 



dx 



Js(t)+ 



+J(u t ,t) 



d 

dx 



dut 
~dt 



Js(t) + J(u t ,t). — .^ r =0. 



(6.2.8) 



Here we put <^,^> 



2n QJ duj (t) 
du^ dt 



. Therefore the vector 



• • f du t dJs(t). dJ(t) 
(v,Js,J) :- (^=0,-^1^0,-^=0 



is tangent to T at (uq, Js(0), Jo) if and only if 

dv I dJ(ut,t) \ du t . . dv * . 



■ du T T du ■ _ 

ax ax 



(6.2.9) 
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Note that ( dJ ^ ,t \ v) = ^ is the derivative of J along the vector v. Therefore 
(6.2.9) with V = d gives the same expression as (6.2.4). 

6.3. d-type Operators. 

Now we need to understand the structure of the operator D u j in more detail. 
The problem arising here is that D := D u j is only R-linear. So we decompose it into 
J-linear and J-antilinear parts. For the rest of this text we shall denote by E the 
pulled-back u*TX by u tangent bundle of X. For f e C\S,TS) and v G L 1,P (S,E) 
write D i v = \[D^v-JD^Jv)} + \{D i v + JD^Jv)} = d UyJ [v}(0 + R(v,0- 

Definition 6.3.1. The operator d Uy j, introduced above as the J-linear part of 
D u ,j, we shall call the d-operator for a J-complex curve u. 

Lemma 6.3.1. d Ut j : L 1,P (S, E)L P (S, A 0,1 S® E) is a first order differential opera- 
tor satisfying 

d u ,j(fv) = dj s f®v + f®d u ,jv. (6.3.1) 

where dj s f = \ [df + i ■ df o Jg] is d-operator on S. 
Proof. Really, 

2D U;J (fv) = V(fv) + J o V(fv) o J s + (V f v J) o (du o J S ) = 

= fVv + fJoVvoJ s + fV v Jo(duoJ s ) + 
+df®v + Jdf (g)vJ s = f2D UyJ v + 2d Js f <g> v. 
From here we see that 2JD UyJ (Jfv) = 2f JD u j( Jv) + 2 Jdf ® Jv. So 

4d u ,Afv) = 2[Du,j(fv) - JD UjJ (Jfv)} = 2f[D UyJ v - JD u ,j{Jv)] +4df®v = 

= 4fd u ,jv + 4d Js f®v. 

□ 

The following statement is well known in the smooth case. The line bundles case 
can be found in [Hf-L-Sk]. 

Lemma 6.3.2. Let S be a Riemann surface with a complex structure Js and E 
a L 1,p -smooth complex vector bundle of rank r over S. Let also 8e '■ L 1,P (S,E) — > 
L P {S, f\(°' 1S) S ® E) be a differential operator, satisfying the condition 

d E m = dsf®Z + f-d E Z, (6-3.2) 

where ds is the Cauchy-Riemann operator, associated to Js- Then the sheaf 

U d S ^ 0{E){U) := e L^ P {U,E) : d E £ = 0} (6.3.3) 

is analytic and locally free of rank r. This defines the holomorphic structure on E, 
for which d E is an associated Cauchy-Riemann operator. 

Remark. The condition (6.3.2) means that d E of order 1 and has the Cauchy- 
Riemann symbol. 
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Proof. It is easy to see that the problem is essentially local. So we may assume 
that S is a unit disk A with the standard complex structure. Let £ = (£1,... ,£ r ) 
be a L^-frame of £ over A. Let also T G L P (A, A ' 1 A® Mat (r,C)) be defined by 
relation 

(?£;£i = ^r^j, or in matrix form, 9_g;£ = £-r. (6.3.4) 

3 

Then for any section r\ = ^g 1 ^ the equation OeV = is equivalent to 

% l + ^r^' = 0, or in matrix form, d# + r-# = 0. (6.3.5) 

3 

Let the map r t : A — > A be defined by formula Tt(z) = t ■ z, < t < 1. One can 
easily check that 

lkt*r||LP(A) ^ t 1_2 ^ :p ||r|| LP ( A ). 

So taking pull-backs t£E with t sufficiently small we may assume that ||r|| LP (A) is 
small enough. Now consider the mapping F from L 1,P (A, Gl(r, C)) C 
C L^ p (A,Mat(r,C)) to L p (A,A°' 1 A®Mat(r,C)) defined by formula F(g) :=dg- 
g -1 . It is easy to see that the derivation of F in g = Id equals to 9. Due to 
the Lemma 3.2.1 and the implicit function theorem for any V with ||r||£ P (A) small 
enough there exists g in L 1,p (A,Gl(r,C)) with g(0) = Id, satisfying the equality 
F(g) = — r, which is equivalent to (6.3.4). Consequently, in the neighbourhood of 
every point p G S there exists a frame r\ = (rji, . . . ,n r ) of E consisting of sections of 
0(E). This implies that 0(E) is analytic and locally free of rank r. □ 

This lemma has an interesting corollary, which will be not used in this notes. Let 
E — > S be real vector bundle over a Riemann surface (S, Jg), and let J be a complex 
structure on E, i.e. J G End(E) with J 2 = —Id. Take some connection V on £ 
and consider a J-linear first order differential operator D v v := §[Vi> — JV( Ju)] : 
r 1 '^,^) ^rP(S,A^®£). Define 

-1 

d V v=-(D v v-JDj s v). (6.3.6) 

Lemma 6.3.3. Operator d V acts from Y 1 ' P (S,E) to T P (S,A / ® E) and satisfies 
condition (6.3.2) 1. e. 

d V (fv) = d s f®v + f-d V v, (6.3.7) 

and therefore defines by Lemma 6.3.2 a holomorphic structure on E compatible with 
a given complex structure J. 

Proof. We need to check only the antilinearity of the form va,nd relation (6.3.7). 
Take a £ G TS, then 

(d V v)(M) = \{D v Jsi v-JDjv] = -j\[D^v + JD^v] = -Jd*v{£). 

This shows antilinearity of v with respect to TS'-variable £, and therefore <9 V 
acts from T X > P (S,E) to T P (S, A / <g> E). Note that d V is J-linear on the variable v 
as D v is. Further, 
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D V (fv) = \[df®v + fVv- JfV(Jv) - Jdf <g> Jv] = 

= fDVv + \(df®v + df®v)=fD v v + df®v. (6.3.8) 

Therefore 

tf(fv) = l[D v (fv)-JDl.(fv)] = ±ifD v v + df®v-fJDj s .v-Jdf®v] = 
= fd V v + ^[df(g)v- Jdf ®v] = fd V v + d Js f®v. 

This is because 

D l.(fv) = ±[V Js . (fv) - JV Js . (fv)] = fDj s v + l -[df o J S ® „ - Jdf o J S ® „] = 

= fD"j s .v + JdfoJ s ®v = fDj s .v + d s f ® u. 

We used here the definition if ®v = f ® Jv of multiplication by z in the bundle i?. 

□ 

6.4. Holomorphic Structure on the Induced Bundle. 

Relation (6.3.1) tells us that the J-linear operator d U} j : L 1,P (S,E) — > L P (S, 
A°' 1 S , ®i?) satisfies the condition (6.3.2) and therefore defines in way explained in 
the previous paragraph a holomorphic structure on the bundle E. We shall denote 
by 0(E) the sheaf of holomorphic sections of E. 

Now let us turn to the antilinear part R of Gromov's operator. 

Lemma 6.4.1. R is a continuous J -antilinear operator from E to A ' 1 ®E of the 
order zero, satisfying 

R(v,Z) = N(v,du(t)). (6.4.1) 

and consequently 

Rodu = 0. (6.4.2) 

Here the second relations means that for all £,rj G TS we have R(du(rj),£) = 0. 
Proof. J anti-linearity of R is given by its definition. Compute R(v,£) for v G 
L^p(S,E) and f G C^S.TS), setting w := du(£) and D := D UyJ to simplify the 
notations 

4R(v,Z) = 2D[v](Z) + 2JD[Jv](Z) = 

= V^v + JVj s £V + V V J oduo Js(C) 
+JV^(Jv) + J 2 V Jsi0 (Jv) + JV Jv JoduoJ s (£) = 



= V^v + JV Js ^v + V v JoduoJ s (^)+ 
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+J 2 V^v + J(V w J)v + J 3 V JsC i> + J 2 (V Jw J)v + JoV Jv JoJw. 

Here we used the relations Vdu(£)J = V^J, du(Js^) = Jw and Vdu(j s €)J = 
V j w J . Contracting terms, we obtain 

4R(u,£) = V„ J(Jiu) + J{V w J)v - (Vj w J)v + J(V Jv J(Jw)) = 

= (V v JoJ)w-(V w JoJ)v-(V Jw J)v + (V Jv J)w = 4N(v,w), 

where N(y,w) denotes the torsion tensor of the almost-complex structure J, see 
[Li], p. 183, or [Ko-No], vol.11. , p. 123, where another normalization constant for the 
almost complex torsion is used. Finally we obtain 

R(v,Z) = N(v,du(Z)). 

N is antisymmetric and J-antilinear on both arguments, so 

-JR(du(r]),£) = R(du(r]),Js£) = N(du(r]),du(JsO) = N {Mv),du(r])) =0 

if £ and r\ were chosen in such a way that Js(0 = V- The relation i?(dit(£),£) = 
obviously follows from (6.4.1). □ 

Remarks. 1. If our structure J is integrable, i.e. Nj = then by (6.4.2) R = 
and therefore D Uj j = d U) j is J-linear. In fact we know that J is integrable iff 
there exists a symmetric connection V on TX compatible with J, i.e. V J = 0, see 
[Ko-No]. From (6.2.5) we see that in this case D Uy j(v) = ^(Vv + J o\/v o J s ). So 
D u j is onviously J-linear. 

2. The tangent bundle TS to the Riemann surface S carries a natural holomorphic 
structure. We shall denote by Q(TS) the corresponding analytic sheaf. If the 
structure J on X is integrable then the differential du : (TS : Q(TS)) — > (S,E) of a 
holomorhpic map u : S — > X is an analytic morphism of sheaves. We shall see know 
that this fact is stil true in nonintegrable case. 

Lemma 6.4.2. Let u : (S, Js) — > (X, J) be a non-constant complex curve in almost 
complex manifold X . Then du defines an infective analytic morphism of analytic 
sheaves 

— >0(TS) -^O(E), (6.4.3) 

where E = u*(TX) is equipped with a holomorphic structure defined as above by 
the operator d Uj j. 

Proof. Injectivity of a sheaf homomorphism is equivalent to its nondegeneracy, 
which is our case. 

To prove holomorphicity of du it is sufficient to show that for £,77 e C 1 (5',T5') 
one has 

@uAMt)))(v) = du((dsO(v)), (6-4.4) 

where ds is the usual <9-operator on TS. We shall use the relation which is, in fact, 
the definition for ds : 
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(dsOiv) = \(V n t + JsVj an t). (6.4.5) 
Here V is a symmetric connection on S, compatible with Jg. One has 

2 • (d u ,jdu(£))(v) = V„(du(0) + JV JsV (du(Z)) + (V du(0 J)(du(Jsv)) = 
= (V^du) (£) + du(V v O + J(Vj sV du) (0 + J(du(V Jav 0) + (V d „( €) J) (du(Jsv)) = 
= du[V^+JsV Js ^] + [(V v du)(0 + J(Vj sv du)(0 + (V du ^J)(du(Jsv))]- (6.4.6) 

The first term of (6.4.6) is 2-du(ds£)(v)- To cancel the second one we use the iden- 
tities (V^du)[rj] = (S7 v du)[£], V w JoJ = — JoV TO J, and (W^du)oJs = Jo(y^du) + 
Vd u (£\Jodu. The last identity is obtained via co- variant differentiation of duoJ s = 
Jodu. Consequently, we obtain 

(V v du)(0 + J(V Js71 du)(0 + (V M0 J)(du(J s v)) = 

(W^du) (rj) + J(V^du) {J S T]) + (V du{0 J) (du(Jsv)) = 
(V^du) (n) + J 2 (V^du) (n) + J(V du{0 J) (du(n)) + (V du{0 J) (du(Jsv)) = 
= (J oVduzJ){dur)) + (V d u(0 JoJ )(du{v)) = 0. 

□ 

Remark. We can give an alternative proof to both Lemmas 6.3.1 and 6.3.2, which 
does not use direct calculation. Fix a complex structure Jg on S and let cp t be 
the one parameter group of diffeomorphisms of S, generated by a vector field £. 
Then -^\ t =o{d<Pt) = -Dj^JdC = ^sC- Let a J-holomorphic map u : S — > X also be 
fixed. Then ^|t=o(wo<p t ) = c£u(£) and consequently 

£>j, u (^(0) = j t | t=0 dj(uo<p t ) = j t | t=0 (duod<p t ) = | t=0 (a Js v?t) = 

or equivalently -D j ;U odu = duod. Taking the J-antilinear part of the last equality 
we obtain Rodu = 0. Nevertheless we shall use the explicit form of the Gromov 
operator: 

D u ,j(v)[Z} = d u ,j(v)[Z}+Nj(v,du(Z)). (6.4.6) 

The zeroes of analytic morphism du : 0(TS) — > 0(E) are isolated. So we have 
the following 

Corollary 6.4.3. ([Sk]). The set of critical points of a complex curve in almost 
the complex manifold (X, J) is discrete, provided J is of class C 1 . 

For C°° -structures the result is due to McDuff, see [McD-1]. 
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Lecture 7 

Fredholm Properties of the Gromov Operator 

7.1. Generalized Normal Bundle. 

Lemma 6.3.2 makes it possible to define the order of vanishing of the differential 
of ( Js, J)-holomorphic map u : (S, Js) — > (X, J), provided J G C 1 . 

Definition 7.1.1. By the order of zero ord p du of the differential du at a point 
p G S, we understand the order of vanishing at p of the holomorphic morphism 
du:Q(TS)^0(E). 

From (6.3.2) we obtain the following short exact sequence: 

— > 0(TS) 0(E) — >N — >0. (7.1.1) 

Here N is a quotient-sheaf 0(E)/du(TS). We can decompose N = 0(N ) ©3\fi, 
where iVo is a holomorphic vector bundle and DsTi = ©^C"*. Here C^f denotes 
the sheaf, supported at the critical points cii & S of du and having a stalk C" 1 with 
rii = ord Ui du, the order of zero of du at a^. We shall call N a normal sheaf and N 
a generalized normal bundle. 

Denote by [A] the divisor Yld=i n i[ a i\-> an ^ 0([A|) a sheaf of meromorphic 
functions on S having poles in of order at most n^. Then (7.1.1) gives rise to the 
exact sequence 

— ► 0(TS) © 0([A]) 0(E) — ► O(A^o) — ► 0. (7.1.2) 

Denote by L P Q ^(S,E) the space of L p -integrable (0, l)-forms with coefficients 
in E. Then (7.1.2) together with Lemma 6.3.1 implies that the following diagram 
is commutative 



— ► L^p(S,TS^)[A]) L^ P (S,E) -^U L 1 ' p (S,No) — > 

— Lj ^TS© L4]) ^ Lf 01) (5,S) — L p (S,N ) — > 0. 

(7.1.3) 

This defines an operator D^j : L 1,p (S,No) — > L P Q ^(S,Nq) which has the form 

D N j = 8n+R. Here On is a usual <9-operator on N and i? G C°(S, Hom^A^, A ' 1 © 
Nq)). This follows from the fact that D Uj j has the same form. 

Definition 7.1.2. Let E be a holomorphic vector bundle over a compact Riemann 
surface S and let D : L 1 ^ P (S,E) — »■ L P (S 1 A°^ 1 S E) be an operator of the form 
D = d + R, where i? G LP (5, Hom M (L, A ' 1 ^ © £)) with 2 < p < oo. Define 
H° D (S,E) := KerD and H^(S,L) := CokerD. 

Remark. It is shown in Lemma 7.2.2 below that given S, E and R G L p , 2 < p < oo, 
one can define H^S 1 , L) as a (co)kernel of the operator d + R : L l ' q (S,E) — > 
L q (S, A ' 1 5'©L , ) for any 1 < q ^ p. Thus, the definition is independent of the 
choice of a functional space. 
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By the standard lemma of homological algebra we obtain from (7.1.2) the fol- 
lowing long exact sequence of D-co homologies. 



H°(S,TS®[A]) — > H° D (S,E) — > H° D (S,N ) — 



H\S,TS®[A}) — Hi,(5,£?) — H^iVo) 



(7.1.4) 



7.2. Surjectivity of D Uj j. 

We shall use a result of Gromov ([G]) and Hofer-Lizan-Sikorav ([Hf-L-Sk]) about 
surjectivity of -D^j, namely a vanishing theorem for D-co homologies. First we 
prove some technical statements. 

Lemma 7.2.1. Let X and Y be Banach spaces and T : X — > Y a closed dense 
defined unbounded operator with the graph Y = Ft endowed with the graph norm 
\\ x \\r = \\ x \\x + ll^llr- Suppose that the natural map V — > X is compact. Then 

i) Ker(T) is finite- dimensional; 

S) Im (T) is closed; 

Si) the dual space (Y/\m(T)) is naturally isomorphic to Ker(T* : Y* — > X*). 

Proof. Obviously, for x G Ker(T) one has \\x\\x = \\ x \\r- Let {x n } be a sequence 
in Ker(T) which is bounded in the || • \\x- norm. Then it is bounded in the || • ||r- 
norm and hence relatively compact with respect to the || • ||x- norm. Thus, the unit 
ball in Ker (T) is compact which implies the statement i) of the lemma. 

Due to finite-dimensionality, there exists a closed complement Xq to Ker (T) in 
X. Let {x n } be a sequence in X such that Tx n — > y G Y. Without losing 
generality we may assume that x n belong to Xq. Suppose that ||x n ||x — ► °o- 
Denote x n := ^rj^. ■ Then ||5 n ||r is bounded and hence some subsequence of 
{x n }, still denoted by {x n }, converges in X to some x. Note that x ^ 0, because 
\\x\\x = lim ||x n ||x = 1- On the other hand, one can see that Tx n — ► G Y. Since 
T is closed, (x,0) G V and hence x G Ker(T) (~)X = {0}. The contradiction shows 
that the sequence {x n } must be bounded in X. Since {Tx n } is also bounded in Y, 
some subsequence of {x n }, still denoted by {x n }, converges in Xq to some x. Due 
to the closeness of T, Tx = y. Thus Im (T) is closed in Y. 

Denote Z := Ker(T* : Y* -> X*) and let /i G (y/lm(T))*. Then /i defines 
a linear functional on y,i.e., some element hi G Y*, which is identically zero on 
Im (T). Thus, for any x from the domain of the definition of T one has (h',Tx) = 0, 
which implies T*(h') = 0. Consequently, h! belongs to Z. Conversely, every h' G Z 
is a linear functional on Y with h! (Tx) = (T*hf ,x) = for every x from the domain 
of the definition of T. Thus, h! is identically zero on Im (T) and is defined by some 
unique he (Y/\m(T))*. □ 

Lemma 7.2.2. (Serre Duality for D-cohomologies.) Let E be a holomorphic vector 
bundle over a compact Riemann surface S , and let D : L 1,P (S,E) — > L p (S,A 0,1 S<g>E) 
be an operator of the form D = d + R, where R G L P [S, Homn^-E', A°' 1 S^E)) with 
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2 < p < oo. Also let K := A 1 '°5' be the canonical holomorphic line bundle of S. 
Then there exists the naturally defined operator 

D* = d — R* : L 1,P (S,E* ®K) — > L p (S,A 0,1 <g>E* <g>K) 

with R* e L P (S, Hom^E* <g>K, A°' 1 S<S> E* <g) K)) and the natural isomorphisms 

H° D (S, £?)*^Hi,.(5, E*(g)K) 7 

Hi, (5, £)* = h^(s, e*®^). 

//, m addition, R is C-antilinear, then R* is also C- anti-linear. 

Proof. For any 1 < q < p we associate with D an unbounded dense defined 
operator T q from X g := L q (S,E) into Y" g := L q (S,A°' 1 S ® E) with the domain of 
definition L 1 ' q (S,E). The elliptic regularity of D (see Lemma 3.2.1 above ) implies 
that 

u\\l^ ( s,e) < (iiae+^eiu^^) + neiu.(s,B)) • 

Consequently, T g are closed and satisfy the hypothesis of Lemma 7.2.1. For q> qi 
we also have the natural imbedding X q <^-> X 9l and Y" g <— > Y" gi which commutes with 
the operator D. Moreover, due to the regularity of D this imbedding maps KerT g 
identically onto KerT gi . Thus we can identify W° D {S,E) with any KerT g . 
Now note that for q' := q/(q — 1) we have the natural isomorphisms 

X* =(L q (S,E))* = L q ' (S,A 0,1 S ® E* ® K), 
Y* =(L q (S,A°' 1 S®E)y = L q '{S,E*®K), 

induced by the pairing of E with E* and by integration over S. One can easily 
check that the dual operator T* is induced by the differential operator — D* : 
L 1 ^' '(S,E* ®K) -> L q '(S,A ' 1 ®E*®K) of the form D* = d-R*. In fact, for 
£ e L 1 ' q (S,E) &n&rieL l > q '{S,E*®K) one has 

{T q £,v)= [ (dt + RZ,v}= [ d(Z,v) + [ (Z,-(d-R*)v)= [ {t,-D* V ), 
Js Js Js Js 

since the integral of any 9-exact (1, l)-form vanishes. From Lemma 7.2.1 we obtain 
the natural isomorphisms H^(S,£)* = (CokerT p )* KerT p * and H° D (S,E)* = 
(KerTp)* = CokerTp, which yields the statement of the lemma. □ 

Corollary 7.2.3. ([G], [H-L-Sk].) (Vanishing Theorem for D-cohomologies.) Let S 
be a Riemann surface S of the genus g. Also let L be a holomorphic line bundle over 
S, equipped with a differential operator D = d + R with R G L P [S, Hom R (L, A°' 1 S' ® 
L)),p>2. If Cl (L)<0, thenH° D (S,L) = 0. Ifa(L) > 2g-2, then H 1 D (S,L) = 0. 

Proof. Suppose £ is a nontrivial L 1,p -section of L satisfying D£ = 0. Then due 
to Lemma 3.1.1, £ has only finitely many zeros Pi E S with positive multiplicities 
Hi. One can easily see that ci(L) = ^2 fa ^ 0. Consequently H° D (S, L) vanishes if 
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ci(L) < 0. The vanishing result for H]^ is obtained via the Serre duality of Lemma 
7.2.2. 

□ 



7.3. Tangent Space to the Moduli Space. 

Recall that in (7.1.4) we obtained the following long exact sequence 







H°(S,TS®[A]) 



H° D (S,iVo) 



Hi,(S,tf ) 



0. 



It is most important for us to associate a similar long exact sequence of D-cohomo- 
logies to the short exact sequence (7.1.1). Note that, due to Lemmas 6.3.1 and 
6.3.2, we obtain the short exact sequence of complexes 



— ► L 1 'P(S,TS) 

d s 







du 



L*{S,TS) ^L*(S,E) ^L*(S,E)/du(L*(S,TS)) — 



L^p(S,E) L 1 >P(S,E)/du(L 1 >P(S,TS)) — >0 



D 



D 



(7.3.1) 



'(o,i)' 



y (o,i) 



(0,l) v 



y (o,ir 



where D is induced by D = D Uy j. 

Theorem 7.3.1. For D just defined, KerD = H° D (S, A^ )©H°(5,Xi) andCokerD = 

Proof. Let pr : 0(E) — > 0(N ) and pr 1 : 0(E) — > Ni denote the natural projections 
induced by pr : 0(E) -> K = 0(AT )eKi. Also let A, as in (2.2.7), denote the 
support of Ki, i.e., the finite set of the vanishing points of du. Then pr defines 
maps 

pr :L 1 >p(S,E) — L^(S,N ) 

(7.3.2) 

PTqiL^^S) — L* 0>1) (S,JV ). 

Furthermore, in a neighborhood of every point p G A the sequence (7.1.1) can be 
represented in the form 

o— >o-^o n - 1 eo-^>o n - 1 ©:N , i|p— >o (7.3.4) 

with a p (£) = (Q,z Up £) and P(^v) = (£i3p ^v)- Here z denotes local a holomorphic 
coordinate on S with z(p) = 0, z/ p is the multiplicity of du in p, jp" ^rj is a (z/ — l)-jet 
of ?y in p and Ni| p is a stalk of Ni in p. 

Now let | G L 1 >P(S,E)/du(L 1 >P(S,TS)) which satisfies = 0. This means 

that £ is represented by some £ G L 1,P (S,E) with D£ = c£u(?7) for some 77 G 
L? Q '(S.TS). It is obvious that there exists C e L 1 ' P (S,TS) such that dC = 77 in 
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a neighborhood of A. Consequently, D(£ — du(Q) = in a neighborhood of A. 
Denote £1 := £ — du((). Due to (6.3.1), in a neighborhood of p G A the equation 
D£i = is equivalent to 

dt 1 + N(S 1 ,du) = 0. 

Due to Lemma 3.1.2 above, £i = P(z) + o(\z\ Up ) with some (holomorphic) poly- 
nomial P(z). This gives the possibility of defining 0o P r o(0 e L 1,p (S,No) and 
0! : = pr^-duiC)) G H (5,Ki). Due to (7.1.2) and (7.1.3), D N (/> = 0. l£dC' = V 
in a neighborhood of A for some other (' G L 1,P (S 7 TS), then C — C is holomorphic 
in a neighborhood of A, and consequently pr 1 (du(C — C')) = 0- Thus, the map 
t° : KerD^ HO ) (5,A^o)©H°(5,Ki), = (0 o ,0i) is well-defined. 

Assume that t (£) = for some £ G Ker.D and that £ is represented by £ G 
L 1 ^ P (S,E) with L>£ = du(ri) for some 77 G L P 01) (S,TS). Let C e L^ P (S,TS) 

satisfy dC, = rj in a neighborhood of A. The assumption t (£) = implies that 
pr 1 (£ — = and that pr (£ — dw(C)) = in a neighborhood of A. Consequently, 
f-du(C) = du(^) for some ^ G L^ P (S,TS) and £ G du^^TS)). This means 
that £ = G KerD and t° is injective. 

Let 0o £ H^(5 , ,AT ) and 0i G H^S^Ni). For every p G A fix a neighborhood 
Up and representation of (7.1.1) in the form (7.3.4) over U p . In every U p we find 
£ = (£o>£i) ^ L 1 > p (U p ,C n ~ 1 x C) satisfying the following properties: 

a) Di = 0; 

b) £o coincide with 4>o\u p under the identification 0(Nq)\u p = O n_1 ; 

c) ^ _1) C = 0i| P GKi| p . 

The corresponding £i G L 1,p (C/p,C) can be constructed as follows. Let -D(Co)Ci) = 
(VoiVi)- From pr (.D£) = L>7v(pr £) = one has 770 = 0. In the representation 
(7.3.4) the identity Rodu = of Lemma 6.3.1 means that _D(0,£i) = (0,<9£i). 
Thus, one can find £1 with <9£i = —771, which gives _D(£o,£i) = 0. Consequently, 
1 ^ is well-defined. Adding an appropriate holomorphic term to £1 one can 
satisfy condition c). Using an appropriate partition of unity, we can construct 
£' G L 1,P (S,E) such that £' coincides with £ in a (possibly smaller) neighborhood 
of every p G A and such that pr £' = O in S. Thus from D N (p = and (2.2.8) 
one obtains Dg G du(L p Q1 ^(S,TS <g>[A])). But £>£' = in a neighborhood of 
every p G A, which means that _D£' G Gfa/(L P ^(S,TS)). This shows surjectivity of 
6° : KerD^H D (S,N )®H°(S^ 1 ). 

Now consider the case of CokerD. Since the operator pr satisfies the identities 
pr o De = Dn o pr and pr Q odu = 0, the induced map 

i 1 -.Coker D = L P (0A) (S,E) / (D E (L 1 ' p (S,E)®du(L p 0A) (S,TS)) — > 

— H^(S,iVo) = L^&NoyDNiL^frNo)) 

is well-defined. Moreover, the surjectivity of pr : L P Q ^(S,E) — > L^ Q ^(S,No) easily 
yields the surjectivity of l 1 . 

Now assume that l 1 ^ = for some £ G CokerD and £ is represented by £ G 
L P Q ^(S,E). Then the condition l 1 ^ = means that pr £ = D N rj for some 77 G 
L^ P (S,N ). Find C e L 1 > P (S,E) such that pr C = 77. Then pr (£-L>C) = 0, 
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and, due to (7.1.3), £-D( = du(</>) for some G L P Q1) (S,TS <g> [A]). Find ip G 
L 1,P (S,TS ® [A]) such that dip = (f) in some neighborhood of A. Then 

^-DC-D{du{^)) = du{(j>-d^) edu(L p {QA) (S,TS)). 
Consequently, £ G ImD. This shows the injectivity of a 1 . □ 

Corollary 7.3.2. T7ie s/iori exact sequence (7.1.1) induces the long exact sequence 
of D-cohomologies 

— > H°(S,TS) — > H°,(S,£) — > H°,(S,W ) © H°(5,W!) 
—►H^TS) — H},(S,£) — H^(5,iVo) — .0. 



7.4. Reparameterizations. 

Let £ be an oriented compact real surface without boundary. Consider the Te- 
ichmiiller space T g of marked complex structures on S. This is a complex manifold 
of a dimension 

fO if<7 = 0; 

dim c Tg = < 1 if g = 1; 

[3(7-3 if#^2 

which can be completely characterized in the following way. The product 5xT 9 
possesses a complex (i.e. holomorphic) structure JsxT such that 

i) the natural projection 7r |t: S x T 3 — > T g is holomorphic, so that for any r G T 9 
the identification S = S x {r} induces the complex structure Js(t) '■= ^ SxT \sx{r} 
on S 1 ; 

£) for any complex structure Js on S there exists a uniquely defined r G T ff and 
a diffeomorphism / : S — > S 1 such that Js = /* Js(r) (i.e. / : (£, Js) — > (S 1 , Js(r)) is 
holomorphic) and / is homotopic to the identity map Ids : S 1 — > S 1 . 

Denote the automorphism group of S 1 x T ff by G. It is known that 

f PG/(2,C) for# = 0, 

G= < Sp(2, Z) kT 2 for o = l, 
(sp(2<7,Z) for g > 2. 

We shall use the following information about T g . 

For g = the surface £ is a Riemann sphere S 2 and all complex structures on 
S 2 are equivalent to the standard one when S 2 = CP 1 . Thus, Tq consists of one 
point, and the group G = PG/(2,C) is the group of biholomorphisms of CP 1 . 

For g = 1 the surface S is a torus T 2 and Ti is an upper half-plane C + = { r G 
C : Im (r) > }. The product S x Ti can be identified by the quotient (C x C + )/Z 2 
with respect to the holomorphic action 



((n,m), (z,r)) G Z 2 x C x C + i — > (m,n) • (z,t) := (z + m + nT.r) G C x C + . 
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In this case the subgroup T 2 = M 2 /Z 2 is a connected component of the identity 
e G G, in particular T 2 is normal. The group G = Sp(2, Z) x T 2 is a semi-direct 
product. The holomorphic action of T 2 on the quotient (C x C+)/Z 2 is given by 

([h,t 2 ], (W^)) e T 2 x (C x C + )/Z 2 .— 
[hM -([z],t) := ([z + *i + * 2 t],t) G (Cx C+)/Z 2 . 

For any g ^ the action of G on S x T g is effective and preserves fibers of the 
projection tv \j: S x T g — > T fl . This induces the action of G on T ff . Furthermore, 
given r6T 9 and / G G, there exists a unique diffeomorphism of f T : S — > S 1 such 
that 

/•(x,r) = (/ T (x),/-r). (7.4.1) 

For any r G T g we have natural isomorphisms T T T g = H 1 (5', T (TS)) and 
T e G ^ H°(5, T (T5)), where T (TS) denote the sheaf of a section of TS which 
are holomorphic with respect to the complex structure Js(r). 

Later on, we shall denote elements of T g by Jg and consider them as correspond- 
ing complex structures on S. 



130 



Lecture 8 
Transversality. 

8.1. Moduli Space of Nonparameterized Curves. 

Let (X,u, J s t) be a symplectic manifold with some distinguished iy-tamed almost- 
complex structure J s t- In our applications J st will be integrable, providing, together 
with w, the Kahler structure on X. Let U d I be an open relatively compact 
subset which can coincide with X if X is compact. Also let S be a (fixed) compact 
oriented surface of genus g ^ 0, uq : S — > X a non-constant C 1 -smooth map such 
that u (S)nU ^ 0. 

Fix 2 < p < oo. The Banach manifold L 1,P (S, X) of all L^-smooth maps w : S 1 — > 
X is smooth with a tangent space T U L 1 ' P (5',X) equal to the space L 1,p (S,u*TX) of 
L^-smooth sections of a pulled-back tangent bundle to X. Denote by $u a Banach 
manifold of those u G L ,P (S, X), for which it is homotopic to Uq and it(fS') C\U ^ 0. 
Fix an integer k ^ 1 and denote by the set of C fc -smooth almost complex 
structures J in X such that {x & X : J(x) ^ J st (x)} <<= U, and which are tamed 
by oo. The latter means that J is cu-positive, i.e., u;(£, J£) > for every a; G X and 
every nonzero ( 6 T^I. 

The evaluation map ev : S x $ v x T x ^ -> X, given by formula ev(a;, it, Js, J) := 
it (a;), defines a bundle E 1 := ev*(TA) over S x S[/ x T x We equip E with 
the natural complex structure, which is equal to J(u(x)) in the fiber -E , ( x ,i i ,j s ,J) — 
T U ( X )X. We shall denote by (E u , J) the restriction of E onto Sx{(u, J5, J)} which 
is isomorphic to u*TX. 

The bundle i? with the complex structure J induces complex Banach bundles £ 
and £' over a product §[/ x T x 2>% with fibers 

£(u,j s ,J) := L 1,P (S,E U ), 

Here £ is equipped with the complex structure J5, A^ ' 1 ^ is a complex bundle 
of (0,l)-forms on S and ® means the tensor product over C of bundles with the 
corresponding complex structures. The bundle £ is simply a pull-back of a tangent 
bundle TL 1 ' P (S 7 X) with respect to the projection (it, J5, J) G St/ x T x djj >— > w G 
L 1 'P(5,A). 

On the other hand, the bundle £' is the target manifold of the <9-operator for 
the map it G L 1,P (S,X). Namely, we have a distinguished section o-q of £', 

<Tq(u,Js,J) := <9j S)J i/ := i (dit + Jodwo J s ) . (8.1.1) 

If / is another section of £' (given e.g. by some explicit geometric construction), 
then one can consider a 9-equation 



dj s ,ju = f(u,J s ,J). 
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We shall consider only a homogeneous case where f(u, J5, J) = 0. The correspond- 
ing set of solutions is closed in §u x 3% and will be denoted by 

'?:={(u,Js,J)e§> u xTx3 k u :d Js ,ju = 0}. (8.1.2). 
A map u G L 1 ' P (5',X) such that 

d Js ,ju = (8.1.3) 

for some Jg G T g and J G 3% is called J-holomorphic, or ( Jg, J)-holomorphic, and 
its image M := u(S) is called a J-complex curve. 

The regularity theory for 9-equation says that 7 is a closed subset of 

X:={(u,J s ,J) eSuxTx3 k u : u G C 1 (S I , X) }. 

Set X* := { (u, Js, J) G X : u is an imbedding in a neighborhood of some j/ G 5* }, 
and let 7* :=7nX*. Then X* is open in X and 7* is open in 9. A group G acts 
on §u x Txdu and on X in a natural way by composition, 

(/, u, J s , J) G G x B v x 3 k u^ f ■ (u, J s , J) := (uof-\f ■ J s , J), 

where / : 5 — > 5" is a diffeomorphism induced by / G G and J5, see (7.4.1). As usual, 
the inverse (/) _1 is introduced to preserve the associative law (/ • g) ■ (w, J5, J) = 
/• (g- (u, Js, J)). The sets X*, 7 and D 3 * are invariant with respect to this action. 

Let JVC := 7* /G be a quotient with respect to this action and : 7* — >■ M the 
corresponding projection. Also let irg : M — > 3% be a natural projection. 

Lemma 8.1.1. T7ie projections X* — ► X*/G and : 7* — > M are principal 
G-bundles. 

Proof. We consider the case g ^ 2 first. It is known that in this case the group G 
acts proper disco ntinuously on T g . This implies that the same is true for the action 
of G on X. Moreover, the definition of X* provides that G acts freely on this set. 
Consequently, the map X* — > X*/G is simply an (unbranched) covering. 

Now we consider the case g = 0. Note that in this case S = S 2 and T = { J st }- 
Fix some (w°, J st , J°) G X*. Let yi, y 2 , IJ3 be distinct points on £ 2 such that u° is 
an imbedding in a neighborhood of every y^, in particular dit° is no n- vanishing in 
Hi. Also let be smooth submanifolds of codimension 2 in X, intersecting u°(S 2 ) 
transversally in each u°(xi), respectively. 

Let V 3 (w°,J st ,J°) be an open set in X*, W its projection on X*/G, and 
G • V := { / • (it, J st , J) : f G G, (u, J st , J) G F } its G-saturation. Consider a set 

Z:={(n,J st ,J)GG-y : uiy^eZ^. 

One can easily show that if V is chosen sufficiently small, then Z is a smooth closed 
Banach submanifold of G • V, intersecting every orbit G • (u, J s t, J) transversally at 
exactly one point. Moreover, we have a G-invariant diffeomorphism G • V = G x Z, 
so that Z is a local slice of G-action at (w°, J st , J°). This equips a quotient X*/G 
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with a structure of a smooth Banach manifold such that the projection X* — > X*/G 
is a smooth principle G-bundle. 

The case g = 1 is a combination of the two above cases. We fix some (u , J s , J°) G 
X* and a point y on £ such that -u° is an imbedding in a neighborhood of y; 
in particular tilt is no n- vanishing in y. Also let Z be a smooth sub manifold of 
codimension 2 in A, intersecting u°(S) transversally in u°(y). As in the case (7 = 0, 
we fix a small open set V 3 (it , J°, J°) in X and consider a set 

Z:={(u,4J)eG-F : tifi/lGZ}, 

where G • F := {/ • (it, J st , J) : / 6 G, (it, J st , J) G F } is G-saturation of V. If F 
is chosen sufficiently small, then Z is a slice to the action of T 2 C G. Thus, the 
projection X* — ► X*/T 2 is a principle T 2 -bundle. 

Now we consider the action of Sp(2, Z) = G/T 2 on X*/T 2 . The same arguments 
as in the case # ^ 2 show that this action is free and proper discontinuous. This 
implies that the projection X*/T 2 — ► X*/G is a covering. Consequently, X* — ► 
X*/G is a principle G-bundle. 

The natural inclusion M X*/G is continuous and closed. Further, we have 
a natural G-invariant homeomorphism 7* =Mxj^ G r, which gives a desired 
structure of a principle G-bundle on 7* with a base M. □ 

Remark. One can show that if (u,Js,J) G 7*, then it is an imbedding in all 
but finitely many points of S, in particular J$ is completely defined by it and J. 
Similarly, every class G • (u,Js,J) G M is completely defined by J G 3u and a 
J-complex curve M := u(S). Therefore we shall denote elements of M by (M, J). 
Our motivation is that the object we really exploit is a complex curve M = u(S) 
rather than its concrete parameterization u. We hope that the reader will not be 
confused by such a formal incorrectness. 

Using Lemma 8.1.1, one can obtain from G-invariant objects on 7* corresponding 
objects on M. For example, on 7 we have a (trivial) S'-bundle with a total space 
5 x S, natural projection on CP, a complex structure Jg on a fiber over (u,Js,J), 
and a map ev : 7 x S — > A" such that ev(u,Js,J;y) '■= u(y) which is invariant 
with respect to the G-action. It gives a G-bundle 7re : C — > M with the total space 
e := 7* x G 5 1 and fiber S. Moreover, C is equipped with a map ev : £ — > A. We shall 
imagine M as a moduli space of all complex curves in A of appropriate topological 
properties, ttq : G — > M as a corresponding universal bundle and ev : C — > A as an 
evaluation map. In particular, every fiber Q(m,j) '■= t^q 1 (M,J) over (M,J) G M 
possesses a canonical complex structure Jq (m j} = 

In a similar way we define complex Banach bundles £ and £' over X*/G D M. 
Note that we have a natural continuous G-equivariant inclusion X* ^ Su x 3^- Let 
(it, Js, J) G §(7 x ^J^, / G G, and let / : S 1 — > S 1 be a diffeomorphism defined as in 
(1.1), so that f ■ (u,Js,J) = (uof~ 1 ,f-J s ,J). Define the operator /* by setting 

/* : s G £(«,j Sl j) ^ (/ _1 )*s G £/.(u,j s ,j). 

This defines a natural lift of a G-action on x 3y to a G-actions on £. In the 
same way we define the action of G on £'. Since the projection X* — > X*/G admits 
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a local G-slice, there exist uniquely defined bundles £ and £' over X*/G, whose lifts 
onto X* is G-equivariant isomorphic to £ and £', respectively. In particular, for any 
(u, Jg, J) G X* representing G • (n, J5, J) G X*/G we have the natural isomorphisms 

£g-(u,j s ,J) — £(u,J s ,J) = L 1,P (S,E U ), 

^ G .(U,J S ,J ) =K,JS,J)= LP ^ E ^^°' 1) S). 

The question we are interested in is whether we can deform a given (compact) 
Jo-holomorphic curve Mq = uq(S) into a compact complex curve Mi which is 
holomorphic with respect to the given (integrable, for example) complex structure 
J st on X. The idea is to use the continuity method: one finds an appropriate 
homotopy h(t) = Jt, t G [0,1], of almost complex structures connecting Jo with 
Jst = Ji, and shows that there exists a continuous deformation ut : S — > X of 
a map u$ into ni such that u t is J t -holomorphic for all t G [0,1]. This can be 
successfully done by studying the linearization of the equation du = 0. 

Lemma 8.1.2. Let X be a Banach manifold, £ — > X and £' — > X C 1 -smooth 
Banach bundles over X, V and V linear connections in £ and respectively, a a 
(local) C 1 -section of £ and -D : £ — > £' a C 1 -smooth bundle homomorphism. 

i) If a(x) = /or some iGl, t/ien £/ie map Vff x : T X X — > £ x is independent of 
the choice of a connection V in £; 

i) Set K x := Ker(/J x : £ x — > £^,) and := Coker(/J x : £ x — > E' x ) with the 
corresponding imbedding i x : K x — > £ x and projection p x : E' x — > Q x . Let V Hom 6e a 
connection in Hom(£,£') induced by connections V and V. XTien i/ie map 

p x o(V Hom D a: ) oz x : T X X -> Hom(K x ,Q x ) 
is independent of the choice of connections V and V . 

Remark. Taking into account this lemma, we shall use the following notation. 
For a G T(X, £), D G T(X, Hom(£, £')) and x G X as in the hypothesis of the 
lemma, we shall denote by Va x : T X X — > £ x and VD : T X X x KerD x — > Coker/J^ 
the corresponding operators without pointing out which connections were used to 
define them. 

Proof, i) Let V be another connection in £. Then V has a form V = V+A for some 
A G T(X, Hom(TX, End(£))). Thus, for f G T X X we get V 6 a- V^cr = A(f ,<t(x)) = 0. 

i'j Similarly, let V be another connection in £', and let V^ om be a connection in 
Hom(£, £') induced by V and V'. Then V' also has the form V = V + A' for some 
A' G r(X,Hom(TX,End(£'))). Thus, for f G T X X we obtain V^ om L> - V^ om L> = 
A'(£) oD x — D x oA(£). The statement of the lemma now follows from the identities 
p x oD x = and D x oi x = 0. □ 

8.2. Transversal Mappings. 

To have the possibility of deforming a complex curve along a given path of 
almost-complex structures, it is useful to know in which points (n, Jg, J) the set CP 
of holomorphic maps is a Banach manifold. Note that by definition the set CP is 
essentially an intersection of the zero section and the a^section in the total space 
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of £' over SxTx^. Thus, we are interested in which points these sections meet 
transversally. 

Definition 8.2.1. Let X, V, and 2 be Banach manifolds with C k -smooth maps 
f : y — > X and o : 2 — > X, k ^ 1. Define the fiber product ^ xj Z, fry setting 
y xjZ := G y x 2. : f(y) = g(z)}. The map f is called transversal to g 

at point (y,z) G V Xx 2 with x := /(y) = 0(2;), and (y,z) is called a transversality 
point, iff a map df y © — dg z : T y }$ ®T Z Z — > T X X is surjective and its kernel admits 
a closed complement. 

The set of transversality points (y,z) G ^ xj 2 we shall denote by y x x 2, with 
fh symbolizing the transversality condition. 

In the special case, when the map g : Z — > X is a closed imbedding, the fiber 
product y xx Z is simply the pre-image / _1 2 of 2 C X. In particular, every point 
(y,z) G y xx 2. is completely defined by the point y G V, z = /(y) G 2 C X. In this 
case we simply say that / : y — > X is transversal to Z in y G V, iff (y,f(y)) is a 
transversal point ofyxx2 = / _1 2. 

Lemma 8.2.1. T/ie set ^xJZ is open in y xx 2 and is a C k -smooth Banach 
manifold with a tangent space 

T {y , z) y x $ 2 = Ker (d/ y © d(-^) : T y y © T 2 2 - T X X) . 

Proof. Fix w := (y ,z ) G V x J 2 and set K := Ker (df yo © d^ : T Vo y ©T 2o 2 -> 
T^X) . Let Qo be a closed complement to i^o- Then the map df yo ®dg Zo : Qo ^ T X X 
is an isomorphism. 

Due to the choice of Q 0: there exists a neighborhood V C V x 2 of (yo^o) and 
C fc -smooth maps w' : V — > i^o and «/' : F — > Qo such that d«^ (resp. dw'^ Q ) 
is the projection from T yo ^®T Zo Z onto iiTo (resp. onto Qo), so that (w',w") are 
coordinates in some smaller neighborhood V\ C ^ x 2 of wq = (yo,zo). It remains 
to consider the equation f(y) = g(z) in new coordinates (w',w") and apply the 
implicit function theorem. □ 

We have defined CP as a pre-image of a zero section o~o of £' with respect to the 
map a-Q : £>u x 3 s x 3\j — *• £'• Due to Lemma 8.2.1, the set CP is a Banach manifold 
in those points (n, Jg, J) G T, where is transversal to o~o. However, in any point 
(u, J5, J;0) on the zero section o~o of £' we have the natural decomposition 

T(u,J s ,J;0)£' = dao (T(u,J s ,J)(Su X 3s X ©£( Ui j Si j), 

where the first component is the tangent space to the zero section of £' and the 
second is the tangent space to the fiber £( u Jg jy Let p 2 denote the projection 
on the second component. Then the transversality o~-q and o~o is equivalent to the 
surjectivity of the map P2°da-g : T( Uj j S: j^(§>u x 3ij) — > E'^ u Js jy But, due to Lemma 
8.1.2 , this map is a linearization of a-g at (u,Js,J) and has a form (8.1.2). 

Thus, the transversality of a-Q to o"o at (n, Js, J) G is equivalent to the surjec- 
tivity of the operator 

V05 : T U L^(S,X) ®Tj s T g ®Tj3 k u — £' (u , JS)J) 2 
Vcx^ : (v,Js,J) 1 ► D(u,J) v + J°duoJ s + JoduoJ s . 
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Definition 7.1.2 provides that the quotient of £^ u Js = L^ Q ^(S^Eu) by the image 

of D u j is Hp(S,E u ). The induced map Js G Tj s T g \— > JoduoJ s e H^(5',£' u ) is 
also easy to describe. From equality (8.2.1) and Corollary 7.3.2 it follows that its 
image is equal to the image of the homomorphism duoJ s : H 1 (5', TS) — > H^S 1 , E u ) 
and its cokernel is H^S 1 , AT U ). 

It remains to study the image of Tj%\j in H} ? (S', N u ). For (u,Js,J) G T we 
define * = : Tjg^ -> £( Ui j S)J ) by setting := JoduoJ s . Let 

* = j) : -> £( u Js j) be induced by Recall that if (it, J s , J) G J 1 , then 

Js is determined by it and J. 

Lemma 8.2.2. (Infinitesimal Transversality) . Let (it,Js,J) G IP*. Then the 
operator \& : Tj#£y — > H^,(S', AT U ) zs surjective. 

Proof. In Lecture 3 we proved that for (it, Js, J) G T* mapping it is an imbedding 
in the neighborhood of all but a finite number of points x G S. Thus, there exists 
such a nonempty open set V C S that u(V) C U and u \ v is an imbedding. 

By Lemma 7.2.2 we have an isomorphism H^(,S, ® AT S ) ^ H^S, iV u )*. The 
fact that operators of the type D = d + R : L 1 ' P (S,E) -> L^ ^^E) on the 
compact Riemann surface (S,Js) are Fredholm ensures the existence of the finite 
basis of the space H°,(S', N* ®K S ). By Lemma 3.1.1 every f G H°,(S', AT* <g> 

Ks) vanishes not more than in ci(N* ®Ks)[S] points on S (compare to the proof 
of Corollary 7.2.3). From here it follows that there exists ipi G C^(V, N <S> A ' 1 ),^ = 
1, generating an M-basis of the space H] D (S,N). 

Take some ipi G C^(V, N® A ' 1 ). It is a C-antilinear C fc -smooth homomorphism 
from TS\ into Af| vanishing outside some compact in V. Since u\ is a C fc - 

imbedding and u(V) C ?7, V'i can be represented in the form ipi = pr N oJoduoJ s 
for some J-anti-linear C fc -smooth endomorphism J of TX vanishing outside some 
compact in U. Thus, J G T/gj) and * j = ^ v) . □ 

Corollary 8.2.3. M and 7* are C k -smooth Banach manifolds and %g : M — > djj is 
a Fredholm map. For (M, J) G M wt/i M = ix(S') t/iere exzs^ natural isomorphisms 

Ker(dn 3 :T {MrJ) M^Tj3 k u ) = H° D (S,X M ), 
Coker(dn 3 :T (M , J) M^Tjd k u ) = H^(S,N M ), 

where K M = 0(N u )®^ ng is a normal sheaf to M, H° D (S,N M ) denotes H° D (S,N U ) 
®H°(S,N^ ns ) and H^(S,N M ) denotes H^(S,Ay. The index of n 3 

\nd R (n 3 ) = ind M (N M ) := dim K H^(S,N M ) - H^(S,:Nm) 
is equal to 2(ci(X)[M] + (n — 3)(1 —g)), where n := d\mcX . 

Proof. One easily sees that the section a-g is C fc -smooth if J G For J 1 * the 
statement follows from Lemmas 8.2.1 and 8.2.2. Moreover, 7* is a C fc -smooth 
submanifold of X*. Further, local slices of the projection nj> : CP* — > M are also 
C fc -smooth. This induces the structure of C fc -smooth Banach manifold on M. 

Consider the natural projection n : D 5 * — > The tangent space T( u j s j) D 5 * 
consists of (v,Js, J) with D Uj jv+ | Jo duo J s + \ J oduo J s = 0, and the differential 
0% : T (t4>JsiJ) 3>* -Tj0* has a form (v,Js,j) G T (UjJS)J) IP* ^ j e Tj0* . 
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The kernel Ker (d7r)T^ Uj j SjJ ^ CP* consists of solutions of the equation 

D UjJ v+ ^JoduoJs = 

with v G £( u ,j s ,j) and Js G Tj s T g . Since the map 7rj> : CP* — > M is a principal 
G-bundle, the kernel Ker (dirg : T( M j)M — > TjS^) is obtained from Ker(<i7r) by 
taking a quotient with respect to the tangent space to a fiber G • (u, Js, J), which 
is equal to du(H°(S,TS)). Using relations H°(S,TS) = Ker(d T s : L 1,P (5,T5) -> 
LP(S,TS® A^^S), T Js T g H^S.TS) = Coker(d T5 ) and duod TS = D^odu, 
we conclude that the space Ker(<i7rg) is isomorphic to the quotient 

{v G L^ P {S,E U ) : Dv = du(ip) for some ip G L P (S,TS<^A^ S^/du^'^TS)) . 

Hence, Ker(d7r a : T (M ,j)M -> Tjg^) = H° D (M,J4 M ) by Theorem 7.3.1. In particular, 
Ker (dug) is finite dimensional. 

Similarly, the image of dng consists of those J for which the equation 

D u ,jv + 7j J du o Js + ^ J o du o Js = 

has a solution (v,Js)- Hence, Im(d7rg) = Ker\&, and Coker(<i7r) = Hp(S,N u ). Thus, 
dng is a Fredholm map. This implies the Fredholm property for the projection 
tt:CP* ->0*. 

Due to Corollary 7.3.2, indR(NM) = ind^-E^) — indu(T5'). Using the index and 
Riemann-Roch theorems, we get from c\(E) = c±(X)[M] and ci(TS) = 2 — 2g the 
needed formula ind M (K) = 2( Cl (X)[M] +n(l - g) - (3 - 3g)) = 2( Cl (X)[M] + (n - 
3)(l-g)). □ 

A straightforward application of this statement and the Sard Lemma for Fred- 
holm maps gives the following 

Corollary 8.2.4. If smoothness k of the structures in 3 k is large enough and 
with ind]u(7rg) = 2(ci(X)[7] + (n — 3)(1 — g)) < for the homology class 7, then the 
following holds: 

1) For any (M , Jo) G M 3 k with [M] = [7] there is a neighborhood W fo Jo in 
d^, and a closed subset S C W of Hausdorff codimension close to 2 such that for 
J G W \ S M j is empty; 

2) In the manifold C^(/,Mgfe) of k- smooth paths in M[ 7 ] there is a closed subset 

R of Hausdorff codimension close to one such that for any path heC k (I,M 3 k\R 
the moduli space is empty. 

8.3. Components of the Moduli Space. 

Before stating the next results, we introduce some new notations. 

Definition 8.3.1. Let Y be a C fc -smooth finite-dimensional manifold, possibly 
with C fc -smooth boundary dY, and h : Y — > 2% a C fc -smooth map. Define the 
relative moduli space 

M h :=Yx 3 ,M = { (u, J s ,y) G S v x T g x Y : (u, J s , h(y)) G CP* }/G 
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with the natural projection rch : M/j — > Y. In the special case Y = {J} <— > J^y, 
we obtain the moduli space of J-complex curves Mj := tt7 (J). The projection 
7r^ : M/j — > y is a fibration with a fiber n'^ 1 (y) = M/^y). We shall denote elements 
of Mh by (M, y), where M = u(S) with /i(y)-holomorphic map u : S — > X. 

Lemma 8.3.1. Let Y be a C k -smooth finite- dimensional manifold, and h : Y — > 
a C k -smooth map. Suppose that for some yo E Y and uo E M^,(j /0 ) t/ie map 
tyodh : T yo Y — > H^S 1 , iV Uo ) is surjective. Then is a C k -smooth manifold in 
some neighborhood of (M ,yo) £ 3Vt/i witt t/ie tangent space 

T iM ,y)M h = Ker (£> © tfoaTi : £ M , My) ©T y y — £^ (y) ) / eft/(H°(S,TS)). (8.3.1) 

Proof. Let i/Gf, (u, JsMv) e y * and M = W (S), so that ( M ^) e M h . From the 
proof of Corollary 8.2.3 it follows that the image of the map dn^ : T^ M ^ y ^M — > 
Th( y )3ij is equal to Ker (^( u ,/i(j/)))> an d that the cokernel of dreg is mapped by \& 
isomorphically onto H 1 D (S,N U ). The statement of the lemma now follows from 
Lemma 8.2.1. □ 

Definition 8.3.2. Let Y be a compact manifold, h : Y — ► ^ a C fc -smooth 
map, M/i C M x Y a corresponding moduli space and (Mo,yo) £ CVt^ a point. A 
component M^-M^yo) o/M/, through (M ,yo) is the set of those (M,y) E M/i, 
that for every open neighborhood of C there exists a continuous path 
7 : [0, 1] — > M, with the following properties: 

a) 7(0) = (M ,h(y )) and 7(1) = (M,h(y)), i.e., 7 connects (M ,y ) and (M,y) in 
M; 

b) Jt := 7Tg(7(t)) EW C du for any t G [0,1], i.e., the corresponding path of almost 
complex structures J t lies in the given neighborhood W of h(Y). 

Lemma 8.3.2 Let h:Y — > £fjjj, (M ,yo) € M^, and M/^-M^yo) as in Definition 
8.3.2. Then 

i) M^(M ,yo) is a closed subset ofM-h, 

n) i/M/ l (Mo,yo) is compact, then there exists a set containing M^(Mo,yo), 
which is compact and open in M/i/ 

in) i/M^,(Mo,yo) is not compact, then there exists a continuous path 7 : [0,1) — > 
M/j u>it/i tae following properties: 

a) 7 (0) = (M ,h(y )), i.e., 7 6eains at (M ,y ); 

b) t/iere exists a sequence t n S 1 snc/i t/iat t/ie sequence (M n ,J n ) := 7(£ n ) Zies in 
Mh, ana 7 is discrete there, but the sequence {J n } converges to some J* E du- 

Proof, ij Let (M',y') G M^(M^yo) C M/i and J' = %')• Let W be any open 
neighborhood of h(Y) C and let {(M n ,y n )} be a sequence in Mh converging to 
(M',y'). Then there exists some ball B 3 (M f , J') in M whose projection on Su lies 
in W. Since some (M n ,J n ) with J n = /i(y n ) lies in B, there exists a path (M t ,J t ) 
in M connecting (M ,/i(y )) with {M',J') such that J t EW for any t G [0,1]. This 
proves the closedness of M/i(Mo,yo). 

£) Let (M',y') E M h and J' = h(y'). Fix a finite dimensional subspace F C Tj/^ 
such that the map D u ^j> © $ : £ u ' ; j/ ©F — > £^, j, is surjective. Let B 9 be a 
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ball in F. Find a C fc -smooth map H : Y x B such that H(y,0) = h(y) and 
d^(y',o) : T {ylfi) (Y xB)-4 2>#& induces isomorphism T B -^FcTj^. Then 
contains a neighborhood 9 (M',y',0) which is C fc -smooth manifold such 
that WC)M.h is closed in W. This implies that M/j is a locally compact topological 
space. 

Since Mh(M ,y ) is a compact subset of M^, it has an open neighborhood V 
whose closure V C M/i is also compact. Let Wi C Sjj be a fundamental system 
of neighborhoods of h(Y), so that DiWi = h(Y). Let V$ denote the set of those 
(M,y) G such that (M,h(y)) and (Mo,h(yo)) can be connected by a continuous 
path (M t ,J t ) in M with J t lying in W t . Then nV* = Mfc(M ,y )- Th e same 
arguments as in the part i) of the proof show that every Vi is both open and closed 
in M h . 

We state that there exists a number JVgN such that (n^V*) nFcV. If it 
is false, then for any n G N there would exist (M n ,y n ) G (flf =1 l^) nV\V. But, 
in this case, some subsequence of {(M n ,y n )} would converge to some (M*,y*) G 
(n^Vi) C\V\V, which is impossible. For such N G N the set 

satisfies the conditions of the lemma. 

Si) Suppose that Mh(M 0: y ) is not compact. Then there exists a discrete se- 
quence {(M n ,y n )} in M/^Moj^o)- Since Y is compact, we may assume that y n 
converges to some y*. For any n G N fix a path 7 n : [0,1] — > connecting 
(M n _i,/i(y n _i)) with (M n ,h(y n )). Set * n := l-2~ n . For t G [*„_i,*„] define 
7(t) := 7 n (2 n (t — t n -i)). Then 7 : [0,1) — > and t n /l satisfy the conditions of 
the lemma. □ 

Theorem 8.3.3. Let (M , J ) G M and Ze£ /i : [0,1] — > #y 6e C k -smooth and with 
h(0) = Jo. Suppose that there exists a subset of Mh which is compact, open 
and contains (Mo, Jo). Suppose also that ind(7rg) = 2(ci(X)[Mq] + (n — 3)(1 — g)) 
is non-negative. Then h can be C k -approximated by smooth maps h n : [0,1] — * dij 
such that 

i) every M.h n contains a component M° which is a smooth connected compact 
manifold of the expected dimension dimiu(M° ra ) = ind(7rg) + 1; 

^ ^/L(0) := ^ht (°) n anc? ^L(i) := ^(^^ are smooth man- 
ifolds of the expected dimension ind(7rg) (0Vt° ^ may 6e empty), and Mh„ is a 
smooth bordism between M° ^ and M° 

m) every M° is connected with (M , Jo) 6y a pa£/i in M, i.e., there exists 
a C k -path 7 n : [0,1] — > M swc/i £/m£ 7 n (0) = (M , J ) and 7 n (l) G M^ (0) ; in 
particular, every M° ^ is nonempty; 

iv) for every (M, J) G M/i„ one aas dirriRH^i), IVm) ^ 1- 

Proof. Denote M° by K. Let £^ and Z' K be the pull-backs onto K of the bundles 
£ — > M and £' — > M, respectively. Further, let T := h*T$y be the pull-back of the 
tangent bundle onto [0,1]. 
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Due to Lemma 8.2.2, for every (M, J) G K with M = u(S) we find that n<M,j) £ 
N and a C fc -smooth homomorphism P<m,j) '■ F(m,j) ~ ¥ f form a trivial vector 
bundle P(m,j) over [0,1] of rank rkP( M j) =n^M,j) such that the operator 

£>(u,j)©^kj)°^(m,j) : £>{M,j)®F {M)J) ^£' (MjJ) (8.3.2) 

is surjective. 

Since K is compact, we can take an appropriate finite collection of (P(m,j), 
P(m,j)) an d construct a homomorphism P : P — > T from a trivial vector bundle 
P = [0,1] xl" such that %j) ©*( u ,j)oP : £(m,j)©^-> £(m,j) is surjective for 
all (M, J) G P. 

For J lying in some small ball in Tj^ we set expj(j) := J ^JM m Differen- 

tiating the identity J 2 = —1 gives the relation J J = —J J, and consequently the 
equality 

(1-Jj/2) V i 
(l + JJ/2)) 

which means that expj takes values in 2>%- Further, it is easy to see that the 
differential of expj in G Tjd^ is the identity map of Tjfi^. Thus, expj is a 
natural exponential map for djj- 

Take a sufficiently small ball B = P(0, r) C lR n and define a map H* : [0,l]xB-> 
3ii by setting H*(t,y) := exp h ^(P(t,y)). The construction of P* provides that 
for all (M,J) G P with J = h(t) the map P( u ,j) © odH*(t,0) : £ (M ,j) © 

T( ti0 )([0, 1] x P) — > £^ M ^ is surjective. Making an appropriate small perturbation 
of H* , we obtain a C fc -smooth function : [0,l]x5 -» 3{j with the following 
properties: 

i) for P(t, 0) = h(t), i.e., H is a deformation of h with a parameter space P; 

A'j P (U)J) ©* (U)J) orfP(t,0) : £ (MjJ) ©T P — ► £' (MJ) is surjective for all (M,£) G 
P with J = h(t) and M = u(5); 

m) in a neighborhood of every (t, y) G [0, 1] x P with y ^ the map P is ^-valued 
and C°°-smooth. 

Let us identify P and with the subset of M# using natural continuous 
imbedding (M,t) e M h ^ (M,t,0) G M H . Due to Lemma 8.2.2, there exists 
a neighborhood V of P in M# which is C fc -smooth manifold. Taking a smaller 
neighborhood of P if it is needed, we may assume that the closure V of V is 
compact and does not meet connected components of different from = P. 
Let p : V — > P be the natural projection such that (u,t,y) i— > y. 

We state that there exists a smaller ball Pi = P(0,ri) C P such that for every 
y G Pi the set p~ 1 (y) C 7 is compact. Suppose the contrary is true. Then 
there would exist a sequence y n G P converging to G P such that p~ 1 (y n ) are 
not compact. Since F is compact, there would also exist such u n and t n that 
(u n ,t n ,y n ) lies in the closure p _1 (y n ) C but not in V. Taking an appropriate 
subsequence we may assume that (u n ,t n ,y n ) converges to (u*,t*,0). However, in 
this case (u*,t*,0) G M h n V and hence (u*,t*,0) G V. On the other hand V\V 
is compact, and thus (u* ,t* ,0) must belong to V\V. The obtained contradiction 
shows that the statement is true. 
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Set Vi := p~ 1 (Bi). Due to the choice of H the resticted projection p : V\\K — > 
B\ := i?i\{0} is C°°-smooth. Due to the Sard lemma (see, e.g., [Fed], §3.4), there 
exists a dense subset B^ C I?i such that for any y G S* the set p~ 1 (y) is a C°°, a 
smooth compact manifold. Fix a sequence y n E B\, converging to G B and set 
/i n (t) := H(t,y n ). Also set := M hn C]V, so that = p _1 (2/n)- Then every 

is a C°°-smooth nonempty manifold, which is connected with (M , Jo) by a 
path in M. 

Due to Lemma 8.2.3, the tangent space to V\ C at (u,t,y) is canonically 
isomorphic to 

Ker(D u , H(tiy) ®^odH: £ u , H{tiy) © T (tiV) ([0,1] xBi) - £^ (t;y) )/^(H°(^)). 

Since p : Vi — > B\ is a projection of the form (u,t,y) G V\ i— > y G -Bi, the differential 
dp( u ,t,y) maps the tangent vector of the form (u,t,y) G T( UjtjJ/ )Vi into y G T y B\. 
This means that <ip( u t y ) is a restiction on Ker (Z) u ,H(t,y) © ^odH) of the linear 
projection p B : 8, UjH (t,y) © r (t,y) ([°, 1] xBi) -> T y Si such that p B (u,i,y) = y. In 
particular, for y = y n the map dp( Ujtjy ^ is surjective, which means the surjectivity 
of the map 

p B : Ker(D UtH(tiV) ®VodH) — > T Vn B\ . 
This is equivalent to the surjectivity of 

D u , H (t,y n ) © ©PB : © ^^([ClJxSi) - £L,H(t, y „) ©^„Si 

and hence to the the surjectivity of 

A*,M*) © *odh n : £ U)Mt) © T t [0,l] - £' UjMt) . (8.3.3) 

Consequently, dimRH^S 1 , N M ) < 1 for any (M,t) G M/^nVi. □ 

Corollary 8.3.4. Under the conditions of Theorem 8.3.3 suppose additionally that 
S is a sphere S 2 . Then for all points (M,t) G the associated D^-operator is 
surjective, i.e., H}} (£ 2 , AT M J = 0. 

Moreover, M,h n is a trivial bordism: M^ ri ( ) x [0,1]. In particular, for every 
h n (0)-holomorphic sphere M G M/i n (o) there exists a continuous family of h n {t), 
holomorphic spheres M n>t = u n j(S 2 ) with M nj0 = M . 

Proof. Suppose that for some (M,t) G M° hn we have H 1 Dn (M,N m ) ^ 0. Then by 
(iv) of Theorem 8.3.3 H 1 Dn (M,N m ) = 1. But this contradicts Theorem 7.3.1 for 
the case S = S 2 and L = Nm ■ 

Let for (M,t) G M° hn we have M = u(S) and J = h n (t). Let also J ^ G 
dh n (T t [0,l]). Then by Lemma 8.2.1 and Corollary 8. 2. 3 the tangent space (M,t)3Vt°„ 
is canonically isomorphic to 

Ker(D UyJ © * : £ U)J © R J) - £^ J )/^(H°(5,T5)), 

and the differential of the projection dirh n : (M,t)3VC° n - ► ^t[0, 1] = R is of the form 
(£717^ [u, a J] = a. While in the case S = S 2 the space H 1 (5 , ,T5') is trivial, Corollary 
8.3.4 insures the surjectivity of the operator D Uj j : E Uj j — > E' u 7 . Thus for a ^ G R 
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there exists such a v G £ W) j that [v,aJ] G (M,t)CM^ ■ This means that for every 
(M,t) G the projection d,7Tf ln : (M,t)^C° - >■ CT t [0, 1] is surjective. While the 

manifold is compact, there is a diffeomorphism = M/j n (o) x [0, 1]. □ 

8.4. Moduli of Parameterized Curves. 

Sometimes it may be useful to consider the moduli spaces of parameterised com- 
plex curves. Therefore, in this paragraph CP will denote the space of parameterized 
complex curves on X. Suppose that (u,Js,J) G CP, i.e., u belongs to C 1 (S,X) and 
satisfies the equation duoJ s = J odu. Set 

T( u , Js ,j)9:= {(vjsj) eT u §xT Js 3 s xTj3 : 2D UjJ v+joduoJ s +j s oduoJ=0}. 

Let pr g : S x 3s x 3 ^ 3 and pf( U) j S) j) : T( u ,j s ,j) CP - ► CTj# denote the natural 
projections. 

Theorem 8.4.1. TTie map pf( U) j Si j) : T^j^j-jCP — > T/0 is surjective iff H^S 1 , iVo) 
= 0, and t/ien t/ie following hold: 

i) the kernel Ker (pr( Uj j S) j)) admits a closed complementing space; 

n) for (u,Js,J) G CP c/ose enough to (u,Js,J) the projection pr^- j g is a£so 
surjective; 

m) for some neighborhood U C § x 3s x 3 of (u, Jg, J) £/ie set CP Pi t/ is a Banach 
submanifold of U with the tangent space T( u j g j)CP at (u,Js,J); 

iv) there exists a C 1 -map f from some neighborhood V of J G 3 into U with 
f(V) C CP, f(J) = (u,J s ,J) and pr g of = \d v such that \m(df : Tj3 -> T (U) j SiJ) CP) 
is complementing to Ker (pr^ u Js J -~ j ). 

Proof. Denote by A the set of a singular point of M = u(S), i.e., the set of cuspidal 
and self-intersection points of M. Let £ G L P Q ^(S,E). Using the local solvability of 
the D-equation (proved essentially in Lemma 3.2.1) and an appropriate partition of 
unity, we can find n G L 1 ' p (5, E) such that i~2Dn G Cf Q1) (S, E) and £-2Drj = in 

a neighborhood of A. Then we find j G Tj<J = C^ Q ^(X,TX) such that j oduoJs = 
^ — 2Dr\. The surjectivity of pr^ u Js J ^ and Theorem 7.3.1 easily yield the identity 
H^(5,iVo) = 0. 

From now on and until the end of the proof we suppose that r\]-)(S, N ) =0. 

Let ds 2 be some Hermitian metric on S and let CK( ,i) C C^ CTS 1 ) be a space 
of ds 2 -harmonic TS'-valued (0,1) -forms on S. Then the natural map CK(o,i) — > 
H 1 (5', TS) is an isomorphism. Furthermore, due to Corollary 7.3.2, the map 

g := (du,2£>) : CK (0) i) ®L 1,P (S,E) - ^ 01) (^,i?) 

is surjective and has a finite-dimensional kernel. Consequently, there exists a closed 
subspace Y C CK( ,i) ®L 1,P (S,E) such that g :Y L P Q ^(S,E) is an isomorphism. 
Let 

= fe,^) : L P (Q1) (S,E) ^Yc CK (0)1) ®L 1,P (S,E) 
be the inversion of a|y. 
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Take j G Tj3 = {I G ^(X.EndiTX)) : JI + IJ = 0} = (AT, TAT). 

Then joduoJ s lies in C ( ° 0)1) Let h(JoduoJ s ) = (£,77) with £ G 9£(o,i) c 

Cj^^TS 1 ) and 77 G ^^{S.E). Then we obtain 

2D(-r/) + jodwo J s + Jodu(Jst) = 0, (8.4.1) 

where we use the identity JoduoJ s = —du. Using that T Js ds = C(" i)(^,TS), we 
conclude that the formula F(J) = (JshrsiJ °duo Js),— /i.e(J oduo J$),J) defines 
a bounded linear operator F : Tj3 — > T( Uy j Sy j)T such that pr^ Js j-) oF = Id^a- In 
particular, H^(S , ,Ar ) = implies the surjectivity of pi"( U) j S) j)- 

The image of the just defined operator F is closed, because the convergence of 
F(J n ), J n G Tjd obviously yields the convergence of J n = pf( Uj j Sj j)°F(J n ). One 
can easily see that lm(F) is a closed complementing space to Ker (pf^ u Js J ^). 

Further, for (u,Js,J) G 7 close enough to (u,Js,J) the map g := (du,2D~ j) : 
Y — > L^ Q ^(S,E) is also an isomorphism. This implies the surjectivity pr^~ j s jy 

The statements in) and iv) can easily be obtained from ii) and the implicit func- 
tion theorem. □ 

8.5. Gromov Non-squeezing Theorem. 

We shall finish this chapter with the proof of the Gromov non-squeezing theorem. 

Consider an infinite cylinder Z(A) := A (A) x R 2n " 2 in R 2n . Here A(A) is a disk 
of radius A in the xi,yi-plane, and on R 2n ~ 2 we fix coordinates X2,y2, ■•■■,x n ,y n . 
By M(R) we denote the ball of radius R in R 2n . We consider on M? n the standard 
symplectic form uj = T,f =1 dxi A dyi. 

Let D C M. 2n be a domain. Recall that a smooth map / : D — > M 2n is called a 
symplectomorphism if = a;. In particular, symplectomorphisms preserve the 
Euclidean volume. 

Exercise. Find a volume preserving a linear map from B(i?) to Z(A) for arbitrary 
i? and A. 

The following theorem shows how far symplectomorphisms are from volume pre- 
serving maps. 

Theorem 8.5.1. (Gromov Non-squeezing Theorem). If there exists a symplecto- 
morphism f : M(R) — > Z(A), then R ^ A. 

Proof. Taking a smaller ball, if nessessary, and translating the image, we can 
suppose that f(B(R)) is contained in some compact A(0, A') x [0,a] 2n ~ 2 of A(0, A) x 
R 2n ~ 2 . Factorizing M 2n " 2 by the lattice a-Z 2n " 2 , we observe that /(1(F)) <s 
A(0, A) x T 2n ~ 2 . Moreover, our syplectic form uj descends onto this factor and still 
can be decomposed as uj = u)\ + UJ2- Here u)\ = dx\ A dyi and U2 = T,f =2 dxi A dyi. 

Further, we compactify the disk A(0,A) to a two-dimensional sphere S 2 by an 
£-disk A(0,e) and extend ui\ to a smooth strictly positive (l,l)-form, still denoted 
by uj\ on S 2 , and having 

/ Ul = n\ 2 +e. (8.5.1) 
is 2 
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Note that now we have a symplectic imbedding / : M(R) — > S 2 x T 2n ~ 2 . Also note 
that our symplectic form u> on 5" 2 x T 2n ~ 2 tames the standard complex structure 
J st on this manifold and satisfies 

/ uj = n\ 2 +e, (8.5.2) 
hi] 

where [7] = [S 2 x {pt}]. We further observe that M[ 7 ] 5 j at consists of {CP 1 x {a} : 
a G T 2n ~ 2 }, i.e., this moduli space is diffeomorphic to a torus T 2n ~ 2 . 

Lemma 8.5.2. (a) For a generic almost- complex structure J on S 2 xT 2n ~ 2 tamed 
by to the moduli space M[ 7 ] 5 j is diffeomorphic to T 2n ~ 2 . 

(b) Moreover, for any (not nessessarily generic!) J and for any point p G S 2 xT 2n ~ 2 
there exists a J -complex curve from passing through p. 

Proof, (a) For any J G 3 U , any J-complex curve C representing [7] obviously 
cannot be decomposed as C = C\ UC 2 , where are Jfc-complex for some G 
Therefore, we can apply Theorem 3.2 from the introduction to this chapter. Thus 

(a) is proved. 

(b) In fact, for a generic J we have a little bit more. Namely, for a generic curve 
h : [0,1] — > 3oj with h(0) = J st consider an evaluation map ev : Q h — > S 2 x T 2n ~ 2 , 
where Gh is the universal CP 1 -bundle over M^. Recall that Mh is a manifold 
diffeomorphic to M^( ) x [0,1]. This yields that is diffeomorphic to Gh(o) x [0>1]- 

Now, from the uniqueness properties of complex curves it easily follows that 
for any t G [0, 1] the map ev : Qh(t) ^ S 2 x T 2n ~ 2 is surjective. Thus, we prove 
ev : Cj — > 5" 2 x T 2n ~ 2 is surjective for generic J G 3u>- 

Since generic structures are dense in Sw, we immediately obtain that the evalu- 
ation map ev : G h ^ — > 5" 2 x T 2n ~ 2 is surjective for all J edu- 

This completes the proof of the lemma. 

Let us return to the proof of our theorem. Using Proposition 1.2.1 from Lecture 
1, we can extend the structure /* J st from f(M(R)) onto £ 2 x T 2n ~ 2 to a w-tamed 
structure J. By Lemma 8.5.2 there is a J-complex rational curve C 3 /(0). Remark 
that 

w = 7r A 2 + £ , (8.5.3) 



because [C] = [S 2 x {pt}]. While / is a symplectomorphism, 

/ u st ^7i\ 2 + e. (8.5.4) 

Jf-i(Cnf(B(R)) 

But / _1 (Cn/(B(J?)) is a complex curve in M(R) C C n passing through zero. By 
a well-known estimate due to Alexander- Taylor-Ullman, see [A-T-U], the area of 
such a curve is at least nR 2 . So nR 2 ^ n\ 2 + e. □ 

8.6. Exceptional Spheres in Symplectic 4-Manifolds. 

Corollary 8.3.4 enables us to prove an interesting result about exceptional spheres 
in symplectic 4-manifolds. Recall that a smooth rational curve C in a smooth 
complex surface X is called exceptional if [C] 2 = — 1. Such curve can be contructed 
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to a point, i.e., there exists a smooth complex surface Y and a holomorphic map 
h : X — > Y such that /i(C) = y is a point and h \x\c : X \ C — > F \ {y} is a 
biholomorphism. 

Consider now a symplectic 4-manifold (X,u;) and let M be a symplectic 2-sphere 
imbedded to X, i.e., there is an imbedding u :^ 2 ^ M •— > X with -u*u; nowhere 
zero. 

Definition 8.6.1. Call M exceptional if [M] 2 = -1. 

Using Lemmas 1.4.2 and 1.4.3 we can construct an almost-complex structure 
J £ duii which is moreover integrable in the neighborhood of M and such that M 
becomes J-complex. Now the complex analytic statement mentioned above allows 
us to construct this M to a point. 

Corollary 8.6.1. Take a maximal, linearly independant in H 2 (X, Z) system of 
exceptional symplectic spheres Mi,...,Mfe in X. Then there exists J G 3w making 
some symplectic spheres Mi, ...,Mk, with Mj being isotopic to Mj for 1 ^ j ^ k, 
all J-complex. 

Proof. For k = 1 this is the statement of Lemma 1.4.2. Suppose we prove this 
statement for k — 1 exceptional spheres. Take our spheres Mj,j = l,...,k and find 
a structure J such that Mj are isotopic to Mj and J- complex, j = l,...,k — 1. The 
normal Gromov operator D j ^ is surjective on all Mj,j = 1, — 1 by Corollary 
7.2.3 and thus by Theorem 7.3.1 and Corollary 8.2.3 the projection 7rg : M — > is 
a difleomorphism in the neighborhood of Mj and J for all j = 1, k — 1. 

Take a structure J\ such that M fc becomes Ji-complex. Again the projection 
7Tg is regular in the neighborhood of M^. Using Corollary 8.2.4, we take a generic 
path h starting close to J, say at J and ending close to J\ such that all M^,(Mj, J) 
are compact and open in corresponding moduli spaces. Here Mj are J-complex 
spheres isotopic to Mj. Applying Corollary 8.3.4, we obtain an isotopy of Mj to 
a J"-complex spheres M'f with J" close to J\. It remains to take a J"-complex 
sphere Mjff isotopic to M^. 

□ 
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Chapter IV. Envelopes of Meromorphy of Two-spheres. 

This chapter is devoted to the study of envelopes of meromorphy of neighbor- 
hoods of two-spheres in complex algebraic surfaces. The original question which 
motivated our studies was asked by A. Vitushkin. 

Let M be a "small" perturbation of the complex line in CP 2 . Does there exist a 
nonconstant holomorphic function in the neighborhood of such an M? 

It was asked as a test question on the way to searching for the solution to the 
Jakobian conjecture, and the answer, as expected, was negative. 

Let us briefly test the possible approaches to the answer to this question. It 
is more or less clear that one should try to extend holomorphic (or meromorphic 
via expected nonexistence of holomorphic) functions onto the whole CP 2 and then 
conclude 

1. If M is a complex line itself, then nonconstant holomorphic functions do not 
exist in any neighborhood of M for the following reason. First note that in this 
case CP 2 \M = C 2 . Let B N denote the closed ball of radii N in C 2 . Then 
Vn '■= CP 2 \ Bn is a fundumental system of strictly pseudoconcave neighborhoods 
of M. Any function holomorphic in Vn holomorphically extends onto the ball 
Bn hy Hartogs' theorem, and thus becomes holomorphic on the whole CP 2 , i.e., 
constant. 

One can try to construct such an exhaustion for any M. But the generic M 
is totally real outside of three positive elliptic points (this follows from the Lai 
formulae and cancellation theorem of Kharlamov-Eliashberg, see Appendix IV) and 
one can check that a totally real disk has no small concave tubular neighborhoods. 

2. As was just pointed out, a generic perturbation M will have exactly three elliptic 
points with complex tangents. This makes it problematic to attempt to construct 
a family of complex disks (or any other Riemann surfaces) with boundary on M 
starting from our elliptic points. Such an approach to the construction of the 
holomorphic envelope of M seems to be perfect only for specially imbedded spheres, 
see [B-G],[B-K],[E], [Sch] and [F-M]. 

3. The method used here to study envelopes of meromorphy of spheres is based on 
Gromov's theory of pseudoholomorphic curves. We remark first of all that a small 
perturbation of a complex sphere is symplectic: 

Definition. A C 1 -smooth immersion u: S — > (X,oj) of a real surface S into a 
symplectic manifold (X,u>) is called symplectic if u*uj does not vanish anywhere 
on S. 

Thus, we shall study envelopes of meromorphy of neighborhoods of two-spheres 
symplectically immersed in complex surfaces. Here a complex surface means a 
(Hausdorff) connected complex two-dimensional manifold X countable at infinity. 

The idea is to perturb the complex structure in the given neighborhood of M 
in such a way that M becomes complex; see Lemma 1.4.2, where an appropriate 
family J t of tamed almost complex structures is constructed. Using results from 
Chapter III, we then construct a family M t of J t -complex spheres and try to extend 
functions along this family. In more formal language to extend "along a family" 
means " onto the envelope of meromorphy" . 
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Let U be a domain in X. Its envelope of meromorphy (U,tt) is the maximal 
domain over X satisfying the following conditions: 

(i) there exists a holomorphic embedding i: U — > £/ with iroi = \djj', 

(ii) each meromorphic function / on U extends to a meromorphic function / 
on U, that is, foi = f. 

The envelope of meromorphy exists for each domain U. This can be proved, 
for example, by applying the Cartan-Thullen method to the sheaf of meromorphic 
functions on X , see [Iv-1]. 

In the sequel we shall restrict ourselves to Kahler complex surfaces, that is, we 
assume that X carries a strictly positive closed (l,l)-form uj. 

The aim of the present chapter is to prove the following result. 

Theorem 4.1. Let u: S 2 — > X be a symplectic immersion of the two-sphere S 2 
in a disk-convex Kahler surface X such that M := u(S) has only positive double 
points. Assume that ci(X)[M] > 0. Then the envelope of meromorphy (U,tt) of an 
arbitrary neighborhood U of M contains a rational curve C with n*ci(X)[C] > 0. 

The definition of disk-convexity is given in Lecture 10. At this point, we only 
observe that all compact manifolds are disk-convex. As usual, c\(X) is the first 
Chern class of X. In Appendix IV, Corollary A4.3.2 we explain why the condition 
c\{X)[M] > is nessessary. 

The exposition includes a construction of a complete family of holomorphic de- 
formations of a non-compact complex curve in a complex manifold, parameterized 
by a finite codimension analytic subset of a Banach ball. This will be carried out 
in Lecture 9. 

The existence of this family is used to prove a generalization of Levi's continuity 
principle, which is applied to describe envelopes of meromorphy. 

4. Another natural approach is due to S. Nemirovski. Suppose that for some 
neighborhood V D M there is a nonconstant holomorphic function in V. Then 
from the result of Fujita, [Fu], it follows that there exists a Stein domain over CP 2 
which contains M. One can imbed by the Stout theorem, [St], some neighborhood 
of M into a compact algebraic surface X and observe that b\(X) > 1. The Seiberg- 
Witten theory imposes an adjunction inequality on M: 

\ Cl (X)[M]\ + [M} 2 ^0, 

see [K-M]. But a(X)[M] = ci(CP 2 )[M] = 3 and [M] 2 = 1, a contradiction. 

This method seems to work only in some special algebraic surfaces like CP 2 or 
CP 1 x CP 1 but does not require that M be symplectic! We shall give more details 
in Appendix V. 
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Lecture 9 

Deformation of Noncompact Curves. 

9.1. Banach Analytic Sets. 

Now we shall study a process of local deformation of noncompact complex curves 
in complex manifolds. We shall see that the moduli have nice analytic structure. 
Let start from the following 

Definition 9.1.1. By a Banach ball we mean a ball in some complex linear 
Banach space. A subset M of the Banach ball B is said to be a Banach analytic set 
of the finite codimension, b.a.s.f.c, if there exists a holomorphic map F : B — > 
with N < oo such that M = {xE B : F(x) = 0}. 

The importance of this notion consists in the fact that contrary to the general 
Banach analytic sets b.a.s.f.c, their properties are similar to the finite dimensional 
analytic sets. Namely, the following is true. 

Theorem 9.1.1. ([Ra]) Let B be a ball in a Banach space J, McB — a b.a.s.f.c. 

and xq a point in M. Then there exists a neighborhood U 3 xq in B such that MflL 7 " 
is a union of finite number of irreducible b.a.s.f.c. Mj. 

Moreover, each JVlj can be represented as a finite ramified covering over a domain 
in some closed linear subspace 5F,- C 3" of finite codimension. 

The aim of this paragraph is to prove an existence of a complete family of 
holomorphic deformations of a stable curve over a complex manifold X, which is 
parameterized by a b.a.s.f.c. Before stating the result, let us introduce the following 
definition. 

Let C be a nodal curve, E a holomorphic vector bundle over C, and C = U l i=1 Ci 
a decomposition of C into irreducible components. Suppose that E extends suffi- 
ciently smoothly to the boundary dC. 

Definition 9.1.2. Let us define an L 1,p -section v of the bundle E over C as 
a couple (yi)\ =1 of Vi G L 1,p (Ci,E) such that at any nodal point z G Cj fl Cj 
Vi(z) = Vj(z). Let us define an E-valued L p -integrable (0,l)-form £ on C as a 
couple of (0,l)-forms & £ LP{C h E® N.W). 

Let L 1,P (C, E) denote a Banach space of L^-sections of E over C, and L P (C 7 E® 
A^ ' 1 )) a Banach space of L p -integrable (0,l)-forms C. Denote by ^K 1,P (C, E) a 
Banach space of holomorphic L 1,p -sections of E over C. 

Analogously, for a complex manifold X by L ,P (C, X) we denote the set of couples 
u = (ui) l i=1 such that Ui G L 1,p (Ci,X), with Ui(z) = Uj(z) at any nodal point 
z G Ci<~)Cj. One can see that L 1 ' P (C,X) is a Banach manifold with a tangent 
space T U L X > P {C,X) = L 1 > p (C,u*TX). Further by ^(C^X) we shall denote the 
manifold of holomorphic L 1,p -maps from C to X. Note that for u G < K 1 ' P (C, X) one 
has u(C) C u(C) <<= X, because L 1 ^ C C°' 1_ p and therefore u is continuous up to 
the boundary. 

9.2. Solution of a Cousin-type Problem. 

An important role plays the following result on the possibility to solve the fol- 
lowing Cousin-type problem. 



148 



Lemma 9.2.1. Let C be a nodal curve and E a holomorhpic vector bundle over 
C, C 1 -smooth up to the boundary. Let {Vi} l i=1 be a finite covering of C by Stein 
domains with piecewise smooth boundaries. Put Vij := ViHVj and suppose that all 
triple intersections Vi D Vj D % ^ j ^ k 7^ i are empty. 
Then for 2 ^ p < 00 the Cech- differential 



5: YLiWiVitE) 
8 : (vi)U 



(Vi-Vj) 



(9.1.1) 



possesses the following properties: 

i) the image \m(6) is closed and has finite codimension; moreover, Coker(5) = 
H 1 (C, E) = H 1 (C CO mp, E), where C CO mp denotes the union of compact irreducible 
components of C ; 

ii) the kernel Ker(5) is isomorphic to "H 1,P (C,E) and admits a closed direct com- 
plement. 

Proof. Before considering the Cech complex, let us look at the corresponding 
<9-problem. Consider the following operator 



d:L^ p (C,E) — >L p (C,E®A<£' 1) ). 



(9.1.2) 



First we shall prove that this operator possesses the same properties as (9.1.1), i.e., 
that Ker(<9) admits a closed direct complement, lm(<9) has finite codemension and 
is closed, and Coker(<9) = H 1 (C,i?) = H 1 (C CO mp,-E')- Moreover, we shall construct 
a natural isomorphism between (co)kernels of (9.1.1) and (9.1.2). 

Since the boundary C is smooth, there exist nodal curves C + and C ++ such 
that C (s C + (s C ++ and differences C + \C (resp. C ++ \C + ) consist of an annulai 
(resp. A^ + ) adjacent to the corresponding components 7 Q (resp. 7+) of the 
boundary dC (resp. dC + , see. Fig. 17.). Now E extends to a holomorphic vector 
bundle over C ++ , again denoted as E. 




Fig. 17. C<sC+<sC++. 

Boundaries of C ++ , C + and C are 
marked correspondingly by a bold, 
punctured and broker lines. 



Consider the following sheaves on C ++ 



Lh p (V,E); 



L? oc (;E®A 



(0,1)' 



loc 



, c+ :): V ~ L p oc (V,E 
and a sheaf homomorphism defined by the operator 

d : LlfJV, E) — Lf(V, E ® A (0 ' 1} 



C++)- 



Then sheaves L\^ C (-,E) and Lf oc (-, E <g> O c ++) together with a <9-homomorphism 
form a fine resolution of the (coherent) sheaf E of holomorphic sections of E over 
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C ++ . In smooth points of C ++ this fact follows from L p -regularity of the (elliptic) 
operator <9, and in nodal points this can be seen from the following considerations. 

Let z G C be a nodal point which lies on the intersection of irreducible compo- 
nents Ci and Cj of the curve C. Let £, (resp. £j) be an .E- valued Lf oc -integrable 
(0,l)-form, defined in the neighborhood of the point z in Cj (resp. Cj). And let Vi 
(resp Wj) be L lc ^-solutions of the equation dvi = £j (resp. dvj = Adding a local 
holomorphic section of E over Cj, we can achieve an equality Vi(z) = Vj(z). Then 
the pair (vi,Vj) defines a section of the sheaf L\^{-,E) in the neighborhood of z. 
This shows that the Dolbeault lemma is valid for the holomorphic bundle E also 
in the neighborhood of the nodal points. 

This gives the natural isomorphisms 

Ker(a:L 1 1 ^(C++,E)^Lf oc (C++,£;®A^)) = H (C++, J E;), ^ 
Coker(d:L^(C+^£)^ ^ 

Note that one also has the same isomorphisms for C and C + . Note also that there 
are natural isomorphisms H 1 (C++,E) = H 1 (C + , J E) = H X (C,E) = H 1 (C com p, -E), in- 
duced by the restrictions Ef oc (C++, E®K^l) -> Lf oc (C+,E® A^; 1} ) -> Lf oc (C,E® 
Ag' 1) )-.LS )C (C7comp, J B®Ag' 1 >). 

Now take some £ G L 2 (C+,E® A^; 1} ), which defines a zero cohomology class 
in H 1 (C+,E). We can extend f by zero to the element £ G L 2 oc (C++ , E <g) A^+l ) . 
While [£}q = [% = 0, there exists v G L 1 1 ^(C++, J E) such that dv = £. The 
restriction i> := {;| satisfies dv = £ and v G L 1,2 (C+,E). This shows that the 
image of a continuous (!) operator 

d:L 1 ' 2 (C + ,E)^L 2 (C + ,E®A i ^ 1) ) (9.1.4) 

is of finite codimension. From here and from the Banach open mapping theo- 
rem it follows that this image is closed. Furthermore, because L 1,2 (C+,E) is 
a Hilbert space, the kernel of the operator (9.1.4) admits a direct complement 
Q C L 1 ' 2 (C + , E). Moreover, operator (9.1.4) maps Q isomorphically onto its im- 
age. Thus, operator (9.1.4) splits, i.e., there exists a continuous operator 

T+ :L 2 (C + ,E®A^; 1) ) — >L 1 ' 2 (C+ E) (9.1.5) 

such that \m(T+) = Q and for any f G L 2 (C+,E® A^; 1} ) with [% = G H 1 (C + ,E) 
one has d(T+£) = f . 

Define an operator T : L 2 (C, E <g> Ag' 1} ) — ► L 1 ' 2 (C,E) in the following way. 
For f G L 2 (C,E® A^' 1} ) extend £ by zero to £ G L 2 (C+, E <g> A^; 1} ) and put 
T(f) = T+(f)| . T is obviously continuous; moreover 

\\T + (0\\L^(c +) <c-u\\mc) 

with constant c independent of £. By the L p -regularity for the elliptic <9-operator 
(see ex., [Mo]) for 2 ^ p < oo and 
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v G L^ P (C + , E) there is an interior estimate 

IMIli.p(C) < c ■ (|M| L i,2 (c .+) + \\dv\\ L v(c+)) (9.1.6) 

with the constant d independent on v. From this it follows that for 2 ^ p < oo and 
^GL^C^A^) with [£]g = 0eH 1 (C,E) one has 

l|T(0IUi.P(O<^-||eilLP(O 

with a constant c" independent on £. This means that the operator T is a splitting 
off the operator (9.1.2). This means that operator (9.1.2) possesses the properties 
i) and n) of Lemma 9.2.1. 

Let us return to the Cech operator (9.1.1). Fix some partition of unity 1 = 
^2 i=1 <Pi, subordinate to the covering {Vj}' =1 of the curve C. Take a cocycle w = 
(wij) G J2i<j^ 1,p ( v ij^ E )- For i > 3 P ut w ij '■= -Wji- Define := Y.jPj w ij- 
Then G L 1 '^,^) and /» - ft = Wij . Consequently, df t G L p {V h E ® K { ^ 1) ) 
and a/i = dfj Vij. So, ^ = C\ v . for the correctly defined f G L P (C,E® A^' 1} ). 
Moreover, and £ define the same cohomology class [tu^] = [£] in H 1 (C, i?). 

Suppose additionally that the induced cohomology class [w^] is trivial. Put / : = 
T(f) and u< = /< - /. Then ^ G L 1,p (Vi, £% - i>j = , and <9^ = df t - df = 0. 
Thus, i> := (uj) G Xli=i anc ^ < K 17 ) = w - F r o m here it follows that the 
formula Tj : to h t> defines an operator T$, which is a splitting of 6. The explicit 
construction shows that T$ is continuous. This completes the proof of Lemma 9.2.1. 

□ 

9.3. Case of a Stein Curve. 

Lemma 9.3.1. Let C be a Stein nodal curve with a piecewise smooth boundary, 
and X a complex manifold. Then 

i) Ji 1,p (C,X) possesses a natural structure of a complex Banach manifold with 
a tangent space T^'P^X) = < K 1 ' p {C,u*TX) at u G < K 1 ' P {C,X). 

a) If C C C is again a nodal curve, then the restriction map 3-C 1,p (C, X) — > 
( K 1,P {C' ,X) is holomorphic, and its differential at u G CK 1,P (C,X) is again the 
restriction map ^ p (C,u*TX) -> ,u*TX), v i-> v\ c >. 

The proof will be given in several steps. 

Step 1. Suppose first that the image u{C) lies in the complex chart U C X 
with complex coordinates w = (wi, . . . ,w n ) : U — ^ U' C C n . Then the set 
< K 1 ' P {C, U) can be naturally identified with the set J{ 1 ' P (C, U'), which is an open 
set in the Banach space 'K 1,P {C, C n ). This defines on J{ 1,P (C, U) the structure of 
a complex Banach manifold with the tangent space T U W}*{C,U) = < K l ^ p {C,€ n ) ^ 
W}*{C,u*TU) at the point u G , K 1 ^{C,U). 

Note that if u t , t G [0, 1], is a C 1 -curve in CK 1,P (C, U), then the tangent vector v G 
J{ 1,P (C, u*TU) to u t at u is given by v(z) = ^f(z) G T U ^U. This last expression 
does not depend on the choice of the complex coordinates w = (w±, . . . ,w n ) : U — > 
C n in U. This implies two things. 
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First, the complex structure on !K 1,P (C, U) does not depend on the choice of the 
complex coordinates w = (wi, . . . ,w n ) :U^C n in U. Second, for C property ii) of 
the lemma is fulfilled. 

Thus, if u(C) is contained in a coordinate chart, then Lemma 9.3.1 is proved. 

Step 2. Now fix uq G J{ 1,p (C,X) and suppose that a finite covering {V^}' =1 of 
the curve C is chosen such that first, the conditions of Lemma 9.2.1 are satisfied, 
and second, for every Vj Lemma 9.3.1 holds, e.g., every tto(Vj) is contained in some 
coordinate chart Ui C X. 

Set Vij := VidVj. Choose balls By c ^(Vij^TX) = {V^ , X) 

— 

such that there exists a biholomorhpism ipij : Bij — ^> B\- C 0~C ' p (Vij,X) with 
^■(0) = u \ Vij and c%,(0) = Id : ^"(Vij^TX) -> JC^V^ugTX). Then take 
an open sets Bi C !K 1,p (Vi,X) such that uo\v { G Bj and for every itj G Bj one has 

Now, the holomorphic mappings cpij : Bi — > Sjj C JC 1,p (Vij, ttgTX), : 1— > 
V'ij 1 ( u i|v _ i J -) are uniquely defined. They define a holomorphic map 

®-nLiBi — Ei<j^ 1,p (Vii,wo T ^) 

(Ui){=l i-> <Pij(Ui)-<Pji(Uj). 

One can easily see that the map $ defines the condition of compatibility of local 
holomorphic mappings ui :Vi — > X, namely («i)' =1 G n'=i -B* define a holomorphic 
map u : C — > X if and only if = 0. Moreover, the differential <i$ at point 

(uolvi) coincides with the co-boundary Cech operator (9.1.1). Since C is Stein, 
H 1 (C, UqTX) = 0. From Lemma 9.2.1 and the implicit function theorem, we see 
that the statements i) and ii) of Lemma 9.3.1 are fulfilled in some neighborhood of 
the map uq G !K} ,p {C,X). 

Step 3. One can show that for any Stein nodal curve C and any u G < K 1,P {C, X) 
the statements i) and ii) of Lemma 9.3.1 are fulfilled in some neighborhood of the 
mapping u, applying Step 2 sufficiently many times. If, for example, C is an annulus 
A r> #, then one can cover it by the narrow annulai A Tij R i , < Ri — r\ « 1, and 
every A ri ^ with small sectors Vij = {z = pe 10 G C : ri < p < R i7 ctj < 6 < f3j} 
< Pj — ctj « 1. Details are left to the reader. □ 

9.4. Degeneration to a Node. 

One of the diffuculties in constructing holomorphic families of stable curves with 
boundaries comes from the fact that the moduli space of complex structures on the 
noncompact surface with boundary E does not have a natural complex structure; 
moreover it can have an odd real dimension. If, for example, E is an annulus, then 
it is biholomorhic to the standard annulus A Vj i with uniquely defined r G (0,1); 
thus, the interval (0, 1) is a moduli space in this case. In the general case, if E 
has genus g and k boundary components, then the real dimension of the moduli 
space is equal to d = 6g — 6 + 3/c, except in four cases, where E is either a sphere 
(g = 0, k = 0), a torus (g = 1, k = 0), a disk (g = 0, k = 1) or an annulus (g = 0, 
k = 2), see e.g., [Ab]. Note that exactly in this cases the group of biholomorphic 
automorphisms of corresponding complex curves (E, J) has positive dimension. 
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One can correct the situation by introducing additionally k parameters, namely, 
fixing k marked points, one on each boundary component. Let A be an annulus 
with boundary circles 70 and 71 and X be a complex manifold. 

Theorem 9.4.1. There exist complex Banach manifolds 3vi(A,X) and Q(A, X), 
a holomorphic projection tvq : G(A,X) — > M,(A,X) and holomorphic mappings 
ev : G(A,X) -+X,z\\ e(A,X) ^A,z 2 : G(A,X) -> A and A M : M(A,X) -> A with 
the following properties: 

i) for any y G 7A(A,X) the fiber of the projection C y := 7Tg 1 (y) is a nodal 
curve, parameterized by an annulus A; moreover, the mapping (21,22) : C y — > A 2 
defines a biholomorphism onto the curve {(21,22) G A 2 : z\ • 22 = A;jvt(y)}; in 
particular, C y is either a standard node if Xm(v) = 0, or a holomorphic annulus 
{\X M (y)\ < \zi\ < 1}; 

A) the diagram 

e(A,X) (ev ' Zl ' Z2) > XxA 2 

Te \=Z!-Z 2 (9.4. f) 

M(A,X) ^ > A 

is commutative; moreover, for every y G 3Vl(A,X) the restriction ev\c y is ^ n 
< K 1,p {A a ,X) with a = \jft{y) , and mappings evi :y eM(A,I) 1— > ev|c H (2^~ 1 (f)) and 
ev2 : y G M(A, X) 1— > evjcy (2^" 1 (f )) are holomorphic; 

m) let C be an annulus or a nodal curve with smooth boundary dC = 71 {J 72, 
Pi G 7^ be marked points, and u : C — > X 6e a holomorphic L 1,p -smooth mapping, 
then there exist a unique y G M(A, X) and a unique biholomorphism <p : C — > C y 
snc/i t/iat evo<^ = w:C^X 2j0<^(j>j) = 1 G A; in oi/ier words, M,(A,X) 
parameterizes holomorphic mappings to X from annulai and nodes with marked 
points on the boundary; 

iv) if the commutative diagram with complex spaces W and Z and holomorphic 

mappings z 

Z (ev ' 2l ' Z2) , XxA 2 



- \=z 1 -z 2 (9.4.2) 

W — ► A 

possesses the properties i) and ii) , in particular, the fibers Z w := n^ 1 (w) should 
be the nodal curves with induced maps f w := ev z \z w G Ji 1,p (Z w ,X), then diagrams 
(9.4. f) and (9.4.2) uniquely fit together to form the commutative diagram 

Z 1+ G (A,X) (ev ' Zl ' 22) , XxA 2 

\=Z!-Z2 (9.4.3) 



TTZ 



W M(A,X) ^ > A 

here Xm°F = \\\> and (ev, 21,22) oF = (ev ,£1,2:2); 

v) differential d\jy[ : T y M.(A,X) — > T\ M ^A = C is not degenerate in any point 
y G M.(A,X), and for any a G A the fiber A^ [ 1 (a) is naturally isomorphic to the 
manifold < K 1,P (A a , X) , where A a is a curve {(21,22) G A 2 : 21-22 = a}; in particular, 
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for any y G M,(A,X) there is a biholomorphism C y = A\ M ( y ) and a natural exact 
sequence 

— > % 1 ^{C y ,u*TX) -X T y M(A,X) C — > 0. 

Proof. Let (A,pi,p2) be a smooth annulus with marked points, one on each 
boundary component 7$ = S 11 , and let J be a complex structure on A. It is known 
that (A, J) is biholomorphic to some annulus A r ^\ = {r < \z\ < 1}. It is easy to see 
that there is only one isomorphism ip : (A, J) — > A r ^\ which smoothly extends to the 
diffeomorphism if; : A — > A^i with = 1. Put a := f{p2)- Now it is obvious that 

there is a unique biholomorphism ip : (A, J) — > A a := {(2:1,2:2) G A 2 : 21 ■ z 2 = a] 
such that <p(pi) = 1 <p(p2) = 

Thus, the mapping A : A 2 — > A, A(2i,22) = 21-22 with a fiber A a over a G 
A represents a holomorphic moduli space of annulai with marked points on the 
boundaries, completed at a = by a standard node. If a 7^ the coordinates 
Zi, i = 1,2, realize an imbedding of each A a as an annulus into C in such a way 
that the circle 7$ becomes an outer unit circle. When a — ► 0, the annulus A a 
degenerates into a standard node, and each Zi becomes a standard coordinate on 
the corresponding component of the node. 

Remark. In the sequel we denote by A a an annulus (or corr. a node) with fixed 
points a and 1 on the boundary dA a , and also together with uniquely determined 
coordinates 21 and z^ ■ 

Fix r with < r < 1. For \a\ < r define a mappings C15C2 : ^r,i ~ * A a as 
(i(z) := z and (%(z) := a / z i so that Q are the inverse of the coordinates 2j. 
Consider a mapping 

*r--U\ a \<rH 1 ' p (A a ,X) — ^(4,a)xK^(A ril) X)xA(r) 

One easily sees that \& r is holomorphic on each Ji 1,p (A a ,X) and the image of \l/ r 
consists of such triples (wi,-u 2 ,a) that each Ui G Ji 1,p (A ri i,X) extends to itj G 
IK 1 ' p (A| a | >1 ,X) and ^2(2) = ui(a/z). Thus \l/ r is injective and has closed image. 
On the disjoint union M(A,X) := Y[ ae &!K 1,p (A a ,X) define the topology induced 
by the mappings \l/ r . Clearly it agrees with the topologies on each slice !K 1,p (A a , X). 

Our task now is to construct an appropriate holomorphic structure on M,(A,X), 
which agrees with the above introduced holomorhpic structures on each slice 
!H 1,p (A a ,X), and also with the topology on M(A,X), defined above. 

Case 1. Let us start with the special case X = C n . For a ^ every function 
/ G *H 1,p (A a ,C n ) in a unique way can be decomposed into a Laurent series f{z\) = 

Yl7=-oo c i z i- Set f + ( z i) '•= T,7Lo c i z i and f~( z i) '•= E°=-oo c ^i- :t is convenient 
to consider the function /" as a function of the variable z 2 = a/21; then /~ (22) = 
E^oC-iC^/a)*- One has /+ G ^ p ({\ z i\ < l},C n ), /" G ^ p ({\z 2 \ < 1},C% 
f + (0) = f~(z 2 = 0) =c , and f( z i)= f + ( z i)+f~(a/z 1 )-c , so that a pair (f + ,f~) 
defines the holomorhpic function / G 3-C 1,p (Aq, C n ). The canonical isomorphisms 
3{ 1 ' J '(^ a ,C n ) = ^ p (A ,C n ) obtained in this was define on U\ a \<iM 1,p ( A a,C n ) the 
structure of the trivial Banach bundle with base {\a\ < 1} and fiber J{ 1,P (A , C n ), 
and thus a structure of a Banach manifold. 
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One can see that the mapping # r : U\ a \<r ^ hp (A a ,C n ) -> K 1,p (A r ,i, C n ) 2 x A(r) 
is holomorphic. 

Case 2. Let X = U C C n be an open subset in C n . Then M(A,{7) is also open in 
M(A,C n ) and consequently inherits a holomorphic structure. The natural projec- 
tion Ajvt : M(A, U) — > A becomes holomorphic. One easily sees that the differential 
dAoyt is not degenerate. Thus, we can define a universal family of curves Q(A,U) 
as a fiber product M(A, U)x A A 2 with respect to the mappings Am : M(A, U) — > A 
and A : A 2 — > A, which is a complex Banach manifold due to the nondegeneracy of 
d\ M - 

Denote by tyq : Q(A,U) — > M.(A,U) the natural projection. Then the fiber C y 
over y G M(A, £7) is biholomorphic to A a with a = Am(2/)- The natural projection 
from Q(A,U) onto A 2 induces holomorphic functions z\ and z 2 on 6(^4, U) taking 
values in A such that the property i) of Theorem 9.4.1 is satisfied. 

Now let a ^ G A and / G H^^A^C"). Represent / in the form f{zx) = 
f+( Zl ) +f-(a/ Zl ) -/o, where /± G ^(A.C") with /+(0) = /"(0) = / . Analo- 
gously, for / G JC^p^cC") we have / = (/+,/"), where again /± G ft^^C") 
/ + (0) = f~(0) = fo. Consider a holomorphic function /(zi,^) : = / + (<zi) + 
f (z2)~fo, f e^ p (A 2 ,C n ). Define mappings ev a : J{ 1,:P (A a ,C n ) x A 2 — ► C n by 
the formula ev(f,z\,Z2) := f (21,2:2) ■ One easily sees that ev a define a holomorphic 
map ev : M(A, C n ) xA 2 -» C n . Let ev denote the restriction of this map onto 
C(A,C n ) C M(A,C n ) x A 2 . It is straightforward to check that M(A,C n ), C(A,C n ), 
ev : C(A,C n ) -> C n and zi >2 : C(A,C n ) -> A satisfy the statements of Theorem 
9.4.1. 

Thus, for U C C n we can define ev : C(A, U) — > £/ as a restriction ev : C(A,C n ) — > 
C n . Statements of Theorem 9.4.1 again remain true. In particular, if G : (7 — > 
£/' C C n is biholomorphic, then the natural bijections M(A,£7) — ^+ M(A, U') and 
6(^4, £/) Q(A,U') are also biholomorphisms. This means that the complex 
structure in M(A,U) does not depend on the imbedding U C C n . 

Let C = A^i be an annulus and u : C — > X be a holomorphic imbedding. Then 
c#u : TC — > u*TX is an imbedding of holomorphic bundles over C, and this defines a 
holomorphic normal bundle as a factor-bundle Nc '■= u*TX/TC. Since C is Stein, 
the bundle Nc is holomorphically trivial. Fix a holomorphic frame cxi,... ,cr n -i G 
^^(C/Vc), n = dim c X, and also its lift a u . . . ,cr n _i G JC'^C, «*TI). Denote 
by £? n_1 (r) the ball of radius r in C n_1 with coordinates w = (wi,... ,w n -i). As 
follows from Lemma 9.3.1, there is a holomorphic map f :Cx £? n_1 (r) — > X such 
that 9\l//9wi| 2e c,w=o = &i(z). Thus \1/ is biholomorphic in the neighborhood of 
C = C x {0}. In particular, for r sufficiently small an image !7 := $(C x B n ~ l {r)) 
is a coordinate chart with coordinates (z,wi,... ,tu n _i). 

Step 3. Consider a general case where C = A a is arbitrary, and u : C — > X is a 
holomorphic map. 

If a = 0, then C is a node; thus, there exists a neigborhood Vo of the nodal 
point such that its image u(Vq) lies in some coordinate chart of X. If a ^ and 
the image u(C) is not contained in any chart of X, then u is not constant. Thus, 
for some |a| < r < 1 mapping u will be an imbedding in some neighborhood of the 
circle S£ := {\z t | = r} C C = {\a\ < \ Zl \ < 1}. 
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In all cases there is a covering {Vo, Vi, V 2 } of C = {(zi,z 2 ) G A 2 : 21 • z 2 = a} of 
the form Vi = {(21,2:2) G C : n < |zi| < 1}, V 2 = {(21,2:2) G C : r 2 < |z 2 | < 1}, 
Vo = {(2:1,2:2) G C : \zi\ < Ri,\z 2 \ < R2}, where < r x < Ri < 1, < r 2 < -R 2 < 1, 
7"i • i? 2 > |a| < r2 • -Ri, and Vo is such that the image u(V ) lies in some chart U of 
X. 

\Z2\ 

1 ~T! Fig. 17. Covering {V ,V!,V 2 }. 




In this figure curve A a is drawn in boldface 
as a piece of the parabola, the elements of 
the covering Vo, V\ V2 by broken lines. 



r i R x 1 

Fix coordinate z\ on Vl and coordinate z 2 on V2. On Vo define new coordinates 
z\ '= z\jR\ and Z2 '•= Z2/R2, and also the marked points pi := R\ and p 2 '■= a/i? 2 . 
Set a := a/(R 1 R 2 ). Then V = A a = {(5i,5 2 ) G A 2 : z x • z 2 = a} with z»(pi) = 1. 
It is easy to see that the change of the complex parameter a = z\z 2 on C, which 
parameterizes the holomorphic structures of annulai with marked points on the 
boundary, can be reduced to the change of the analogous parameter in Vo. Namely, 
let C = A a t = {(21,2:2) G A 2 : z\-Z2 = a'} be obtained as a result of a small 
deformation of a. Put a' := a' /(R1R2). Look on C as the result of patching of 
complex curves V ', Vl V2, where V ', V\ and V2 are defined in A 2 in the same way 
Vq = {(2:1,2:2) G C : \zi\ < r 1 ,\z 2 \ < r 2 }, Vi = {ri < \zi\ < 1} when i = 1,2, but now 
the coordinates (21,2:2) satisfy a new relation z\ • Z2 = a', and V ' = A^> ■ 

Thus, for a sufficiently small neighborhood W C M.(A,X) of the curve (C,u) 
over X a holomorphic map is defined as 

0: W — ► M(A,U)x3{ 1 >p(V 1 ,X)x3{ 1 >p(V 2 ,X); 
9:(C',u') i-> ((^ a /,u|v ')> u \v!, u\ V2 ). 

On the other hand, a couple of maps uq : Vq — > X, u\ : V\ — > X and u 2 : V2 — > X 
define a map u' :C —> X, exactly where -Ui coincides with uo on W\ := Vl fl V ', and 
«2 coincides with «o on W2 := V2nV '. Note that domains Wi C Vi do not change 
in the process of deformation of the complex structure on C. A construction of 
gluing from Step 2 of the proof of Lemma 9.3.1 finishes the proof of the theorem. 

□ 

9.5. Banach Analytic Structure on the Stable Neighborhood. 
We are prepared now to prove the main result of this lecture. 

Theorem 9.5.1. Let (X,J) be a complex manifold, and (Cq,uo) a stable complex 
curve over X , parameterized by a real surface E. There exists a b.a.s.f.c. JVC and C 
and holomorphic maps F : C — >■ X and % : C — >■ M such that 

a) for any A G M a fiber C\ = tv~ 1 (X) is a nodal curve parameterized by E, and 
C\ a = C for some A ; 
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b) for F\ := F\c x a pair (C\,F\) is a stable curve over X ; moreover F\ = uq; 

c) if(C',u') is a stable curve over X , sufficiently close to (Cq,uq) in the Gromov 
topology, then there exists A'gM such that (C',u') = (C\>,Fy); 

d) for an appropriate NeN and for a small ball B in Banach space 
!K 1,p (Cq,UqTX) Q)C n b.a.s.f.c. M is realized as a zero set of a holomorphic map 
$ from B to the finite dimensional space H 1 (C, u^TX). 

Proof. The proof is based on the construction of local deformations of stable 
curves and on the analysis of the gluing of local models. 

Let (Co, Wo) be a stable curve over a complex manifold X with parameterization 
oo : E — > Cq. Using Proposition 3.2, fix a covering {V^,V^g} of the surface £, 
having properties i)-vi) of the above-mentioned proposition. In particular, there 
exist biholomorphisms : o- G (V a p) — > A x o . From i)-vi) it follows that for every 

couple A := (A Q/ 3), sufficiently close to A := (A°^), there is a nodal curve C and 
parameterization a : E — > C such that properties i-vi remain true and there exist 
biholomorphisms ip a p : a(V a p) — > A\ af3 . In particular, the complex structures on 
each aiWap) do not change. Moreover, in V a p there exist holomorphic coordinates 
z\ and zi such that z\\w a p and zi\w &<a do not change by changing A a/ 3, and 
z\ -Z2 = A a/ 3. This means that a disk A aj g := {A Q/ 3 : (A^ — \ a p\ ^ e} parameterizes 
a holomorphic family of curves of the type o~(V a p). 

One can illustrate the changing of the complex structure in V a p by the following 
picture. 

Fig. 18. 

In this picture one sees V a p toge- 
ther with adjacent sets V a and Vp. 
One can suppose that by varying 
A a/ 3, the complex structure varies 
only in the shaded domain. 

Let iVeNbe the number of the elements of our covering of the type V a p = Vp a . 
Then for sufficiently small e > the polydisk 

:={A:=(A Q/3 ) : \X% - X af3 \ < e} 

parameterizes a holomorphic family of nodal curves {C\} XeA n . Every curve C\ = 
cx(E) is obtained by gluing the pieces a(V a ) and a(V a p). Denote M := 
U AeA iv J{ 1,P (C\,X). Since o-(V a ) does not contain nodal points and the complex 
structures on a{V a ) are constant and do not depend on A = (A a( g), we can suppose 
that V a are complex curves. We have natural isomorphisms cr(V a/ 3) = A\ af3 . Thus, 
the following map is well- defined 

9: (C\,u) i-> (u\ Va ,(X a p,u\ Vaf3 )). 

It is easy to see that a couple (u a , {X af 3,u al3 )) E H a ^ 1,p (Va,X) x U a pM(V al3 ,X) 
belongs to the image of O, exactly if for all pairs («,/?) the gluing conditions 
w a|w Q ,^ = u aj3 \ WaJ3 are fulfilled. 
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Let us repeat the gluing procedure from Step 2 of Lemma 3.6. For this take the 
balls 

B a C^(V a ,u* TX) ^T U0 ^(V a ,X) 
B aP cX 1 >P(V a p,u* TX)®C = T U0 M(V a p,X) 
B' a ^C^(W a ,p,u* TX) =T Uo Ji 1 ' p (W aj /3,X) 

such that there exist biholomorphisms 

1pa/3- B a p -^^ a /3(B a( 3) Cl(V a( 3,I) 

having the properties 

^a(O) =« |v a , #a(0) =\d:T U0 M 1 >r(V a ,X)^T U0 M 1 *(V a ,X), 
lM°) =u o \v a0 , #a/3(0) = Id : T (A o ^ , Uo) M(y Q , X) -> T (A o ^ )Uo) M(y Q , X) , 

<^(0) = «o|w a>/3 , #^(0) = ld:T^ 1 'P(W Qi/3 ,X)^T, to ^ 1 ^(Wa,/ 3 ,^). 

Shrinking the balls -B a and S a /3, if nessessary, we can suppose that for all £ a G B a 
and £ Q/3 G S Q/3 the restrictions tp a (^a)\w a , p and ip a p{^ a p) I w a , p belong to the image 
ip' a p(B' a p). Consider a holomorphic map 

* : EL X n a <^ #a/3 — Ea,/J ^( ^a,/3, ^TX) 

As in analogous situations, which have already appeared in this paper, the map 
^ gives the gluing condition of local holomorphic maps ip a (v a ) : V a — > X and 
ipapivap) ■ V a p -> X. Thus we can identify Mn[] a 5 a x Ila</3 5 «/3 witn tne set 

tf-^o). 

Let us study in detail the behavior of $ in the point yo G x ll-^a/3, 

yo = (V'a'KkJ^^^ok^)), #M = G E a ,^ 1 1^,/3 I «o^). One easily 
sees that the tangent space at yo is 

T yo {UB a x l[B af3 ) = J2^nV a ,u*TX)®J2^ 1,P ( V ^o TX )®^ N ^ 

a a/3 

and the differential d^(y ) on the summand J2^ 1,P ( V a,UoTX) ®J2^ hp ( V a/3, 
UqTX) coincides with the Cech codifferential (9.1.1) with respect to the covering 
{V a ,V a/ 3} of the curve Cq. By Lemma 9.2.1 we can represent ^5{ 1 ' p (M / q , ;i 3,'UqTX) 
as a direct sum W©Q, where W = Im (d^(yo)), and Q is isomorphic to ^(Cq^UqTX) 
and of finite dimension. Let and \1/q be the components of \& = (^■Wj^'q) with 
respect to this decomposition, and let M := ^/^(O). By Lemma 9.2.1 and the 
implicit function theorem, M is a complex submanifold in Y\B a x n^a/3 with a 
tangent space at yo G M equal to ^^(Cq^UqTX) ®£ n , and M is defined in M as 
a zero set of a holomorphic mapping $ := \1/q|~ : M ^ Q = ^{C.UqTX). This 
defines on M a structure of the Banach analytic set of finite definition. 

All that remains is to construct the corresponding holomorphic family of nodal 
curves tt : C — > M and the holomorphic mapping F : C — > X. Note that to each ball 
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B a we can naturally associate a trivial family n a : G a := B a x V a — > _B a , and to 
each ball S a /j a holomorphic family tTq,^ : C a/ 3 — > S a/ g, with fiber TT^g(v a p) equal to 
A\ a/3 , where \ a p is uniquely determined by the relation ip a /3( v a/3) = (^a/?i u a/3) £ 
M(V a/J ,X). 

Extend these families to the families 7r a : C a — > Yi B a x II -^<*/3 and n a p : G a p — > 
x It is obvious that C a and G a p canonically patch into a globally 

defined family of nodal curves n : C — > Y\B a x rjS a/3 . 6 will be a Banach manifold. 
Moreover, we shall obtain correctly defined holomorphic maps F a : Q a — > X and 
F a/ 3 : C a/ 3 — > X such that for z G V a one has F(v a , v a g, z) := i(^a( v a)[ z ] pl us 
analogous relations for F a p. 

Let us define C as a restriction C := Cjjvc- Note that the restriction of the trivial 
holomorphic family C a = V a x FJ S a x FJ S a/ g M is also a trivial holomorphic family. 

Thus, C is a b.a.s.f.d. in the neighborhood of the points y G CflC a . Analogously, 
every holomorphic family of curves Q a p is defined in the trivial bundle A 2 x FJ B a x 

n B a p — > Yl B a x ]1 B a p by the condition zi-z 2 - \ a p = 0, where A Q/ 3 : B a p -> A 
is a holomorphic parameter of the deformation of the complex structure in V a/ 3, 
and zi with ^ 2 are the standard coordinates in A 2 . So 6 is a b.a.s.f.d. also in the 
neighborhood of points y G Cfl C a/ g. Since M was defined by the condition of the 
coincidence of local mappings F a and F a p; thus, on C a global holomorphic map 
F : C -> X is defined. 

Properties aj, 6_j and rfj o/ Theorem 9.5.1 for M, 6 and F follow directly from 
the construction, and one obtains property c) by using Theorem 5.3.2. □ 

9. 6. Drawing Families of Curves. 

In the proof of the Continuity Principle for meromorphic mappings, which we 
need in this paper (see Theorem 4.2 of the next paragraph or Theorem 5.1.3 from 
[I-S]), we use the following consequence of the main results of the present paragraph. 

Let (C n ,u n ) be a sequence of irreducible stable curves over X, converging to a 
stable curve (Coo , ) . 

Lemma 9.6.1. There is an index N and a complex (maybe singular) surface Z 
with holomorphic mappings nz '■ Z — > A and F : Z — > X , which define together a 
holomorphic family of stable nodal curves over X , joining (Cn,un) with (CoqjUoq). 
More precisely, the following are true: 

1) For every A G A the fiber C\ = 7r^ 1 (A) is a connected nodal curve with boundary 
dC\; a pair (C\,u\) with u\ := F\c x is a stable curve over X . 

2) All curves C\, except for finite numbers, are connected and smooth. 

3) (Co, wo) is equal to (Ccctico), and there exists A at G A such that (C\ N ,u\ N ) = 
(C N ,u N ). 

4) There exist open sets Vi,...,V m in Z such that each Vj is biholomorphic to 
A x Aj, where Aj is an annulus. Moreover, the diagram 

Vj Ax A; 

7T i | 7T A 

A = A 
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is commutative; each annulus C\ PlV} = {A} x Aj is adjacent exactly to one of the 
components of the boundary dC\, and the number m of domains Vj is equal to the 
number of the boundary components of each curve C\ . 

Remark. This lemma was stated without proof in Proposition 5.1.1 from [I-S]. 

Proof. Let ttq : C — > M and ev : C — > X define a complete family of holomorphic 
deformations of the stable nodal curve over X (Coo,«oo)) constructed in Theorem 
9.4.1. Let A* G M parameterize the curve (Coo, u<x)- Choose a sequence \ n — > A* 
M such that (C n ,u n ) = (tyq 1 (A n ), ev l 7r - 1 (A„)) f° r an sufficiently big n. 

While (Coo, Woo) = (^e 1 ( / ^*)' ev l7r7 1 (A*)) n ^ s in the neighborhood of the boundary 

of U, thus by shrinking M, if nessessary, we can suppose that this is true for all 
AgM. 

By Theorem 9.5.1 the space M is a b.a.s.f.d. therefore, we can apply Theorem 
9.1.1. In particular, there are only finitely many irreducible components at A* of 
M. Let Mi be a component of M, which contains infinitely many A n . Represent 
Mi in the neighborhood of A* as a proper ramified covering tti : Mi — > Bi over a 
Banach ball B\. If A is an imbedded disk in B\, then 7r ] ~ 1 (A) is a one-dimensional 
analytic set, irreducible components which can be also parameterized by the disks. 
Thus, there exists a holomorphic mapping ip : A — > Mi, passing through A* and Xn 
for some iV » 1. The pre-image of the family ttq : C — > M with respect to cp defines 
a holomorphic family of stable nodal curves over A with total space ttz '■ Z — > A 
and mapping F : Z — > X , containing (Coc^oo) and (Cn,Un). 

While Cn is smooth, the general fiber C\ = 7r^ 1 (A), and again is smooth. Taking 
if nessessary a smaller disk, we can suppose that C\ are singular only for a finite 
number of A G A. All other properties l)-5) follow from the construction of the 
family iiz ■ Z — > A and a mapping F : Z — > X . □ 
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Lecture 10 

Envelopes of Meromorphy of Two-Spheres. 

10.1. Continuity Principles Relative to Kahler Spaces. 

Our aim in this paragraph is to prove Theorem 4.1 and give some corollaries from 
it. First of all we need an appropriate form of the so- called "continuity principle" 
for the extension of meromorphic mappings. 

For the notion of meromorphic mapping from a domain U in a complex manifold 
into a complex manifold (or space) Y we refer to [Rm]. We only point out here 
that meromorphic mappings into Y = CP 1 are exactly meromorphic functions on 
U, see [Rm]. 

Definition 10.1.1. A Hermitian complex space Y is called disk-convex if, for any 
sequence (C n ,u n ) of smooth curves over Y parameterized by the same surface E, 
such that 

1) area (u n (C n )) are uniformly bounded and 

2) u n C 1 -converges in the neighborhood of dC n , 
there is a compact K C Y which contains all u n (C n ). 

This definition obviously carries over to the case where Y is a symplectic man- 
ifold. In this case one should consider (C n ,u n ) as J n -holomorphic curves, with J n 
converging to some J (everything in C 1 -tology) and all structures being tamed by 
a given symplectic form. 

Let U now be a domain in the complex manifold X, and Y is a complex space . 

Definition 10.1.2. An envelope of meromorphy of U relative to Y is the largest 
domain (Uy,tt) over X , which contains U (i.e., there exists an imbedding i : U — > 
Uy with ivoi = Id) such that every meromorphic map f : U —> Y extends to a 
meromorphic map f :Uy —>Y. 

Using the Cartan-Thullen construction for the germs of meromorphic mappings 
of open subsets of X into Y instead of germs of holomorphic functions, one can 
prove the existence and uniqueness of the envelope. 

Proposition 10.1.1. For any domain U in the complex space X and for any 
complex space Y there exists a maximal domain (C7y,7r) over X , containing U such 
that every meromorphic mapping f : U — > Y extends to a meromorphic mapping 
f : Uy — > Y . Such a domain is unique up to a natural isomorphism. 

See [Iv-1] for details. 

Theorem 10.1.2. (Continuity Principle-I). Let X be a disk-convex complex surface 
and Y a disk-convex Kahler space. Then the envelope of meromorophy (Uy,tt) of 
U relative to Y is also disk-convex with respect to the pulled-back Kahler form. 

This result can be reformulated in more familar terms as follows. 

Let {(Ct, Ut)}te[o,i] De a continuous (in a Gromov topology) family of complex 
curves over X with boundaries, parameterized by a unit interval. More precisely, 
for each t G [0, 1[ a smooth Riemann surface with boundary (Ct,dCt) is given 
together with the holomorphic mapping u t '■ C t — > X, which is C 1 -smooth up to 
the boundary. Note that C\ is not supposed to be smooth, i.e., it can be a nodal 
curve! 
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Suppose that in the neighborhood V of iio(Co) a meromorphic map / into the 
complex space Y is given. 

Definition 10.1.3. We shall say that the map / meromorphically extends along 
the family (C t ,u t ) if for every t G [0,1] a neighborhood V t of u t (C t ) is given, and 
given a meromorphic map ft : Vt — > Y such that 

a) V = V and f = /; 

b) if K tl nv;,^0 then f u L = / ta L „ . 
' 11 t2 ~ Jtl \v tl nv t2 Jt2 \v tl nVt 2 

Theorem 10.1.3. (Continuity Principle-II) Let U be a domain in the complex 
surface X. Let {(Ct,u t )}te[o,i] ^ e a continuous family of complex curves over X 
with boundaries in U\, a relatively compact subdomain in U . Suppose moreover 
that uq(Cq) C U and that C t for t G [0, 1[ are smooth. Then every meromorphic 
mapping f from U to the disk-convex Kahler space Y extends meromorphically along 
the family (C t ,u t ). 

Taking an image manifold Y complex line C or CP 1 we obtain the continuity 
principles for holomorphic or meromorphic functions. When it is necessary to em- 
phasize that we are considering the mappings into a certain manifold Y, we shall 
refer to the statement above as the continuity principle relative to Y or c.p. for the 
meromorphic mappings into Y. 

The discussion above leads to the following 

Corollary 10.1.4. If we have the domain U in a complex surface X , a Kahler space 
Y and a family {(C t ,u t )} satisfying the conditions of the "continuity principle", 
then the family {(C t ,u t )} can be lifted onto Uy, i.e., there exists a continuous 
family {(C t ,u t )} of complex curves over U such that Tvou t = u t for each t. 

Of course the point here is that the mapping can be extended to the neighborhood 
of wi(Ci), which is a reducible curve having in general compact components. This 
makes our situation considerably more general than the classical one, i.e., when X 
is supposed to be Stein; compare with [Ch-St]. 

Remark. Let us explain the meaning of this theorem by an example. Let X 
be disk-convex and U C X some domain. Furthermore, let / : U — > Y be a 
meromorphic map and {(C n ,u n )} a sequence of stable complex curves over X, 
converging in the Gromov topology to (Coo>itoo)- Suppose that the images of the 
boundaries u n (dC n ) and Woo(dCoo) are contained in U. Suppose also that / extends 
along every curve u n (C n ). This means that there exists a complex surface V n , 
containing C n , and a locally biholomorphic map u' n : V n — > X such that u' n \c n = u n 
and / meromorphically extend from u' n ~ 1 U onto the whole V n . 

The latter is equivalent to the lift of the curves (C n ,u n ) into the envelope U, 
i.e., to the existence of holomorphic mappings u n : C n — > U such that fcou n = u n . 
In other words, one can take as V n a neighborhood of the lift of C n into U. One 
easily sees that the curves (C n ,u n ) are stable over U, have uniformly bounded areas 
and converge in the neighborhood of the boundary dC n . By Theorem 10.1.2 and 
by the Gromov compactness theorem , some subsequence (C n ,u n ) converges to the 
testable curve (Coo,Uoo), and irouoo = «(». This means that / extends along the 
curve Woo (Coo). Thus, Theorem 4.2 is a generalization of the E. Levi continuity 
principle. 
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10.2. Proof of the Continuity Principle. 

Suppose that there is a subsequnce of our sequence, which we still denote by 
(C n ,u n ) and which is not contained in any compact subset of the envelope (E/y,7r). 
Put v n = ixou n and consider our sequence as a sequence (C n ,v n ) of stable curves 
over X. While the areas are bounded, we can suppose that this sequence converges 
in the Gromov topology by the disk-convexity of X. Denote by (Cq,vq) its limit. 
For N sufficiently large take a holomorphic family (C,7r,V) joining (Cn,vn) with 
(Co,fo) as in Lemma 9.6.1. 

Let / : Uy — > Y be some meromorphic mapping of our envelope into a disk- 
convex Kahler space Y. Composing / with V, we obtain a meromorphic map h := 
f oV : [_}Uj U tt~ 1 (V(\n)) — > Y. Here V(Xn) is a suffuciently small neighborhood 
of Aat G A. 

Denote by W the maximal connected open subset of A containing V(Xn) such 
that h meromorphically extends onto [jUj Un~ 1 (W). We want to prove that W = 
A. Denote by Tf x the graph of the restriction f \c x - Fix some Hermitian mertic 

on e. 

Lemma 10.2.1. For any compact K C A there is a constant Mk such that 
area(r /A ) < M K for allXeWnK. 

Proof. Shrinking C if nessessary, we can suppose that / has only a finite number 
of points of indeterminancy in \JjUj. Denote by Sw the discrete subset in W, 
which consists of points s G W such that either the fiber C s is singular or s is the 
projection of the indeterminancy points of / \e\ w - Fix a point Ai G W\Sw- Take 
a path 7 : [0,1] — > W \ Sw connecting Ai with some A2 G W\Sw Take some 
relatively compact in W\Sw neighborhood V of 7QO, 1]). 

Recall that a Kahler metric on a complex space Y consists of a locally finite 
covering {V a } of Y and strictly plurisubharmonic functions ip a on V a such that 
(Pa — <£f3 are pluriharmonic on V a r\Vp. The sets {/ _1 (Vq,)} form a covering of 
7r _1 (y) and dd c f*(p a = w is a correctly- defined semi-positive closed form on 
n-^V). We have 

area(r/ A ) = area(CA) + / 

Jc 



w. 



By the Stokes formula 



w — I w = I dw — I w 

C T ( ) ^C 7 (i) JUtC^(t) JUtdC^(t) 



L 



w. 



U t 9C T(t) 

This is obviously uniformly bounded on A2 G K\Sw, which implies the uniform 
bound in K by the Gromov (or Bishop, in this case) compactness theorem. 

□ 

Lemma 10.2.2. Mapping h meromorphically extends onto C. 

Proof. Let us prove first that h meromorhpically extends onto C minus the singular 
fiber C , i.e., that W D A \ {0}. 
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The same arguments as in [Iv-2] (the only difference being that in [Iv-2] curves 
C\ were disks) show that (A n dW) \ ({0}) is an analytic variety. Now, using a 
Thullen-type extension theorem of Siu, see [Si-1], we can extend h onto C\Co- 

Denote by Co the union of compact components of Co. We shall show that Co 
contracts to a finite number of normal points. To prove this we can suppose that 
Co is connected. Otherwise, we can apply the same arguments as below to the 
connected components. We shall now prove that Co contracts to a normal point. 
Denote by Ei,...,E n the irreducible components of Co- All we must prove is that 
the matrix (Ei,Ej) is negatively defined, see [Gra]. Denote by li the multiplicity 
of Ei. Thus Co = T^ =1 U-Ei. Denote by M the Z-module generated by Ei,...,E n 
with scalar product defined by intersection of divisors. Put D = Cq. Then we have 

1) Ei-Ej^Oiori^j; 

2) D ■ Ei ^ for all i, because this number is not more than the intersection of Ei 
with the nonsingular fiber C\. 

By Proposition 3 from [Sh], v.l, Appendix I, we have A ■ A < for all A e M 
and A ■ A = iff A is proportional to D. But D ■ D < Co ■ C\ = 0, where C\ is a 
smooth fiber. This proves that (Ei-Ej) is negatively defined. 

Therefore, all that is left to prove is that the normal point is a removable singu- 
larity for the meromorphic mappings into a disk-convex Kahler space. 

Let (C, s) be a germ of two-dimensional variety with an isolated normal singular- 
ity s. Let a meromorphic map h : C\{s} — > Y be given. Realize C as a finite proper 
analytic cover over a bi-disk A 2 with s being the only point over zero. Denote by 
p : C — > A 2 this covering. 

The composition hop -1 is a multivalued meromorphic map from A 2 \{0} to Y. 
This can be extended to the origin, see [Si-1]. Consider the following analytic set 
inCxF: 

V = {(x,y) eQxY : (p(x),y) er hop -,}. 

The irreducible component of T, which contains r^, will be the graph of the exten- 
sion of h onto C. 

□ 

Let us turn to the proof of the theorem. We have a holomorphic family C — > A 
of stable curves (C\,v\) over X such that: 

1) (Cao^Ao) = (C , w ); 

2) h = foV extends meromorphically onto C, where V : C — > X is an evaluation 
map. 

We want to lift this family to the envelope (Z7y,7r). Denote by Ei,...,Ei the set 
of all irreducible curves in C which are contracted by V : C — > X to the points. It 
follows that C \ Uj=i lifts to the envelope by the Cartan-Thullen construction. 
Note further that Ej do not intersect IJjli^j- That is why either Ej C Co is 
a compact component of singular fiber or projects surjectively on A under the 
projection tt : C — > A. In the second case it intersects Co and the point u(Co f\Ej) 
lifts to the envelope. This proves that C \ Co lifts to the envelope. More precisely, 
we have shown that C \ C' lift to the envelope, where C' is a union of all compact 
components of the singular fiber mapped by V into the points. 
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Denote by C some connected subset of C' and choose its neighborhood V not 
to intersect other components of C' . Then V maps V onto the neighborhood of the 
point V(C) in X. Now it is clear that this point lifts to the envelope. 

Thus, we have proved that (Co, vq) lifts to the envelope (Uy , tt) of U. This implies 
that (C n , u n ) should lie in a compct subset of Uy. This is the desired contradiction. 

□ 

Let us give one corollary of the Continuity Principle just proved. 

Corollary 10.2.3. Let X be a complex surface with one singular normal point p. 
Let D be a domain in X, dD 3 p. Suppose there is a sequence (C n ,u n ) of stable 
curves over X converging to (Cc^o) in a Gromov topology and such that 

a) there is a compact K C D with u n (dC n ) C K for all n; 

b) pe uq{Cq). 

Then every meromorphic function from D extends to the neighborhood of p. 

To our knowledge this statement is new also for holomorphic functions. 

10.3. Construction of Envelopes - I. 

We are now ready to give the proof of Theorem 4.1, first under some technical 
assumptions to clarify the main idea. Then in the next paragraph the general case 
will be considered. 

Let a Kahler surface (X,ui) be fixed and some symplectic immersion u :^ 2 ^ X, 
with only positive double intersections be given. Our technical assumptions for the 
moment will be the following: 

1. We suppose that ci(X)[M] is not only positive but moreover bigger than the 
sum 6 of double points of M := u(—> 2 ). 

2. X is supposed to be "positive" in the sense that for any almost-complex structure 
J G 3 to and J-complex sphere C satisfies [C] 2 ^ 0. 

As we have already mentioned, those conditions will be eliminated in the next 
paragraph. 

Now let / be a meromorphic function in some neighborhood U of M . Fix some 
relatively compact U\<&U containing M. Let {Jt}te[o,i] De a family of C 1 -smooth 
almost complex structures on the 4-manifold X constructed in Lemma 1.4.2. We 
lift the structures J t onto the envelope (U, n) in such a way that those liftings are 
standard on U\i(Ui), where i : U — > U is a canonical imbedding. 

For t = 1 our Ji -holomorphic sphere M = Mi is given. By assumption ci(X) [M] 
8i =p ^ 1. Here 5i = 5 is the geometric self-intersection of Mi, i.e., the number of 
double points. From Theorem 8.4.1 we get a family M t = f( Jt) of J t -holomorphic 
curves for t sufficiently close to 1, where / :Fc3^§x3s x 3isa local section of 
pr a constructed in Theorem 8.4.1. 

Definition 10.3.1. We say that the family {M t } te ^ ^ of (possibly reducible) Jt- 
holomorphic curves is semi-continuous if there exist a (maybe infinite) partition of 
the interval (t, 1] of the form 1 = to > t± > . . . > t n > . . . with t n \ t, natural 
numbers 1 = N ^ iV~i ^ . . . ^ N n ^ . . . , J t -holomorphic maps u t : ~^ X for 

(t i+u ti\ with M t :=u t (\_\fliSi) such that 

i) u t : (£j+i,£i] x Ujii &i X is a continuous map; 
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ii) area (M t ) are uniformly bounded from above; 
m) J{-lim tNti+1 M t := M u+1 D M u+1 . 

The inclusion M ti+1 D M ti+1 means that M ti+1 has no other components than 
those of M t .,, . 

We say that {M t } is a family of spheres if all Sf are spheres. 

Let T be the infimum of such t, for which there is a semi-continuous family 
{M t } te ^ of spheres such that for all irreducible components M£ , . . . of M t , 
t G (ti + i,ti], one has 

a) Cl (X)[Mi]-5i-i4=pi>l; 

b) E^iPt >P- 

Here k[ is the sum of the Milnor numbers of cusp points of M(, see Appendix 2. 
We allow the existence of multiple components, i.e., that some of Ml can coincide. 

The set T is open by Theorem 8.4.1. To prove the closeness of T, we note that 
since all J t are tamed by the same form u, the areas of a J t -holomorphic curve are 
uniformly in t estimated from above and below by J Mt uJ. Moreover, since M ti+1 D 
Mt i+1 , we obtain f M u ^ f M u. In particular, this implies that the sequence 

{Ni} is bounded from above, and hence stabilizes for i big enough. From Gromov's 
compactness theorem and disk-convexity of the envelope (Theorem 2.2.2)we obtain 
that for every j = 1,... the sequence {M J i }°^ l has a subsequence, still denoted 
in the same way, which converges to a J t -holomorphic curve M J CUy 

To simplify the notations, we drop the upper index j from now on and write 
M instead M J , having in mind that we can do the same constructions for all j = 
1,... ,Ni. Note that all irreducible components of M are J^-holomorphic spheres. 
We write M = Ufc = i m fc ■ M k: where M k are distinct irreducible components of M 
with the multiplicities rrij ^ 1. The genus formula for M now has (because of 
multiplicities!) the following form: 



2 d d 

= [M] ~ C 9 l(X)[M] +^m fc - J2 m k(S k + *k) - $^m fc -m z [M fc ] • [Mi] 



k=l k=l k<l 

d 

m k (m k -1) r , , l2 



-J2 mk[m 2 k ~ } [M k ] 2 . (10.3.1) 

k=i 

The formula can be obtained by taking the sum of the genus formulas for each 
M k and then completing the sum J2 k= im k [M k ] 2 to [M] 2 . Here S k and x k denote 
self-intersection and Milnor numbers of M k . We also have 

^- = M!^QM1 +1 , (10 .3.2) 



Note that [M] 2 = [M/] 2 and a(X)[M] = ci(X)[M|] for i sufficiently big, and 

that Efc<z mfcmz [-^fc][-^f] ^ Ylt=i mk ~ 1) because the system of curves {J k=1 M k 
is connected. From (10.3.1) and (10.3.2) we obtain 

E m k (6k + *k)+it mkim o = 1} t^] 2 < ^ + ^ 



fc=i fc=i 
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and 

d 

Y,m k c 1 (X)[M k ]=c 1 (X)[Ml}. 
k=i 

Using positivity of (X,u), i.e., the property [M k ] 2 > 0, we obtain 

™ k U (X) [M k ] -6 k - Xk) ^ ci (X) [M/] - S{ - x> = Pj . 
fc=i ^ ' 

Thus we can choose among M 1? . . . ,M d the subset with properties a) and b). 

Returning to the old notations, we can "correct" all M J , choosing an appropriate 
subset M J C M J . Now applying Theorem 8.4.1 to all M- 7 , we can extend our family 
{M t } in a neighborhood of £, and hence define it for all t G [0, 1]. 

For t = we get the next statement. 

The next rigidity property of symplectic imbeddings is a straightforward corol- 
lary from this theorem. 

Corollary 10.3.2. Let Mi and Mi be two symplectically imbedded spheres in CP 2 . 
Then any biholomorphism of a neighborhood of Mi onto a neighborhood of M 2 is 
fractional linear. 

10.4. Construction of Envelopes - II. 

Let us now give the proof in the general case. In fact, the proof works not only 
for the meromorphic functions but also for the meromorphic mappings into any 
disk-convex complex Kahler space Y. 

Theorem 10.4.1. Let u :^ 2 ^ X be a symplectic immersion of the sphere —^ 2 
into a disk-convex Kahler surface X such that M = u{-^ 2 ). 

Let u : S 2 — > X be a symplectic immersion of a sphere, having also positive self- 
intersections. Let U be a relatively compact domain in X , which contains M := 
u(S 2 ). Denote by (U Y , ny) its envelope of meromorphy relative to Y. 
Step 1. There exists an (u-tamed) Jq G 3u such that M is Jo-holomorphic. 

This was proved in Lemma 1.1.2 of [I-S]. Moreover, there exists a smooth homo- 
topy h : [0,1] — > 3u joining J = h(0) and J st = h(l). Put M := M and denote as 
in Lemma 8.3.2 by M.h(M , J ) a component of M-h through the point (Mq, Jo). 

Step 2. Suppose that the component 3Vlh(M ,J ) is not compact. 

Then by (iii) of Lemma 8.3.2 there is a continuous path 7 : [0, 1] — > starting 
from (M , Jo) with property (b), see (iii) of Lemma 2.5. Consider J n -holomorphic 
spheres M n in M^,(M , Jo), which are discrete there with J n — > J* G 3u as in iii) 
(b) of Lemma 2.5. 

If for some n M n C\U = 0, then, because J n = J st on U\U, this M n will be the 
rational curve we are looking for. 

If not, then some sequence, still denoted by M n , will converge in the Gromov 
topology to a reducible curve M^\ If M^ has an irreducible component M^\ 
lying outside of U and such that ci(X)[Mq"^] > 0, then M^ is our rational curve. 

If not, there exists a component M^ of the limit curve M^ such that ci [Mq 1 " 1 ] > 
0. Repeat Step 2 for M^ instead of M Q . Since the area of a complex spheres is 
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bounded from above (see [G]), after a finite number of steps we obtain a needed 
rational curve in the envelope Uy, or arrive at 

Step 3. M^(Mo, Jo) is compact. 

From Hi) of Theorem 8.3.3 and Corollary 8.3.4 we immediatly see that there are 
continuous (in fact, piecewise C k ) paths (M t n , J") such that 

1) M n = M for all n; 

2) J n = J for all n; 

3) Jf — > J st . 

By the Gromov compactness theorem some subsequence from Mf , still denoted 
by M", is converging to a J st -holomorphic nodal curve C* with n*ci(X)[C] > 0. 
Take some irreducible component C of the curve C* . Then C is the rational curve 
in Uy we are looking for. 

□ 

10.5. Examples. 

Here we discuss a few more examples concerning envelopes of meromorphy. 

Example 1. Let (X,u) = (CP 1 x CF 1 ,ufs ©wfs), where ufs denote the Fubini- 
Studi metric on CP 1 . Note that c\{X) = 2[uj\. Let J be an w-tame almost complex 
structure on X and C be a J - complex curve on X. Denote by e\ and e2 the stan- 
dard generators of HhpTjZ) = Z 2 and write [C] = a-ei+6-e2. Then we get 
a + 6 = f c u> ^ 1 and ci(X)[C] = 2(a + b). Furthermore, by the genus formula 
s$ g(C)+5 + x= (2ab-2(a + b))/2 + l = (a-l)(6-l). Thus, we conclude that 
both a and b are non-negative and [C] 2 = 2ab ^ 0. So CP 1 x CP 1 is non- negative 
in our sense. 

Let M be an imbedded symplectic sphere in X. Then (a — 1)(6 — 1) =0 by the 
genus formula. Therefore, we can assume that a = 1 and 6^0. Now one concludes 
that the following holds: 

Corollary 10.5.1. Let M be a symplectic sphere in (CP 1 x CP 1 ,ufs®^fs) ■ Then 
the envelope of meromorphy of any neighborhood of M contains a graph of a rational 
map of degree O^d^b from CP 1 to CP 1 . 

Example 2. (X,u) = (CP 2 ,^^). Let M be a symplectic surface in X of degree 
m := j M uj with positive self-intersections. Then obviously c\{X)[M] = 3m. Note 
that we proceed to the construction of a family {M t } if the condition ci(X)[M J t ] > 
x{M 3 t ) is satisfied for all irreducible components M J t of M t . By the genus formula 
one has x(C) ^ (d— l)(d — 2)/2 for every complex curve C of degree d. So we can 
proceed if 3m > (m — l)(m — 2)/2, which is equivalent to 1 ^ m ^ 8. Thus, we have 
the following 

Corollary 10.5.2. Jet M be a symplectic surface in CP 2 of degree m ^ 8 twzt/i 
positive self-intersections . Then the envelope of meromorphy of any neighborhood 
of M coincides with CP 2 itself. 

Remark. Note that the examples include all imbedded symplectic surfaces in CP 2 
of genus g ^ 21. 

Example 3. Let X be a ball in C 2 and w is a standard Euclidean form. Blow 
up the origin in C 2 and denote by E the exceptional curve. By X denote the 
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blown- up ball X. The blow-up of C 2 is also Kahler, and we denote by wq some 
Kahler form there. Consider a sufficiently small C 1 -perturbation of E. This will 
be a Wo-symplectic sphere in X, which is denoted by M. The Chern class of the 
normal bundle to M is equal to that of E and thus is —1. Therefore, c\{X)[M] = 1 
and the proof of Theorem 1 applies. One should only note that in the process of 
deformation M t cannot break into irreducible or multiply covered components in 
this special case. The only rational curve in X is E. Thus, we see that 

the envelope of meromorphy of any neighborhood of M contains E. 

One can then blow down the picture to obtain downstairs a sphere Mi-image 
of M under the blown-down map. This Mi is homologous to zero, so cannot be 
symplectic, and for this Mi our Theorem 1 cannot be applied. 

Example 4. Chirka in [C] proved the following "local version" of our Theorem 1, 
which he called "a generalized Hartogs' lemma" . Denote by V a graph of continuous 
function / : A — > C. Consider the following "generalized Hartogs' figure" in C 2 : 
Hy ■= dA x AUT. Chirka showed that every holomorphic function in the neighbor- 
hood of Hy extends holomorphically onto the unit bidisk A 2 . This is a corollary 
of our Theorem 4.1 (as is explained in [C]). Really, denote by (z,w) coordinates 
in C 2 . Any function / holomorphic in the neighborhood of dA x A is a sum of a 
function holomorphic in the bidisk and a function /_ holomorphic in (CP 1 \ A) x A. 
This / is also holomorphic in the neighborhood of V. We need only to extend /_. 
Extending F "inside" (CP 1 \ A) x A we obtain V - a sphere, homologous to the 
{pt} x CP 1 in CP 1 x CP 1 . Rescailing the variable w we can make V symplectic and 
find ourselves in the conditions of Example 2. 

The proof of Chirka is roughly the same (i.e., uses the perturbation of the struc- 
ture), but somewhat simpler. It uses, instead of Gromov's techniques, the results 
of Vekua on so- called generalized analytic functions. 

Answering the question, posed by Chirka, Rosay in [R] constructed an example 
showing that a "generalised Hartogs' lemma" does not hold in C 3 . 

Example 5. This example was explained to us by E. Chirka, and it shows that 
our Continuity Principle is not valid when the complex dimension of the manifold 
X is more than two. 

Take as X the total space of the bundle 0(-l) ©0(-l) over CP 1 . Denote an 
affine coordinate on CP 1 by z, coordinates on the fibers by £i, £2 and 771 , r\2 such 
that 771 = z£i and 1]2 = 2^2 • Identify CP 1 with the zero section of the bundle. 
Consider the meromorphic function / = e^ 2 ^ 1 . The set of essential singularities of 
/ is {£1 = 0}, which contains the zero section CP 1 . 

Consider the following sequence of analytic disks C n in U := = 0}, 

C n '■= {£2 = 0, \z\ ^ n,£i = ^}. Then the function / is defined in a neighborhood 
of every C n . On the other hand, the limit curve of the sequence is C = CP 1 U A^, 
where Aoo := {i]2 = 0,z = oo,|//i| ^ 1}. In particular, / does not extend in a 
neighborhood of C . 
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Appendix IV. 

Complex Points and Stein Neighborhoods. 

The condition ci(X)[M] > (in the case of imbedded surfaces, i.e., when 6 = 
0) in Theorem 4.1 cannot be dropped. In [N-l] Nemirovsky, using results of 
Eliashberg-Kharlamov and Forstneric, showed that any imbedded complex curve 
C with ci(X)[M] ^ can be perturbed to an imbedded surface M which has a 
basis of Stein neighborhoods. 

A4.1. Complex Points of Real Surfaces in Complex Surfaces. 

Let S C X be a real surface embedded in a complex surface. A point p G S is 
said to be complex if the tangent plane T p S C T p X is a complex line. 

If locally S = Tf is the graph of a smooth complex valued function /, then a 
point (z,f(z)) G S is complex if and only if §|(z) = 0. It is therefore not difficult 
to show that for generic embeddings the complex points are isolated, and near each 
complex point there exists a complex system of coordinates (z,w) such that S is 
given by the equation 

w = \ z \ 2 + l( z 2 + z 2 )+d(\z\ 2 ), 7 Gl. (A4.1.1) 

If I7I < 1, then p = (0,0) is called an elliptic complex point, and if I7I > 1, 
then it is called hyperbolic. (The 'parabolic' case I7I = 1 is not generic.) Note 
that the property of being elliptic or hyperbolic is invariant under biholomorphic 
transformations. 

It is easy to check that if S is a graph Tf, then elliptic and hyperbolic complex 
points correspond to positive and negative zeros of respectively. 

Assume now that an embedded real surface S C X in the general position is 
compact and oriented. Then there are two orientations of T P S at each complex 
point p G S. The first one is the orientation of S and the second one is the 
canonical complex orientation of T P X. A complex point is called positive if these 
two orientations coincide; otherwise, it is called negative. 

Denote by e± = e±(S) and h± = h±(S) the numbers of positive and negative 
elliptic and hyperbolic complex points of S. Introduce Lai's indices I± := e±—h±. 
It turns out that I± are topological invariants of the embedding. 

Lai's Formulae [L]. Let S C X be a compact oriented real surface in the general 
position in a complex surface X . Then 

I+-I- =c 1 {X)-[S], 

where x(S) = 2 — 2g(S) is the Euler characteristic of S , S 2 = [S] ■ [S] is the self- 
intersection index of S in X, and C\{X) G H 2 (X, R) is the first Chern class of X . 

Proof. We shall only sketch the proof. For the first formula, choose a tangent 
vector field £ G TS, twist it by the complex structure J on X and consider the 
projection rj = 7r(J£) G NS to the normal bundle of S. The zeros of r\ are exactly 
the zeros of £ and the complex points of S. Careful inspection of the signs (using 
local equations (*)) yields the first formula. 
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To prove the second formula, pick a non-vanishing 2-form ui on S and observe 
that for a local frame ^1,^2 G TS, the expression w(6,6) _1 6 gives a well- 

defined section of the linear bundle A^(TX)\s- The zeros of this section are the 
complex points of S : because at these points £1 and £ 2 are linearly dependent over C. 
It remains to calculate the signs of these zeros and to use the definition of c\{X). 

□ 

Sometimes it is convenient to write Lai's formulae in the following way: 

I ± (S) = l( X (S)+S 2 ±c 1 (X)-[S]). (A4.1.3) 

For example, if C C X is a non-singular compact complex curve, then after a small 
real perturbation we obtain an embedded real surface S that obviously has only 
positive complex points. Thus, I-(S) = and therefore — x(C) = C 2 — c\{C) ■ [C], 
which is precisely the adjunction formula for C. 

One can also give the following geometric intepretation of Lai's indices. Consider 
the Grassmanian Gr(X, R, 2) of oriented real 2-planes in TX. It has two natural 
oriented submanifolds 3± formed by complex lines with the complex and anti- 
complex orientation, respectively. Then I± = r(S) -3±, where r : S — > Gr(X,M.,2) 
is the tangential Gauss map. This again can be proved by calculating local signs. 

A4.2. Cancellation of Complex Points. 

Lai's indices I± are essentially the only topological invariants of the position 
of embedded real surfaces with respect to the complex structure. The following 
theorem of Kharlamov and Eliashberg shows that it is possible to cancel an elliptic 
and a hyperbolic complex point with the same sign. In particular, if I + = i_ = 0, 
then the surface is isotopic to a totally real one. This can be regarded as a partial 
case of Gromov's /i-principle for CR-embeddings. 

Cancellation Theorem. Let S C X be an embedded real surface in a general 
position, and assume that e + (S)h + (S) > 0. Then there exists an isotopic embedded 
surface S' c X such that e+(S') = e+(S) - 1 and h+(S') =h+(S)-l. 

Join the pair of points that we want to remove by a smooth path in S and choose 
a finite covering of this path by coordinate neighborhoods such that in each chart 
S there is the graph of a smooth function with natural orientation. Now to move 
complex points along this path and to eventually 'cancel' them, it suffices to prove 
the following local result. 

Lemma A4.2.1. Let f : A — > C be a smooth function in a neighborhood of the 
unit disk. Assume that || has two ordinary zeros a, b G A of opposite sign. Then 
there exists a function g : A — > C that is C° close to f in the disk, coincides with f 
near the boundary and has a non-vanishing ||. 

Conversely, if || does not vanish, then g can be chosen so that || has two zeros 
of opposite sign at the given points a, b G A. 

Proof. By obvious topological reasons there exists a smooth function if) supported 
in a thin neighborhood of the segment [a, b] such that + ^ does not vanish in A. 
Note also that we may choose ip so that HV'llc ^ 2||^|||co. Hence, if the area 
of supp(V') is small enough, then the Cauchy-Green transform Tcg^ is L^-small 
by Calderon-Zygmund inequality and the graph of / + Tcg^ is totally real. It 
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remains to multiply Tcg^ by a cut-off function <p so that (pTco^ = near the 
boundary of A. This will not spoil 9 (f + v£[ CG ^ , because Tqg^ is holomorphic near 
the boundary and C°-small. 

The second part of the lemma is proved in exactly the same way. □ 

The following statement immediately follows from Lai's formulae and Cancella- 
tion theorem. 

Corollary A4.2.2. Let -^ 2 d C 2 be a symplectically imbedded two-sphere in com- 
plex projective plane, which is homologous to the projective line. Then there is an 
imbedded two-sphere —> 2 C C 2 , which is C° '-close to —* 2 and has precisely three 
points with complex tangents. Moreover, those points are positive and elliptic. 

A4.3. Neighborhoods of Real Surfaces. 

Now we can give a construction of Stein neighborhoods of deformations of real 
surfaces satisfying certain topological conditions. 

Theorem A4.3.1. Let S C X be an embedded real compact oriented surface in a 
complex surface. If S satisfies both inequalities 

2/± = x(S) + S 2 ±a (X) ■ [S] < 0, (44.3.1) 

then there exists an isotopic embedded real surface with a basis of strictly pseudo- 
convex Stein neighborhoods. 

This result was proved in [F] for X = C 2 . The case where S is a smooth 
deformation of a complex curve was used in [Nl] and the general case in [N2] . 
Proof. By the Cancellation Theorem there exists an isotopic real surface, denoted 
by S, that has only hyperbolic complex points. 

Let p G S be a totally real or a hyperbolic complex point. It is not difficult to see 
from the local equations of S that there exist coordinate neighborhoods U DD V 3 p 
and a non-negative smooth function in U with the following properties: 

1) SnU = {xeU\ip(x) = 0}; 

2) dtf; = on SHU; 

3) ip is strictly plurisubharmonic in U\(SC\V). 

Choose a finite covering of S by V} CC Uj. Let, furthermore, Xj be smooth 
non-negative functions supported in Uj such that 

1) xj = l onVf, 

2) ^ \D a Xj \ < Axj everywhere in Uj for some constant A. 

Such functions indeed exist: one may first pick functions satisfying the first condi- 
tion and then raise them to the third power. 
Now by the Leibnitz rule we have 

HXji^j) = i dd(xj^j) = i {^jddxj + d^ 3 A dxj + dxj A &if>j + Xjddi^j). 

It readily follows that the Levi form L(xji^>j) is non-negative in some neighbor- 
hood Wj D SnUj and positive in (W 3 \S)D Vj. 

Consider the function $ := ^^XjV'j- By construction 

j 

1) $ = on S and $ > outside of S; 

2) $ is strictly plurisubharmonic in a punctured neighborhood of S. 
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Thus, the sets U e — {$ < e}, where e > is a regular value of form a basis of 
strictly pseudoconvex Stein neighborhoods of S. □ 

It is worth observing that an embedded real surface S C X with elliptic complex 
points cannot have a Stein neighborhood basis. Indeed, according to Bishop for 
an elliptic point p G S, there exists a non-trivial continuous family of holomorphic 
discs ft : (A, <9A) — > (X, S) with /q = p. By the continuity principle every holomor- 
phic function in a neighborhood of S extends holomorphically along this family, 
and therefore a sufficiently small neighborhood of S cannot be Stein. 

In fact, it can be proved that, at least when 5" 2 > 0, a surface S that 'potentially' 
has elliptic complex points (which means that one of the indices I±(S) is positive) 
does not admit a (not necessarily small) Stein neighborhood (see [N2] and [N3]). 

Now, consider a complex surface X and a smooth, compact complex curve C C 

X. 

Corollary A4.3.2. If c\{X) ■ [C] ^ then a generic embedded real surface S 
irotopic to C has a basis of Stein neighborhoods. In particular such S has no non 
trivial envelope of meromorphy. 

Proof. If ci(X) ■ [C] ^ 0, then a generic embedded real surface S isotopic to C 
satisfies I±(S) ^ 0, because of the adjunction formula and Lai's formulae. The 
statement now follows from the Theorem A4.3.1. 

□ 
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Appendix V. Seiberg-Witten Invariants and Envelopes. 

A5.1. The Genus Estimate. 

Throughout this Appendix X will denote a compact, real, oriented manifold of 
dimension 4. Fix some c G H 2 (X,M). Let M be a closed, oriented surface of genus 
g(M) imbedded in X. For a riemannian metric g on X denote by s g the scalar 
curvature of g, i.e. s g = gijR^ = trR g -tra,ce of the Ricci curvature. In the case 
when X = M is a compact surface the Gauss-Bonnet theorem tells us that 

/ s g dfi g = 2-2g(M), (45.1.1) 

where // s is the area form associated to g. 

The following statement is due to P. Kronheimer. 

Theorem A5.1.1. Assume that [M] 2 = and that for every riemannian metric g 
on X one can find a two-form u> representing c such that 

\\w\\ L *<]-\\s g \\L*+K(X), (45.1.2) 
where constant K(X) depends only on the topology of X . Then 

\c[M}\\ <: max{2^(M) -2,0}. (45.1.3) 



Proof. Take some neighborhood U of M which is diffeomorphic to M x D, where 
D is a disk in R 2 with coordinates x,y. Denote by gM the riemannian metric on 
M of constant scalar curvature s g equal to 47r(2 — 2g(M)). 

(A5.1.1) tells us that if M is not a torus, then the area 3M M = 1. In the case of 
torus we just take the flat metric with total area one. For real positive R consider 
the metrics go,R = R(dx 2 + dy 2 ) on D. 

Take now the following metric on X: 

( 9m®9d,r onU 
9r=< , TT 

^ g away from U 

Let ujr be the harmonic representative of c with respect to the metric gn. Har- 
monic form minimases the L 2 -norm in its cohomology class. So by the assumption 
(A5.1.2) of our theorem 

\\u R \\ L 2 ^(2g{M)-2)^R + 0{l). (45.1.4) 

9 Ft 

Really, \\ur\\ l1r ^ ±\s g J + 0(1) = (f MxD [47v(2g - 2)] 2 dn 9R ) h = ± (tvR 2 ■ 

A-K(2g(M)-2)Y +0(1) = y/ir-R- (2g(M) -2) + 0(l). 
Further 

\\uj r \\ L 2 > \c[M]\^R. (45.1.5) 
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Really, ||o;.r||?2 ^ In ll w \mx(xv) ll?2 R 2 dxdy because u \mx(xv) is om y one °f 
the coefficients of u>. \\u \mx(x,v) 1 1 £,2 is bounded from below by the L 2 -norm of 

9M 

the corresponding harmonic representative. Note that the harmonic representative 
of uj \mx(x,v) = c |m is just c[M] * 9M 1 because Hodge * gM commutes with the 
Laplacian: A gM : A gM (* gM l) = * gM (A gM l) = 0. So the L 2 -norm of this harmonic 
representative and thus of ui \mx(x, v ) is bounded from below by c[M]. Inequality 
(A5.1.5) follows. 

Inequalities (A5.1.4) and (A5.1.5) clearly imply inequality (A5.1.2). 

□ 

This theorem reduces the problem of minimazing the genus of an imbedded 
surfaces in a fixed homology class to the a priori estimate (A5.1.2). This estimate 
can be obtained if the Seiberg-Witten invariant SW(X,c) for our cohomology class 
c is not zero. 

A5.2. The use of Seiberg-Witten Invariant. 

The intersection form on the second cohomology space H 2 (X, M.) of a compact 
4- manifold X is symmetric, and hence it has Sylvester indices b ± (X). By definition, 
the signature of X is the signature <r(X) =b + — b~ of its intersection form. 

If X is a Kahler complex surface, then the maximal positive subspace in H 2 {X, M) 
is spanned by the class of the Kahler form to and by the classes of the real and imag- 
inary parts of holomorphic 2-forms on X. In particular, b + (X) = 1 + 2dimc^ 2 (A') 
is an odd positive integer. 

Suppose now that for our 4-manifold X we have that b + (X) > 1. Let us pick 
a characteristic class c G H 2 (X,'Z), that is, an integral cohomology class which 
is congruent mod 2 to the second St iefel- Whitney class u>2(X) G H 2 {X, Z 2 ). (For 
example, the first Chern class of an almost-complex structure J on X is character- 
istic.) 

In this situation one can define the Seiberg-Witten invariant SW(X,c) G Z/2Z 
of the smooth oriented manifold X (if ip is an orientation-preserving diffeomorphism 
of X, then SW(X,ip*c) = SW(X,c)). 

Roughly speaking, the invariant SW(X,c) is non-zero if the moduli space of 
gauge equivalence classes of solutions of the Seiberg-Witten differential equations 
for a Riemannian metric on X has non-zero homology class in the configuration 
space. For the precise definition of the invariant, the reader is referred to the 
original paper [Wt] and to the books [Wg] and [Mr] . 

Theorem of Witten - I. Let X be a compact Kahler surface with b + > 1. Then 
the moduli space of solutions of the (suitably perturbed) Seiberg-Witten equations 
can be identified with the space of all effective divisors that are Poincare dual to the 
cohomology class \ {c — ci(X)). 
In particular, SW(X,ci(X)) = 1. 

Really, if c is chosen to be equal to c\(X) there is only one divisor Poincare 
dual to the zero class, namely the zero divisor. Therefore the moduli space of the 
solutions of SW-equations in this case is a singleton. 

Remark. In the opposite direction, the Seiberg-Witten invariants of X can be used 
to produce complex curves with given cohomology class, namely, if SW(X,c) 7^ 0, 
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then there is a complex curve dual to \{c — ci(X)). This statement is due to 
Taubes, see [Ta]. 

Suppose that, for a our pair (X,c) the invariant SW(X, c) is non-zero. Then, 
by definition, for every metric g on X, there is a solution of the Seiberg-Witten 
equations. Using the properties of the equations, one can obtain a priori estimates 
of the solutions in terms of the metric g. We do not write out the equations 
themselves and only state the key estimate of this type, which is essentially due to 
Witten (see also [Mr] and [Kr]). 

Theorem of Witten - II. // SW(X,c) ^ then for every Riemannian metric 
g on X with there is a closed two-form r\ representing this class in the de Rham 
cohomology and such that 

\\v\\L}<^\\s g \\L*+K{X), (45.2.1) 

where K{X) is a constant depending only on the topology of X . 
As a consequence we see that 

Corollary A5.2.1. The number of classes c G H 2 (X,Z) with non-trivial Seiberg- 
Witten invariants SW(X,c) is finite. 

Proof. Indeed, for a fixed metric g, the harmonic representatives of these integer 
classes are uniformly bounded. 

□ 

Corollary A5.2.2 Let X be a compact Kahler surface with b + > 1. Let M C X be 

an embedded real surface with non-negative self-intersection M 2 ^ 0. Then 

\c x {X) ■ M\ + M 2 ^max{0,2#(M)-2}. (45.2.2) 



Proof. Let us choose an orientation on M so that c\(X) ■ M ^ 0. We blow up the 
surface X at d = M 2 distinct points and denote the blown-up surface by X, the 
exceptional curves by Ej, and the corresponding blow-down by tv : X — > X. Then 
c 1 (X)=n*c 1 (X)-j: j [E J ]. _ 

Let E be the interior connected sum of M with Ej in X. Then [E] = 7r*[M] — 
^2j[Ej] : and therefore E 2 = 0. Observe that the genus of E is equal to that of M. 
By Theorem A5.1.1 we have that 

max{0,2#(M)} > |ci(X)-E| = \a(X) ■ M - M 2 \ = \a(X) ■ M\+ M 2 . 

□ 

Corollary A5.2.2, as it is stated, makes no difference between tori and spheres, 
i.e. max{0,2(7(M)} = in both cases. However for spheres it can be improved. 
We shall derive now the following result of Kronheimer and Mrowka [Kr-M] and 
Morgan, Szabo, and Taubes [M-S-T]. 
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Corollary A5.2.3. An embedded oriented real surface M C X with non-negative 
self -inter section index in a compact Kahler surface with b + (X) > 1 satisfies the 
inequality 

M 2 +\ Cl (X)-M\^2g(M)-2 (A5.2.3) 

provided that M is not a 2-sphere with trivial real homology class. 

Proof. The case g(M) ^ 1 is covered by (A5.2.2). So let M be a sphere. (A5.2.2) 
tells that M 2 = and c x {X) ■ M = 0. 

Let us blow up the surface X at one point. Let E C X he the exceptional curve. 
For every n ^ 1, we consider the interior connected sum M n = Ej^nM. This is an 
embedded two-sphere such that M 2 = — 1 and c\(X) • M n = 1. 

Let us use the existence of an orientation-preserving diffeomorphism ip : X — > X 
(with support in a neighbourhood of M n ) that maps M n into itself with opposite 
orientation. We have %j)*cx(X) = c 1 (X) + 2[M n }. If the class [M] e H 2 (X,R) 
were non-zero, this would give us an infinite set of cohomology classes on X with 
non-zero Seiberg-Witten invariant, which contradicts Corollary A5.2.1. □ 

Remark. By the usual adjunction formula, a complex curve C with C 2 ^ 
violates our inequality if and only if C\{X) ■ C > 0. This situation occurs in CP 2 
and other complex surfaces with negative canonical class indeed. For this reason, 
it is impossible to drop the assumption b + > 1 in the above theorem. 

In A5.3 we shall repeatedly use the fact that complex curves in complex surfaces 
with c\(X) > violate the "general" form of the adjunction inequality. 

A5.3. The Genus Estimate on Stein Surfaces and Envelopes. 

We start from the following 

Theorem of Stout. Let K cY be a compact set in a Stein manifold. Then there 
is a neighbourhood V of K and biholomorphic imbedding hofV onto an open subset 
in an affine algebraic variety X . Moreover, if Z C Y is a complex submanifold, 
then one can find such h that Z n V will be mapped onto the intersection of an 
algebraic subvariety in X with h(V). 

We shall see now that imbedded real surfaces in Stein surfaces remind real sur- 
faces in compact Kahler surfaces with b + > 1. 

Theorem A5.3.1. Let M C Y be an imbedded oriented real surface in a Stein 
surface with non-negativ self-intersection. Suppose that M is not a 2-sphere with 
trivial homology class. Then 

S 2 +\ Cl (X)-S\^2g-2. (A5.3.1) 

Proof. We may always assume that the homology class of M is non-zero because 
our inequality becomes trivial if [M] = and M is not a sphere. Hence, there is 
a non-singular (non-compact) complex curve L cY such that L-M/0. Indeed, 
H2(A,Z) is torsion-free for any Stein surface, and hence by the Poincare duality we 
can find a class c G H 2 (Y,7j) with c-M^O. Since Y is a Stein surface, it follows 
that c = c\(C) for a holomorphic line bundle C. Then L is the divisor of a generic 
holomorphic section of C. 

Using the algebraic approximation theorem of Stout we obtain an open imbed- 
ding of a neighbourhood of M into an affine part X a of a compact algebraic surface 



177 



X such that L is mapped to an algebraic curve C C X so that C -Y = L ■ M ^ 0. 
Therefore, the real homology class of M remains non-trivial after the algebraization. 

Denote by H = X\X a -"the curve at infinity". We have non-zero classes [M] 
and [H] in H 2 (Y,R) such that [M] 2 ^ 0, [H] 2 > 0, and [H] ■ [M] = 0. Since the 
intersection form is non-degenerate, it immediately follows that b + (Y) > 1. Hence, 
the desired inequality is a consequence of Corollary A5.2.3. 

□ 

Remarks. 1. It follows from Theorem A4.3.1 that the inequality A5.3.1 is sharp, 
namely, an imbedded real surface satisfying this inequality is isotopic to a surface 
with a basis of Stein neighbourhoods. 

2. This theorem is also true for the surfaces M with negative self-intersection, see 
[N-4]. 

3. Concerning a real surface with no n- negative self-intersection index the Theorem 
A5.3.1 still holds for non-Stein strictly pseudoconvex domains as well. This can 
proved by the same argument (see [N-2] and [N-3]) by using the Lempert algebraic 
approximation theorem [Le] for such domains. 

4. Immersed Surfaces We assume that a surface S is immersed with n + positive 
and K- negative ordinary double points. Then, after embedding a neighbourhood 
of S in an algebraic surface Y, we replace each positive double point with an 
embedded handle and perform a blow-up at each negative double point. This 
operation increases the genus by k + and does not change S 2 and c\ (Y) ■ S. Hence, 
Theorem A5.3.1 holds with g replaced by g + K + . 

Now we shall apply the adjunction inequalities (or Genus estimates) for imbed- 
ded real surfaces in Stein surfaces to the study of envelopes of holomorphy and 
meromorphy of domains in complex surfaces. 

The main idea is fairly simple. Suppose that we can solve the Levi problem for 
domains over a complex surface X , that is to prove that if D is a pseudoconvex 
domain over X then D is a Stein domain unless some very special case occurs. I.e. 
for example D = X (this is the case of X = CP 2 ) or X is foliated by complex curves 
(case of X = CP 1 x CP 1 . Then Theorem A5.3.1 yields then topological restrictions 
on real surfaces in D. The below are due to Nemirovski, see [N-2]. 

Let M C CP 2 be an embedded oriented real surface in the complex projective 
plane. By definition, the degree of M is the intersection index of M with complex 
lines, d = M ■ [CP 1 ]. We can choose the orientation of M so that d ^ and note 
that M is homologous to zero if and only if d = 0. 

For an embedded surface of degree d, we have M 2 = d 2 and ci(CP 2 ) -M = 3d. In 
particular, if S is a smooth complex curve, then the classical genus formula reads 
g{M)=g c {d) = \{d 2 -3d + 2). 

Corollary A5.3.2. Let M C CP 2 be an imbedded oriented real surface of positive 
degree d > and genus g. If there is a non-constant holomorphic function in a 
neighbourhood of M , then 



g^^(d 2 + 3d + 2)=g c (d)+3d. 
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Conversely, if M satisfies this inequality, then it is isotopic to an embedded 
surface with a basis of Stein neighbourhoods. 

Corollary: Vitushkin's conjecture. If an embedded two-sphere in CP 2 is not 
homologous to zero, then every holomorphic function in a neighbourhood of this 
sphere is constant. 

Proof. Let us consider a neighbourhood U D S. If there is a non-constant holo- 
morphic function in U, then, by Theorem 1, the envelope of holomorphy U D U is 
a Stein domain because it cannot coincide with CP 2 . Hence, the desired inequality 
immediately follows from Theorem A5.3.1. 

Conversely, if the inequality of the theorem is satisfied, then, by Theorem 4, 
there is an isotopic surface with a basis of Stein neighbourhoods. □ 

Corollary A5.3.3. If M C CP 2 be an imbedded oriented real surface of positive 
degree d > and genus g with 

g< l-(d 2 + 3d + 2)=gc(d)+3d. 

then the envelope of meromorphy of any neighborhood of M consides with CP 2 . 

For a real oriented surface M C CP 1 x CP 1 , we consider its "bidegree" d = 
(d\,d 2 ), that is, the pair of intersection indices with horizontal and vertical complex 
lines. Then c^CP 1 x CP 1 ) • S = 2(d 1 + d 2 ) and S 2 = 2d x d 2 . 

A smooth complex curve C C CP 1 x CP 1 has "positive" bidegree deZ 2 + \{0}. 
The genus of C is given by the formula gc(d) = did 2 — d\ — d 2 + 1. 

Corollary A5.3.4. Let S C CP 1 x CP 1 be an embedded oriented real surface of 
non-zero bidegree d = (di,d 2 ) G Z 2 \ {0} and genus g. If there is a non-constant 
holomorphic function in a neighbourhood of S, then either 

(**) g ^ did 2 + \di + d 2 \ + l, did 2 >Q, 

or d\d 2 = and the envelope of S contains a vertical or a horizontal line. 

Conversely, if S satisfies (**), then it is isotopic to an embedded surface with a 
basis of Stein neighbourhoods. 

Remark. In particular, it is impossible to deform a complex curve in CP 1 x CP 1 
other than a vertical or a horizontal line into a real surface with holomorphic 
functions in its neighbourhoods. 

Proof. By the Theorem of Fujita the envelope of holomorphy of a domain U C 
CP 1 x CP 1 either is a Stein domain or contains one of the fibers. We also note 
that if U contains, say, a vertical line and intersects the other vertical lines, then 
U coincides with the entire CP 1 x CP 1 by the usual Hartogs Theorem. 

It remains to apply Theorems A5.3.1 and A4.3.1 in the same way as above. 

□ 

Let us consider the direct product X = CP 1 x Y, where Y is a non-compact 
Riemann surface. We recall that H 2 (Y, Z) = 0, and hence H 2 (X, Z) ^ if 2 (CP 1 , Z) ^ 
Z by the Runneth formula. For a real oriented surface S C A, let d = deg7Tcpi 
be the topological degree of its projection to the CP 1 -factor. Then 5" 2 = and 
c\{X) ■ S = 2d. We also note that we can orient S so that d^O. 
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By the classical Behnke-Stein theorem, Y is a Stein manifold. Hence, Theo- 
rem A4.3.1 gives the following description of envelopes of holomorphy over X. The 
envelope of a domain U C X either is a Stein domain or contains a fiber CP 1 x {y}. 
In the latter case, holomorphic functions in U are constant in the CP 1 -direction, 
and therefore the envelope is of the form CP 1 x ix Y {U). 

Using the same argument as above, we obtain the following result. 

Corollary A5.3.5. Let S C CP 1 xY be an embedded oriented real surface of 
genus g and positive degree d > 0. If g < d+ 1, then every holomorphic function in 
a neighbourhood of S extends to the set CP 1 x tty(S). 

If g ^ d+1, then S is isotopic to a surface with a Stein neighbourhood basis. 

Remark. The results of this section are much more general then the Theorem 4.1 
in the case of X = CP 2 , CP 1 x CP 1 . For example, if a symplectic sphere M C CP 2 
is in the homology class of the line, then the procedure of the proof of the Theorem 
4.1 gives an isotopy of M to a complex line. However there are knoted two-spheres 
in CP 2 in the homology class of the line (but they are of course non symplectic). 
From the other hand the Theorem 4.1 is valid for the spheres not nessessarily in 
compact Kahler surfaces, where the envelopes of holomorphy or meromorphy are 
not nessessarily Stein. And for a non-Stein envelope the existence of a compact 
curve is also a strong conclusion. 

To our understanding of the subject a statement containing the both type of 
results is not avaiable by neither Gromov no Seiberg-Witten techniques. 

Ah A. Two-spheres in C 2 . 

In this section we apply Theorem A5.3.1 to embedded spheres in C 2 and its 
blow-ups. This enables us to show that an embedded 2-sphere in C 2 is homologous 
to zero in its envelope of holomorphy. 

It follows from Theorem A5.3.1 that an embedded sphere S with self-intersection 
index S 2 = in a Stein complex surface X is homologous to zero in H2(A, Z). For an 
embedded two-sphere S C C 2 , the condition S 2 = holds because H2(C 2 ,Z) = 0. 
Hence, S is homologous to zero in every Stein domain over C 2 that contains a 
neighbourhood of S. Since the envelope of holomorphy of every domain in C 2 is a 
Stein domain, we obtain the following result [N-3]. 

Corollary A5.4.1. An embedded two-sphere S C C 2 is homologous to zero in the 
envelope of holomorphy of every neighbourhood U D S . 

One can note that the theorem does not work for immersed spheres. Indeed, a 
simple modification of the results in Appendix IV for immersed surfaces (we must 
replace S 2 in Lai's formulas by the Euler number of the normal bundle) shows that 
there is an immersed totally real 2-sphere in C 2 with a single positive double point. 
This sphere has a basis of Stein neighbourhoods in each of which this sphere is 
certainly not homologous to zero. 

A5.5. Attaching complex disks to strictly pseudoconvex domains. 

Let U be a relatively compact domain with smooth strictly pseudoconvex bound- 
ary in a Stein surface. We say that an embedded analytic disk Del, smooth up 
to the boundary, is attached to U (from the outside) if D C X \ U and dD C dU. 
We shall always assume that D is transversal to dU. 



180 



For example, the disk {\z\ ^ 1, w = 0} C C 2 is attached to the boundary of the 
^-neighbourhood of the circle {\z\ = 1+e, w = 0}. We note that the boundary of 
this disk is not homologous to zero in U. 

A more intricate example can be obtained as follows. Let us consider a totally 
real torus T C C 2 . Reversing the proof of the Cancellation Theorem, we create 
an elliptic and a hyperbolic point in T. Let us replace a neighbourhood of the 
elliptic point by a complex disk and observe that this disk is attached to a strictly 
pseudoconvex neighbourhood of the remaining part of the torus. The boundary of 
this disk bounds a real surface with one handle inside the domain. An important 
observation (due to Forstneric [F]) is that, by Lai's formulas, this construction does 
not work for a sphere. In fact, it is impossible to find an analytic disk and a disk 
with only hyperbolic complex points with common boundary and without common 
interior points. 

We generalize these examples following [N-3] and prove that the boundary of a 
holomorphic disk attached to a strictly pseudoconvex domain in C 2 is never sliced 
by a smooth disk inside the domain. 

Theorem A5.5.1. Suppose that an analytic disk D is attached to a strictly pseu- 
doconvex domain U in a Stein surface X with H2(X,R) = 0. Then there is no 
smooth disk inside of U that has the same boundary. 

Proof. We assume that there is a smooth disk in U with boundary 3D. Smoothing 
the union of our two disks, we obtain an embedded sphere S C X . The naive idea 
is to paste a tubular neighbourhood of D to U so that the result is a Stein domain. 
Then S is not homologous to zero in this domain, which contradicts Theorem 9. 
The following basic example shows first that such a pasting is impossible and then 
provides a remedy for this problem. 

Let us consider the standard disk D = {w = 0, \z\ ^ 1} in C 2 with a strictly 
pseudoconvex "collar" C= {\w\ 2 + (\z\ — a) 2 ^ (a — l) 2 , \z\ ^ for some a> 1 

and e > 0. If we glue a small neighbourhood of D to the collar, then the interior 
of this set contains a Hartogs figure with appropriate "walls," and therefore this 
interior is not a Stein domain. However, we can construct a Stein neighbourhood 
"pinched" at the origin. 

To see this, we note that, in logarithmic coordinates £ = ln|z|, rj = ln|u?|, the 
domain on the \z\ > 1 side of C corresponds to the subgraph of a smooth convex 
function rj = /(£), £ (0,ln(l + e)]. The ?y-axis is clearly a vertical asymptote 
of /. Let us choose a point £o £ (0, ln(l + e)] such that the slope of T^ Tf is a 
positive integer n ^ 1, and replace / by this tangent for all £ ^ £o- The subgraph 
of this new function defines a neighbourhood of D \ {0} that is logarithmically 
convex, and hence a Stein domain. Near the origin, this neighbourhood is of the 
form \w\ ^K\z\ n , K > 0. 

If we blow up the origin in C 2 , that is, make the change of variables z = z', 
w = w'z', then the proper preimage of our neighbourhood becomes \w'\ ^ i^|2'| n_1 . 
Thus, after n blow-ups, we obtain an ordinary neighbourhood of the proper preim- 
age of DUC. By construction, this domain is locally pseudoconvex and intersects 
only the last exceptional curve by a disk. Hence, it is a Stein domain by the remark 
after Takeuchi's. 
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The situation of the theorem is reduced to this model by a suitable choice of 
coordinates in a pinched neighbourhood of D and by a small perturbation of U. 
Thus, we have the following construction of Stein neighbourhoods. 

Lemma A5.5.2. Suppose that an analytic disk D is attached from the outside to 
a strictly pseudoconvex domain U in a Stein surface X . Then the proper preimage 
of DUU, after several blow-ups at a point p G D, is contained in a Stein domain. 

To complete the proof of the theorem, we recall that H 2 (X,IR) = 0, and thus 
5" 2 = and ci(X) ■ S = 0. Consequently, for the proper preimage S C X of the 
sphere S, after n ^ 1 blow-ups at p G S we have S 2 = —n and |ci(X) -S\=n, which 
contradicts the inequality of Theorem A5.3.1. □ 

Corollary: Vitushkin's conjecture. It is impossible to attach an analytic disk 
from the outside to a strictly pseudoconvex domain in C 2 diffeomorphic to the ball. 

Proof. The idea is to "reflect" the disk inside the domain by inversion. 

Let U C C 2 be a strictly pseudoconvex domain in C 2 diffeomorphic to the ball. 
More precisely, we assume that there is a diffeomorphism ip : U — > B of manifolds 
with boundary. Then ip extends to a diffeomorphism \1/ of C 2 that maps U to the 
standard ball B. 

If a holomorphic disk D is attached to U from the outside, then its image ^(D) 
is a smooth disk attached to B. Applying the inversion with respect to dB, we 
obtain a smooth disk D' in B with the same boundary. The preimage ^~ 1 (D') is 
a smooth disk in U with boundary dD, which contradicts the previous theorem. 

□ 
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